Ma 227 Exam 111 Solutions 12/6/10

Name:

Lecture Section: Recitation Section:

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.
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la[15 pts.] Evaluate the line integral
[ Fedr
C

where F = WT+ &Y + xzk and C is the curve given by P(t) = t41 + 4 + 13K, 0 < t < 1.
Solution:

Ft) = JA(2) T+eT+ t4(13)k = 37 + e + t7k
/(1) = 4t37 + 2t] + 3t%k
Hence
j F.df = jl F(t) - 7 (t)dt
C 0
- j l(4t6 +2te +3t9 )t
0

(47 o2, 34071 _40 21 o 1_o_ 9
= [ Ft7 e+ it ]0 T A i 7

1b [15 pts.] Let K(x,y,z) = 271 + eXT— eYk. Calculate V - (V X K) directly.

Solution:
ik R i
A_| o 2 o |_| 2o o o | o o
VxA= ox oy o1 ox oy o1 ox oy
2z eX e 2z eX e 2z eX

= Vi +2]+ek-0k—0i — 0] = —e Vi + 2 +eXk
. A) = 9 (e ¥y 4+ O 0 (XY —
\Y (VXA) £ )+8y(2)+az(e) 0

2a[l2 pts.] Find a function ¢(x,y,z) such that
Vo = I?(x,y, Z) =(2x—-y- z)T+ 2y — x)T+ (22 - X)E

Solution:
dx =2X—-y—-7 ¢y =2y—X ¢z =22 —-X

S0 integrating ¢x with respect to x gives

¢ =x2—xy—xz+9(y,2)
Then

¢y = X+Qy = 2y —X
and g(y,z) = y2 + h(z). Hence
¢ =x2—xy—xz+y?+h(2)

and

¢z = x+h'(2) = 22— x
Thus h(z) = z2 + K and

d(X,y,2) = X2 —xy —xz+y?2 +72 +K



2b[8 pts.] Evaluate
[ Feor
C
where F is the vector field in part 2a) and C is the curve given by the vector equation
P = (1+22)i+ @ -t5)]+ (1+28)k  0<t<1

Solution: Since F is derivable from a potential function, then its line integral is path independent. The
curve C begins at (1.1.1) and ends at (3,0, 3). Thus

fcﬁ'd?: $(3,0,3) - ¢(1,1,1) = 8

3a[15pts.] Evaluate
§ ydx + (x+y?2)dy

directly without using Green’s Theorem, where C is the elllg)se 4x2 + 9y2 = 36 with counterclockwise

orientation. (Hint: A parametrization of the elllpse 2+ Z— = 1isx = acost,y = bsint.)

2
Solution: We may write the given ellipse as ? + yT = 1.Hence a parametrization of the ellipse with

the given counterclockwise orientation is x = 3cost,y = 2sint 0 <t < 2z. Thus
2n
2\ gy — : - 2
(fc ydx + (x+y2)dy = Io [ (2sint)(=3sint) + (3cost + 4sin?t)(2cost) ]dt
2
— J'Oﬂ (~65in%t + 6cos?t + 8sin?tcost ) dt
2
= J. ﬂ[6<coszt— sin?t) + 83in2tcost]dt
— 3[costsint + t + costsint — t]37 + & 3 [sin®t ] from the table
=0
3b [10 pts.] Evaluate the line integral in 3a, namely
dx + (x +y2)d
§ vax+ (x+y2)dy

using Green’s Theorem.
Solution: Green’s Theorem

§. Pox+Qdy = [[(Qx—Py)dA
R
implies

jscydx+ (x+y?)dy = H (1-1)dA =0
4x2+9y2<36



4a 10 pts] Parametrize the surface S that is the part of the paraboloid

y = x2 + 22
that lies between the planesy = 4 and y = 0. Sketch the surface S.
Solution:
Let

X = UCOSV, z = usinv, y = u?
where 0 <v <2z, and 0 <y <4 implies0 <u < 2.
Alternative Solution: Use x and z as the parameters, so

X=Xy=x2+227=1
0<x2+z2 <4,

4b [15 pts.] Give an iterated double integral equal to

”s xzdS

where S is the surface in part 3a. Do not evaluate your expression.
Solution:

N i 2—.’ 'nd
r(u,v) = Ucosvi + u4j + ucosvk

SO
- i rd . -
Fu = COSVi + 2uj + sinvk
Ty = —usinvi + 0j + ucosvk
i i k
FuxPv=| cosv 2u sinv
—-usinv. 0 ucosv
- rd . rd . -
= 2iu? cosv — (cos?v)ju — u(sin?v)j + 2u(sinv)k
2 rd rd 2 -
= 2U“cosVi — uj + 2u<sinvk
Thus

[Fu x Ty

J4u? cos2v + 4u? sin2v + u2

uydu? +1



Thus
.”5 xzdS = J-J-ngzﬂz§4 XZWU X ?v|dUdV

[ P o/ Yoo

Alternative Solution:

”szd8= ” xz‘/1+(%>2+(%>2dsz

0<x?+z°<4
2 y4-x?
= X241 + 4x2 + 422 dzdx

I—2 -[—,/4—x2

Table of Integrals
jsinzxdx = — % COSXSinX + %x +C
jcoszxdx = % COSXSinX + %x +C
jsin3xdx = — % sin2xcosX — % cosx + C

[ cos3xdx = % cos2xsinx + %sinx +C

[teldt =e'(t—-1)+C
[t2eldt = e!(t? —2t+2) +C




