Properties of Matrices

Multiplication of Matrices
Consider a system of m equations in n unknowns

d11X1 +a12X2 + -+ +A1pXp = d1
a21X1 +axpX2 + -+ +adpXp = d2

AmiX1 + am2X2 + -+ + @mnXn = dm

Here the ajj and d; are given scalars and the x; are the unknowns.

If we let A = [ajj]

mxn !

Then it is natural to write AX = D to represent the system above. Hence we want

agr v ce+ ee+ A1n X1 dl
Ap1 v cee ee+ o QAop X2 d2
ami e+ e+ @mn Xn dm

to be the same as our system above. = that multiplication should be defined by

n
di = > aiX;
i1

Notice that Aism x nand X isn x 1 and D is m x 1. Thus to multiply two matrices we must have the number of
columns of the first matrix equal to the number of rows of the second matrix. To multiply two matrices A and B
together, where B is not a column matrix, we extrapolate as follows:



aig o+ e+ e+ A1n by oee o e blp Ci1 - -+ -+ Cip
App v cee ee+ o Q2p b21 pr Co1 -+ <+ -+ Cop
ami v+ - A@mn bnl bnp Cmy ==+ =+ == Cmp
- —ImxnL- —Inxp — —mxp
We see that

n
c11 = ) awbi
k1

and in general that

n
Cij = Z aikby
kL

Definition. Let A = [aj],, and B = [bij]nxp be matrices. Then A B is the m x p matrix C, where

C = [Cijlp.p = |:Z aikbkj:|
k=1

mxp
Remark. A B + B A necessarily.

In fact B A need not be defined. For example if Ais 2 x 3and B is 3 x 4, then A B will be 2 x 4 whereas B A is not
defined.

Example:
3 4
1-10 < 1 s | O +EDED +O)A) )A) + (D) +(0)(2)
41 -1 | . L 2 @E)+MED+EDA) @OHH +DE)+EDE@) |
3x2
_[ 4 9 J
| 109
2x2
3 4 19 1 -4
1-10
-1 -5 x|: :| =| 21 -4 5
41 -1
1 2 2x3 9 ]_ —2
3x2 3x3

Note that using Evaluate in SNB gives the same result.



3 4 19 1 -4
1-10

-1 -5 [ J= 21 -4 5

1 2

The following occur often for matrices.

1. AB=+BA
Example:

10 01 01 0 1 10 00
|:OO:||:00:|:|:0O:|¢|:00:||:00:|:|:00:|
2. AB=0butneitherA=00rB=0
Example:

o1 ][ 10] [ oo

00 [00 _|:00:|

3. AB=AC butB=*C

o1 |10 ] o1 |[s0] [oo
o0 oo | [ 00 |00 00
Theorem

Assume that k is an arbitrary scalar, and that A, B, C and | are matrices of sizes such that the indicated operations
can be performed. Then

1LIA=A Bl =B

2. A(BC) = (AB)C

3. AB+C) =AB+AC, A(B-C)=AB-AC

4. B+C)A=BA+CA, (B-C)A=BA-CA

5. k(AB) = (kA)B = A(kB)
6. (AB)T = BTAT.
Proof of 6

LetA = [aij],,, and B = [by] . Then AT = [aj;] andBT = [béj]pxn, where aj; = aji and bj; = bji. The
(i,j) entry of BTAT is



n n n
! !
2 bidlg = 2 b = 3 2
kel k=1 k=1

This last term is the (j, i) entry of AB which means that it is the (i, j) entry of (AB).

