Ma 227 Exam IB Solutions 2/27/06

Name:

Lecture Section: Recitation Section:

I pledge my honor that I have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.

Score on Problem #1
#2
#3

Total Score



1[20pts.] Let

S

Find A—L. Be sure to show all the steps in your calculation and indicate what you are doing in each

step.
Solution:
1110 | g | 1110 | 1g | 1110
4 201 0 641 01 £ &
_1 1
_R2-R; 1o 3 6
2 1
_1 1
-1 _ 3 6
Therefore A= = 2 1
3 6

2 Let

S

2a [20 pts.] Find all eigenvalues and eigenvectors of the matrix A.
Solution:

4  2-r
so we have tosolve r2 —r—6 = (r — 3)(r + 2) = 0. Thus the eigenvalues are r = -2, 3.
The system of equations for the eigenvectors is
(-1-rXx1+x2=0
X1+ (2-r)x2 =0

-1-r 1 2
=(-1-nN@2-r)-4=r-r-6=20

Setting r = -2 gives
X1+X2 =0
IX1 +4x2 =0

Therefore x;1 = —x» and an eigenvector is |: :| Forr = 3 we have

—4x1+%x2 =0
41 —Xx2 =0

. . 1
SO X1 = %xz. Thus an eigenvector is |: A :|



Xm

2b [20 pts.] Find a general homogeneous solution of ~ dt
B a2 x0) =1

= —X1 +X2 X]_(O) = -2

Solution: This system can be written as x' = Ax, where A is the matrix above. Thus

-1 1 [ iy cpet
_ -2t 3t _ 1 2
= C1|: 1 :|e +C2|: 4 :|e | cpe?t 4 4cyedt
X1 (0) = —C1+Co B -2
" C1 +4co 1

—C1+Cp=-2

c1+4cy =1
Therefore, cp = —+&,¢1 = &. Thus

2c [20 pts.] Find a general solution of

dé(—tl = —Xq1 +Xp + et
dstZ = 4Xq1 + 2Xo — 2et
Solution: Let
ae!
oL ]
Then
Xp = Xp

The nonhomogeneous system in matrix form is

e 1]
X = X + e
4 2 -2
Substituting xp into this we get

a -a+b ] 1
et = et + et
b 4a+2b -2
a=-a+b+1
b=4a+2b-2

This gives the equations

or



2a-b=1
da+b=2
Adding the equations gives a = % sob = 0. Thus

and
X=Xh+Xp=C1|: _11 :|e‘2t+c2|: 411 :|e3t+|: %Oet :|
Check:
dé(—tl = —Xq1 +Xp + et
dstZ = 4Xq1 + 2Xo — 2et

, Exact solution is: {[xl(t) = —Cp1e7 2+ Cppe3t + 2l xp(t) = Cpye ™2+ 4Clze3t]}



3[20 pts.] Under what condition or conditions on c1, Co, c3 will the system below have a solution?
You need only give the condition. You need not solve the system.

X1 +2X2 + 3X3 + X4 = Cq
2X1 + 4X9 +4X3 +3X4 = Cp
4x1 + 8X2 + 10x3 + 5x4 = C3

12 3 1 12 3 1 C1 12 3 1 C1
Solution:| 2 4 4 3 ¢ RUR 00 2 1 cp-2 Rz+Rs _ _
' 2 | T-4R1+R3 C2—2C1 |~ 00-21 Cy—2C1
4810 5 cg 00 -2 1 c3-4c 00 0 0 cg—dci—Cp+2

Thus there will be a solution only if
c3—2c1—Cc2 =0



