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1 25 pts. The matrix

A 

1 −2 4

3 −4 4

3 −2 2

has the eigenvalues 3 and −2. For this matrix −2 is a repeated eigenvalue with multiplicity two. Find
three linearly independent eigenvectors for A.
Solution: Note: This example is the last example in the notes dealing with eigenvalues and
eigenvectors.
The system A − IX  0 is

1 − x1 − 2x2  4x3  0

3x1 − 4  x2  4x3  0

3x1 − 2x2  2 − x3  0

Setting   3 yields

− 2x2 − 2x2  4x3  0

3x1 − 7x2  4x3  0

3x1 − 2x2 − x3  0

To solve this system we form the augmented matrix for this system and row reduce it.

−2 −2 4 0

3 −7 4 0

3 −2 −1 0

→− 1
2

R1

−R2R3

1 1 −2 0

3 −7 4 0

0 5 −5 0

→ 1
5

R3

−3R1R2

1 1 −2 0

0 −10 10 0

0 1 −1 0

→10R3R2

1 1 −2 0

0 0 0 0

0 1 −1 0

→R3↔R2

1 1 −2 0

0 1 −1 0

0 0 0 0

→−R2R1

1 0 −1 0

0 1 −1 0

0 0 0 0

Thus the solutions of the above system are also the solutions of the system

x1 − x3  0

x2 − x3  0

Thus x1  x2  x3 and an eigenvector corresponding to   3 is

1

1

1

.

Setting   −2 in the system A − IX  0 yields

3x1 − 2x2  4x3  0

3x1 − 2x2  4x3  0

3x1 − 2x2  4x3  0
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The augmented matrix for this system is

3 −2 4 0

3 −2 4 0

3 −2 4 0

3 −2 4 0

3 −2 4 0

3 −2 4 0

→−R1R3

−R1R2

3 −2 4 0

0 0 0 0

0 0 0 0

→
1
3

R1

1 − 2
3

4
3

0

0 0 0 0

0 0 0 0

Thus, we have the one equation

x1 − 2
3

x2  4
3

x3  0

To get two linearly independent vectors we first take x3  0 and get x1  2
3

x2. Letting x2  1 yields

the eigenvector

2
3

1

0

. To get a second vector we set x2  0 and get x1  − 4
3

x3. Letting x3  1

yields the eigenvector

− 4
3

0

1

.

2 For the matrix

A 
1 2

2 1

SNB gives: eigenvectors:
−1

1
↔ −1,

1

1
↔ 3

2a [20 pts.] Find a general homogeneous solution of

dx1
dt

 x1  2x2

dx2
dt

 2x1  x2

Solution: The system can be written as x′t  Axt, where A is the matrix given above. Since we are
given the eigenvalues and eigenvectors, then

xht  c1e−t
−1

1
 c2e3t 1

1

2b 30 pts. Find a general solution of the nonhomogeneous system

dx1
dt

 x1  2x2 − et

dx2
dt

 2x1  x2  3

Solution: We may write the system as
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x′t 
1 2

2 1
xt 

−et

3

We assume

xpt 
a  bet

c  det

Then

xp
′ t 

bet

det


1 2

2 1

a  bet

c  det


−et

3

which implies

bet

det


a  2c  bet  2det

2a  c  2bet  det


−et

3

Thus by lining up the constant terms we have

a  2c  0

2a  c  −3
So a  −2,c  1.

For the terms containing et we have

b  b  2d − 1

d  2b  d

Therefore, b  0 and d  1
2

.

xpt 
−2

1  1
2

et

Finally

xt  xht  xpt  c1e−t
−1

1
 c2e3t 1

1


−2

1  1
2

et

SNB check:
dx1
dt

 x1  2x2 − et

dx2
dt

 2x1  x2  3

, Exact solution is: x1t  C5e−t  C6e3t − 2,x2t  1
2

et − C5e−t  C6e3t  1

3 25 pts. Find the function matrix X−1t whose value at t is the inverse of the matrix
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Xt 

e3t 1 t

3e3t 0 1

9e3t 0 0

Solution: We form

e3t 1 t 1 0 0

3e3t 0 1 0 1 0

9e3t 0 0 0 0 1

→−9R1R3

−3R1R2

e3t 1 t 1 0 0

0 −3 1 − 3t −3 1 0

0 −9 −9t −9 0 1

→−3R2R3

e3t 1 t 1 0 0

0 −3 1 − 3t −3 1 0

0 0 −3 0 −3 1

→− 1
3

R3

− 1
3

R2

e3t 1 t 1 0 0

0 1 − 1
3
 t 1 − 1

3
0

0 0 1 0 1 − 1
3

→−R2R1

e3t 0 1
3

0 1
3

0

0 1 − 1
3
 t 1 − 1

3
0

0 0 1 0 1 − 1
3

→ 1
3
−t R3R2

− 1
3

R3R1

→e−3tR1

1 0 0 0 0 1
9

e−3t

0 1 0 1 −t − 1
9
 1

3
t

0 0 1 0 1 − 1
3

Therefore

X−1t 

0 0 1
9

e−3t

1 −t − 1
9
 1

3
t

0 1 − 1
3
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