Operations with the Identity Matrix

Consider the 3 x 3 identity matrix

100
I=] 010
001
and the matrix
2
A= 1
9
Note the following:
2
IA = 1
9
Also,
Al =A

Cramer’s Rule

Cramer’s Rule: Let A be an n x n matrix, A = [ajj],,, and denote by A the n x n matrix formed by replacing the

elements a;j of the jth column of A by the numbers ki, i =

n unknowns,
ad11X1 +adi2Xo +

a21X1 +axpXa2 +

adn1X1 + an2X2 +

has the unique solution

1,..... ,n. If JA| = 0, the system of n linear equations in
...+ta1nXpn = kl
. .+a2an = k2
.. .+anan = kn



B detA(l) _ detA(2> _ detA(n>
X1~ ~Heta © detA " T T detA
Example. Solve
X+3y-2z=1
4x -2y +1z =-15
3X+4y-z=3
by Cramer’s Rule
13 =2
detA=|4 -2 1 =-25
34 -1
1 3 2 11 -2 13 1
-15 -2 1 4 -15 1 4 -1 -15
X:34—1 _ 14 y=33 -1 19 L 34 3 19
-25 5" -25 5" -25 5
Systems of Equations: Elimination Using Matrices

Remark: We cannot use Cramer’s Rule if the determinant of the coeffi

cients in a system of n equations in n

unknowns equals 0 or if the number of equations is not equal to the number of unknowns.

Example:
Solve the system
X1+X2+2X3+X4 =5
2X1+3Xp — X3 —2%Xq = 2
4X1 +5X2 +2X3 =7

X1+ X2 +2X3+Xg4 =5 112 1 5
2X1 +3Xp — X3 —2%X4 = 2 23 -1 -2 2
4x1 4+ 5Xp +2x3 = 7 452 0 7

The matrix on the right that we have associated with the given system
system. The matrix

is called the augmented matrix of the



112 1
A= 2 3 -1 =2

452 0
5
is called the coefficient matrix of the system,and C = [ 2 | is called the constant matrix (vector) of the
7
system. It is clear that we can rewrite our system as
AX =C
X1
X
where X = 2
X3
Xq
X1+ X2 +2X3+X4 =5 112 1 5 ]
0+Xp—5BX3—4Xx4 = -8 <« 01 5 -4 -8
0+ X2 —6X3 —4xq = -13 01 -6 -4 -13
X1+ OXz + 7Xg + 5x4 = 13 07 5 13 |
O+X2—5%X3—4x4 =-8 <+« 01 -5 -4 -8
0+0-x3=-5 010 -5
X1 + 0X2 + 0X3 + bx4 = =22 1005 -22

O+X2+0xz3—4x4 =17 < | 01 0 -4 17
010 5

o

0+0+x3=5

Thus x3 = 5, X1 +5x4 = =22, Xo —4x4 = 17
or Xz = 5, X4 =t X1 = -bt-22 X2 = 4t + 17

Note that we have an infinite number of solutions. However, if our operations had led to

1005 -22
010 -4 17 ,
00O0O0 5

then there would not be any solution to the system, since the last row of the matrix would imply
0X1 +0X2 +0x3 +0x4 =5

which is clearly impossible.

Definition: Systems of linear equations that have no solution are called inconsistent systems; systems that have at



least one solution are said to be consistent.

Elementary Row Operations On Matrices |

Equivalent Systems
Two linear systems are equivalent if they have the same solutions.

Three Elementary Operations

Three basic elementary operations are used to transform systems to equivalent systems. These are:

1. Interchanging the order of the equations in the system.

2. Multiplying any equation by a nonzero constant.

3. Replacing any equation in the system by its sum with a nonzero constant multiple of any other
equation in the system (elimination step).

Theorem:

Suppose that an elementary row operation is performed on a system of linear equations. Then the resulting system
has the same set of solutions as the original, so the two systems are equivalent.

Operating on the rows of a matrix is equivalent to operating on equations. The row operations that are allowed are
the same as the row operations on linear systems of equations:

1. Interchanging the rows.
2. Multiplying any row by a nonzero constant.

3. Replacing any row hy its sum with a nonzero constant multiple of any other row. (Add a multiple of
one row to a different row.)

