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1 20 pts. Let

A 
−1 1

4 2

Find A−1. Be sure to show all the steps in your calculation and indicate what you are doing in each
step.
Solution:

−1 1 1 0

4 2 0 1
→4R1R2

−1 1 1 0

0 6 4 1
→

1
6

R2
−1 1 1 0

0 1 2
3

1
6

→R2−R1
1 0 − 1

3
1
6

0 1 2
3

1
6

Therefore A−1 
− 1

3
1
6

2
3

1
6

2 Let

A 
−1 1

4 2

2a [20 pts.] Find all eigenvalues and eigenvectors of the matrix A.

Solution:

−1 − r 1

4 2 − r
 −1 − r2 − r − 4  r2 − r − 6  0

so we have to solve r2 − r − 6  r − 3r  2  0. Thus the eigenvalues are r  −2,3.
The system of equations for the eigenvectors is

−1 − rx1  x2  0

4x1  2 − rx2  0

Setting r  −2 gives

x1  x2  0

4x1  4x2  0

Therefore x1  −x2 and an eigenvector is
−1

1
. For r  3 we have

− 4x1  x2  0

4x1 − x2  0

so x1  1
4

x2. Thus an eigenvector is
1

4

2



2b [20 pts.] Find a general homogeneous solution of
dx1
dt

 −x1  x2 x10  −2
dx2
dt

 4x1  2x2 x20  1

Solution: This system can be written as x′  Ax, where A is the matrix above. Thus

xh  c1
−1

1
e−2t  c2

1

4
e3t 

−c1e−2t  c2e3t

c1e−2t  4c2e3t

xh0 
−c1  c2

c1  4c2


−2

1

− c1  c2  −2

c1  4c2  1

Therefore, c2  − 1
5 ,c1  9

5 . Thus

xh  − 9
5

−1

1
e−2t − 1

5
1

4
e3t

2c 20 pts. Find a general solution of

dx1
dt

 −x1  x2  et

dx2
dt

 4x1  2x2 − 2et

Solution: Let

xp 
aet

bet

Then

xp
′  xp

The nonhomogeneous system in matrix form is

x′ 
−1 1

4 2
x 

1

−2
et

Substituting xp into this we get

a

b
et 

−a  b

4a  2b
et 

1

−2
et

This gives the equations

a  −a  b  1

b  4a  2b − 2

or
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2a − b  1

4a  b  2

Adding the equations gives a  1
2

, so b  0. Thus

xp 
1
2

et

0

and

x  xh  xp  c1
−1

1
e−2t  c2

1

4
e3t 

1
2

et

0

Check:
dx1
dt

 −x1  x2  et

dx2
dt

 4x1  2x2 − 2et

, Exact solution is: x1t  −C11e−2t  C12e3t  1
2

et,x2t  C11e−2t  4C12e3t
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3 20 pts. Under what condition or conditions on c1,c2,c3 will the system below have a solution?
You need only give the condition. You need not solve the system.

x1  2x2  3x3  x4  c1

2x1  4x2  4x3  3x4  c2

4x1  8x2  10x3  5x4  c3

Solution:

1 2 3 1 c1

2 4 4 3 c2

4 8 10 5 c3

→−4R1R3

−2R1R2

1 2 3 1 c1

0 0 −2 1 c2 − 2c1

0 0 −2 1 c3 − 4c1

→−R2R3

1 2 3 1 c1

0 0 −2 1 c2 − 2c1

0 0 0 0 c3 − 4c1 − c2  2c

Thus there will be a solution only if

c3 − 2c1 − c2  0
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