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1 [15 pts.] Evaluate the line integral


C

y3dx  x2dy

where C is the arc of the parabola x  1 − y2 from 0,−1 to 0,1.
Solution: We use y as the parameter. Then dx  −2ydy so
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1b [15 pts.] Let r  xi yj zk and r  |r|. Show that

∇ln r  r
r2

Solution: r  x2  y2  z2

∇ ln r  ∂ ln r
∂x i ∂ ln r

∂y j ∂ ln r
∂z k
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2a [20 pts.] The vector function

F  ey i  xey  ez j  yez k

is conservative. Evaluate 
C

F  drwhere C is the line segment from 0,2,0 to 4,0,3.

Solution: Since we are given that the vector function is conservative, then there exists x,y, z such
that ∇  F. We find  and use it to evaluate the line integral. We have that

x  ey y  xey  ez z  yez

Integrating x with respect to x while holding y and z constant yields

  xey  gy, z
Then

y  xey  ∂g∂y  xey  ez

so
∂g
∂y  ez  gy, z  yez  hz
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Thus

  xey  yez  hz
Therefore

z  yez  h′z  yez

Hence hz  K, a constant, and

  xey  yez  K

Therefore


C

F  dr  4,0,3 − 0,2,0  4 − 2  2

3a 15 pts. Evaluate


C

xy2dx − x2ydy

directly without using Green’s Theorem, where C consists of the parabola y  x2 from −1,1 to 1,1
and the line segment from 1,1 to −1,1 Sketch C
Solution: x2
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Let C1 denote the parabola y  x2 from −1,1 to 1,1 and C2 the line joining 1,1 to −1,1. Let
x  t, so y  t2 and dy  2tdt on C1 and x  t and y  1 on C2. Then

C1 : rt  ti t2j, − 1 ≤ t ≤ 1  r′t  i 2tj

C2 : rt  ti j, t : 1 → −1  r′t  i

and C  C1  C2.
Let

Fx,y  xy2i− x2yj

Therefore
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3b 15 pts. Evaluate the line integral in 3a by using Green’s Theorem.

Solution:

 Px,ydx  Qx,ydy  
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∂P
∂y dA

so
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4 a [5 pts.] Let S be the part of the paraboloid z  x2  y2 − 3 below the plane z  1. Sketch S and
give a parametrization of S in rectangular coordinates.

Solution:
z  x2  y2 − 3

rx,y  xi yj x2  y2 − 3 k

4 b [15 pts.] Give an expression for


S
y  zdS
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in rectangular coordinates where S is the surface in part 4a. Do not evaluate your expression.
Solution:

rx  i 2xk and ry  j 2yk

Therefore

rx  ry 
i j k

1 0 2x

0 1 2y

 k − 2xi− 2yj

Thus |rx  ry |  4x2  4y2  1 and z  1 implies x2  y2  4


S
y  zdS  

x2y2≤4

y  x2  y2 − 3 4x2  4y2  1 dA

Or we can use the formula


S

fx,y, zdS  
R

fx,y,x,y 1  x2  y2 dA

where R is the projection of the surface z  x,y onto the x,y −plane. The surface
z  x,y  x2  y2 − 3 0 ≤ z ≤ 1 projects onto the circle x2  y2 ≤ 1 in the x,y −plane and

1  x2  y2  1  2x2  2y2 . Thus


S
y  zdS 

x2y2≤4

y  x2  y2 − 3 1  2x2  2y2 dA
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