Example:
Find all solutions to the following system of equations
X+4y+z=1
2x+3y =0
4X+3y—2=-2
The augmented matrix is
34 1 1
23 0 0
4 3 -1 =2

We could get a 1 in the first row and first column by multiplying row 1 (R1) by % However, we can geta 1 in
this spot without obtaining fractions by subtracting row 2 from row 1. Doing this we get

111 1
23 0 0
4 3 -1 -2

We now use the 1 that we have in the first row and first column to get zeroes below it. Hence we multiply row 1
by —2 and add it to row 2. We also multiply row 1 by —4 and add it to row 3. we get



11 1 1
01 -2 -2
0 -1 5 -6

We now use the 1 in the second row and second column to get zeroes above and below it. We get

10 3 3
01 -2 -2
00 -7 -8

We may now get a 1 in the third row and third column by multiplying the third row by —%. Doing this yields

10 3 3
01 -2 =2
oo 1 &

7

Now we can use the one in the last row to get zeroes for the entries above it. Doing this we get

100 -2
2
010 2
8
co1 ¢

-

ionisx= -3 y=27-28
Clearly the solutionisx = =)y = £,z = =

Gaussian Elimination

Definition: A matrix is said to be in row-echelon form (and will be called a row-echelon matrix) if it satisfies the
following three conditions:

1. All zero rows (consisting entirely of zeroes) are at the bottom.
2. The first nonzero entry from the left in each nonzero row is a 1, called the leading 1 for that row.

3. Each leading 1 is to the right of all leading 1's in the rows above it.

Definition: A row-echelon matrix is said to be in reduced row-echelon form (and will be called a reduced
row-echelon matrix) if it satisfies the following condition:

4. Each leading 1 is the only nonzero entry in its column.



Examples

The matrices

010 -3 2 01
190

0014 -5 00
01 -2

0000 1 00
001

000O0 O 00

are all in echelon form. The third is in reduced row-echelon form.

Example:

None of the matrices below is in row-echelon form.

1-30 106 -1
00 O violates (1) 0024 violates (2)
00O00O0
01 -3 -7
001 6 violates (3)
015 -2
Example:

Insert the appropriate (elementary) matrices corresponding to the indicated row operations that transform

-1 -1 02 -4
0 0 1-30
1 00 O
2 1 -78

to row-reduced echelon form.

Adding 2 x R1 to R4 yields

-1 -1 02 -4 -1 -1 0 2 -4
0 0 1-30 0 01-3 0
2 1000 | | 2 100 o0
2 2 1 -78 0 0 1-320

interchanging R, and R3



-1 -10 2 -4 -1 -10 2 -4
0 01-30 2 100 0
2 1000 | | 0 01-3
0 0130 0 0 1 -3
Adding (-1) x Rz to Ry yields
-1 -1 0 2 -4 -1 -10 2 -4
2 1 0 0 O 2 1 0 0 O
0o 0130 | | 0o01-3
0 0 1-3 0 0 0 0 O
Adding 2 x Ry to R yields
1 102 4| [ 1102 -4
2 1 00 O 0 -1 0 4 -8
00 130 | | 00130
0O 0 00 O 0O 0 0 0 O
I\7Iu|tip|ying R; and Rz b; -1 y_ields
1102 4| [ 11024
0 -1 04 -8 010 -4 38
0 0 1-30 - 001-30
0O 0 00 O 000 OO
E_Iiminating the 1in row?me cc;umn 2 yields
110 2 4 100 2 -4
010 -4 38 010 -4 8
001-30 - 001-30
000 OO 000 O O
Example:
Solve the system AX = C, where
-1 -1 0 2 X1 -4
Aol O PSS L ade=|
2 00 X3
2 2 1 -7 X4
-1 -1 0 2 X1 —X1—X2+2X4
0 0 1 -3 X2 _ X3—3X4
2 1 00 xs | 21 + X2
2 2 1 -7 X4 2X1 4+ 2X2 + X3 — TXa

