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1 20 pts. Let

A 
3 2

4 3

Find A−1. Be sure to show all the steps in your calculation and indicate what you are doing in each
step.
Solution:

3 2 1 0

4 3 0 1
→

1
3

R1
1 2

3
1
3

0

4 3 0 1
→−4R1R2

1 2
3

1
3

0

0 1
3
− 4

3
1

→−2R2R1
1 0 3 −2

0 1
3
− 4

3
1

→3R2
1 0 3 −2

0 1 −4 3
Thus A−1 

3 −2

−4 3

Check: Using SNB we have
3 2

4 3
, inverse:

3 −2

−4 3
.

2 Let

A 
2 −4

−1 −1

2a [20 pts.] Find all eigenvalues and eigenvectors of the matrix A.

Solution: det
2 − r −4

−1 −1 − r
 2 − r−1 − r − 4  r2 − r − 6  r − 3r  2  0 and the

eigenvalues are r  3,−2. The system of equations A − rIU  0 is

2 − ru1 − 4u2  0

− u1  −1 − ru2  0

For r  3 this is

− 1u1 − 4u2  0

− u1 − 4u2  0

Thus u1  −4u2 and an eigenvector corresponding to r  3 is U1 
−4

1
or

1

− 1
4

.

For r  −2 we have

4u1 − 4u2  0

− u1  u2  0

so u1  u2 and an eigenvector corresponding to r  −2 is U2 
1

1
.

2b 20 pts. Find a general homogeneous solution of

x′t  Axt

where A is the matrix above in part 2a.
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Solution: Two linearly independent homogeneous solutions are e3t −4

1
and e−2t 1

1
, so

xht  c1e3t −4

1
 c2e−2t 1

1


−4e3t e−2t

e3t e−2t

c1

c2

2c 20 pts. Find a general solution of

x′t  Axt 
e−3t

−e−3t

where A is the matrix above in part 2a.

Solution: Let xpt  e−3t a1

a2
. Then

e−3t −3a1

−3a2
 e−3t 2 −4

−1 −1

a1

a2
 e−3t 1

−1

or

−3a1

−3a2


2a1 − 4a2  1

−a1 − a2 − 1

or

5a1 − 4a2  −1

− a1  2a2  1

, Solution is: a1  1
3

,a2  2
3

and

xpt  e−3t
1
3
2
3

so

xt  xht  xpt  c1e3t −4

1
 c2e−2t 1

1
 e−3t

1
3
2
3


−4e3t e−2t

e3t e−2t

c1

c2


1
3

e−3t

2
3

e−3t

SNB gives:
x1
′ t

x2
′ t


2 −4

−1 −1

x1t

x2t


e−3t

−e−3t


2x1 − 4x2  e−3t

−x1 − x2 − e−3t

x1
′  2x1 − 4x2  e−3t

x2
′  −x1 − x2 − e−3t

, Exact solution is: x1t  1
3

e−3t  C5e−2t − 4C6e3t,x2t  2
3

e−3t  C5e−2t  C6e3t
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3 [20 pts.] Rewrite the scalar equation

y′′ − ty′  10y  cos t

as a first-order system in normal form.
Solution: Let x1t  yt,x2t  y′t. With these substitutions and noting that y′′  ty′ − 10y  cos t
the DE becomes the system

x1
′ t  0x1t  x2t

x2
′ t  −10x1t  tx2t  cos t

we have

x′t  Axt  ft
where

xt 
x1t

x2t
A 

0 1

−10 t
and ft 

0

cos t

or

x1
′ t

x2
′ t


0 1

−10 t

x1t

x2t


0

cos t
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