Hence the system is

10



—X1—X2+2X4 = -4
X3—3X4 =0
2X1+X2 =0

2X1 +2X2 +X3—TXq4 = 8

Solution is: {X3 = 3X4,X1 = —2Xa — 4,X2 = 4X4 + 8,X4 = Xa}. We see that this is indeed the case from the
row-reduced echelon form

-1 -1 02 -4 100 2 4

0 0 1-30 010 -4 8
, row echelon form:

2 1 00 O 001 -3 0

2 2 1 -7 8 000 O0 O

Remark: In general, when the augmented matrix of a system has been carried to (reduced) row-echelon form,
variables containing a leading 1 are called leading variables. The non-leading variables (if any) end up as
parameters in the final solution, and the leading variables are given (by the equations) in terms of these
parameters.

Theorem
Every matrix can be brought to (reduced) row-echelon form by a series of elementary row operations.

Gauss Elimination (Gauss Algorithm)

Step 1. If the matrix consists entirely of zeros, stop, - it is already in row-echelon form.

Step 2. Otherwise, find the first column from the left containing a nonzero entry (call it ¢), and move the row
containing that entry to the top position.

Step 3. Now multiply that row by % to create a leading 1.

Step 4. By subtracting multiples of that row from rows below it, make each entry below the leading 1 zero.
Step 5. Cover the top row and repeat steps 1-4 on the submatrix consisting of the remaining rows.

The process stops when either no rows remain at step 5 or the remaining rows consist of zeros.

This procedure produces a matrix that is in row-echelon form. To get a matrix that is in row-reduced echelon form
we add one more step.

Step 6. Starting with the last nonzero row work upward: For each row introduce zeros above the leading 1 by
adding suitable multiples to the corresponding rows.

Note: The entire procedure (steps1-6) is often called Gauss-Jordan Elimination.

Example:

Solve the system

11



X1 —3Xo +X3—X4 = -1
— X1 +3X2+3X4+X5 = 3
2X1 —6X2 +3X3 — X5 = 2
—X1+3X2+X3+5X4+X5 =6
using the Gauss algorithm and back substitution.
The augmented matrix is

1 31-10 -1 1 -30-30-4

-1 3 0 3 1 0 01 2 0 3
, row echelon form:

2 63 0 -1 0 0 00 11

-1 315 1 6 0 00O 0O

The corresponding equations are

X1 —3Xp —3x4 = 4
X3+ 2X4 = 3
X5=—1

Thus
X5 = -1, X3 = 3 — 2X4, X1 =3X2 +3X4 — 4
Letting x, = sand x4 = t we have the infinite set of solutions

X1 = 35+ 3t—4, X3 = 3-2t, X5 = -1

Inverse of a Matrix

Definition: If A is a square n x n matrix, a matrix B is called the inverse of A if and only if

AB=1 and BA=1.

A matrix A that has an inverse is called an invertible or nonsingular matrix.

Example

Show that the matrix B = -1l is an inverse of A = 01 .
10 11

B 10
01
10 L. .
:|=|: 0 1 :| so B is indeed an inverse of A.

Example

12



00 bin b
The matrix A = is not invertible. For if B = note is any 2 x 2 matrix, then
11 ba1 b2

00 bu b | 0 0 Lo,
11 b21 b22 b11+b21 b12+b22 01 .

Theorem
If B and C are both inverses of A, then B = C.

Proof:
Since B and C are both inverses of A, CA = | = AB. Hence

B=IB=(CABB=C(AB)=Cl=C
Remark: If A is invertible then the (unique) inverse of A is denoted by AL,

Example:

Under what conditions is the 2 x 2 matrix A = |: a

z :| invertible. When A is invertible, find A-1.
c

bo1 b2

ab b1 1 ab b1, 0
= and -
c d b1 0 c d b2 1
We could form two augmented matrices (one for each system) and then put each of them in reduced row-echelon
form. However, we may just as well do the entire reduction at the same time. Thus

ab1l1lo 10 d __b
|: :| row echelon form: da~ch da—cb

1
cdo01 01 _daicb da—cba

by b
We seek a matrix A1 = |: i :| such that

Thus we see that A is invertible << ad — bc # 0. If this condition holds, then

d -b
-1 _ 1

A N ad—bC|: ¢ a :|
Theorem

Suppose a system of n equations in n variables is written in matrix form as

13



AX =B
If the n x n coefficient matrix A is invertible, then the system has the unique solution

X =A"B

Corollary
Suppose the system AX = 0 of n equations in n unknowns has a nontrivial solution. Then A cannot be invertible.

Example:
1 -2 2
LetA = 2 1 1 |,andB= 0 . Find A~* and use it to solve the system of equations AX = B.
1 01 -2
We use Maple to find A-L.
122 1 2 -4 |
2 1 1 [|inverse:| -1 -1 3 = A1 Then
1 01 -1 -2 5
1 2 4 3 11
X=A1B= -1 -1 3 0 = -9
-1 -2 5 -2 -13

The Calculation of A~! by Gauss-Jordan Elimination

Suppose we want to find the inverse of

an ain
A=
an1 ann
Then we want a matrix B such that AB = I. If bj; are the elements in the first column of B then
b11
. 0
A = = we must solve AX =
bn1 0 0
1
. . 0 . .
We can solve this system by forming A , and then row reducing this to reduced row-echelon form.
0

If bi» are elements in the second column of B =

14



. 1 1
A = = we must solve AX = . Therefore form
bn2 0 0
1
A and reduce to reduced row-echelon form.
0

In general we need to solve the n systems

AX =

o B O O O -

0

where C;j is the jth column of the n x n identity matrix. Rather doing the same row reduction n times, we use the
Gauss-Jordan method which computes A~* by solving all n systems at the same time.

We can solve all these systems at once by forming [A|l] and then putting this matrix in reduced row-echelon form.

Remark. The system will have a unique solution < detA + 0 < we can use Cramer’s rule.
Theorem. A is nonsingular < A is invertible < A has rank n < A can be row reduced to the identity matrix.

2 3
Example. Find A~ for A = |: L4 :| Note that detA = 5 + 0

2310 1401 14 01
1401 2310 0 51-2

140 1 10 +4 -3 B 4 3
Tl o112 || g1 -1 2 AT = 2

5 5 5 5

15



Slide Show Example:

To view this example you will need Real Player G2 installed on your machine. To get is hold down the Ctrl key
and click on Real. Now hold down the Ctrl key and click Inverse Slide Show to see a slide show that explains how
you find the inverse of a matrix. You may also view the tex file from which this slide show was made example by
holding down the Ctrl key and clicking Inverse File .

Example:
27 1 27 11
Find A1 for A = 1 4 -1 |.Weform| 1 4 -1 0
130 1300
27 1100 | 14-1010
-1 0 SReeRil 9 7 17 100
130001 130001
14 -1010 | 14 1010
27 1 100 |-»>RReRRs) g 1 3 1 -20
1 0 0 -1 1 0-11
14 210 1 0 10 11 4 -7 0
0 -1 3 1 -2 0 |[->ReReaRR 0 -1 3 1 20
0 -1 1 0-11 00 -2 -1 11
10 11 4 -7 0 1011 4 -70
0-1 3 1 20 |»R| 01-3-120
00 -2 -1 11 00 -2 -1 11
1011 4 70 1011 4 7 0
1 -3-120 |-CPHR| 01 -3-1 2 0
00-2-111 001 + -+ —+
1011 4 7 0 1to0-%4 -4 4
1 -3 -1 2 0 _,—11R3+R; 3R3+R; 010 % % _%
1 1 1
001l 5 -3 3 001 3 -3 -3
3 _3 11
2 2 2
-1 _ 1 1 3
ThUSAl— > 2 T
1 1 _1
2 2 2

16



Check: AA1 =

or using SNB

27 1 -5
14 -1 5
130 i
271
1 4 -1 |, inverse:
130

Nl Nfw

100
010
001
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