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1a [15 pts.] Evaluate the line integral


C

F  dr

where F  xy i eyj xzk and C is the curve given by rt  t4i t2j t3k, 0 ≤ t ≤ 1.

Solution:

Ft  t4 t2 i et2
j t4 t3 k  t3i et2

j t7k

r′t  4t3i 2tj 3t2k

Hence


C

F  dr  
0

1
Ft  r′tdt

 
0

1
4t6  2tet2

 3t9 dt

 4
7

t7  et2
 3

10
t10

0

1
 40

70
 21

10
 e − 1  e − 9

70

1b [15 pts.] Let Ax,y, z  2zi exj− e−yk. Calculate ∇  ∇  A directly.

Solution:

∇  A 

i j k

∂
∂x

∂
∂y

∂
∂z

2z ex e−y



i j k

∂
∂x

∂
∂y

∂
∂z

2z ex e−y

i j

∂
∂x

∂
∂y

2z ex

 −e−yi 2j exk − 0k − 0i− 0j  −e−yi 2j exk

∇  ∇  A  ∂
∂x e

−y  ∂
∂y 2 

∂
∂z e

x  0

2 a [12 pts.] Find a function x,y, z such that

∇  Fx,y, z  2x − y − zi 2y − xj 2z − xk

Solution:

x  2x − y − z y  2y − x z  2z − x

so integrating x with respect to x gives

  x2 − xy − xz  gy, z
Then

y  −x  gy  2y − x

and gy, z  y2  hz. Hence

  x2 − xy − xz  y2  hz
and

z  −x  h′z  2z − x

Thus hz  z2  K and

x,y, z  x2 − xy − xz  y2  z2  K
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2 b [8 pts.] Evaluate


C

F  dr

where F is the vector field in part 2a) and C is the curve given by the vector equation

rt  1  2t2 i 1 − t5j 1  2t6 k 0 ≤ t ≤ 1

Solution: Since F is derivable from a potential function, then its line integral is path independent. The
curve C begins at 1.1.1 and ends at 3,0,3.Thus


C

F  dr  3,0,3 − 1,1,1  8

3a 15 pts. Evaluate


C

ydx  x  y2 dy

directly without using Green’s Theorem, where C is the ellipse 4x2  9y2  36 with counterclockwise

orientation. (Hint: A parametrization of the ellipse x2

a2  y2

b2  1 is x  acos t,y  b sin t. )

Solution: We may write the given ellipse as x2

9
 y2

4
 1.Hence a parametrization of the ellipse with

the given counterclockwise orientation is x  3cos t,y  2sin t 0 ≤ t ≤ 2. Thus


C

ydx  x  y2 dy  
0

2
2sin t−3sin t  3cos t  4sin2t 2cos t dt

 
0

2
−6sin2t  6cos2t  8sin2tcos t dt

 
0

2
6 cos2t − sin2t  8sin2tcos t dt

 3cos t sin t  t  cos t sin t − t0
2  8

3
sin3t

0
2 from the table

 0

3b 10 pts. Evaluate the line integral in 3a, namely


C

ydx  x  y2 dy

using Green’s Theorem.
Solution: Green’s Theorem


C

Pdx  Qdy  
R

Qx − PydA

implies


C

ydx  x  y2 dy  
4x29y2≤36

1 − 1dA  0
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4a [10 pts] Parametrize the surface S that is the part of the paraboloid

y  x2  z2

that lies between the planes y  4 and y  0. Sketch the surface S.
Solution:

Let

x  ucosv, z  u sinv, y  u2

where 0 ≤ v ≤ 2, and 0 ≤ y ≤ 4 implies 0 ≤ u ≤ 2.
Alternative Solution: Use x and z as the parameters, so

x  x,y  x2  z2, z  z

0 ≤ x2  z2 ≤ 4.

4b [15 pts.] Give an iterated double integral equal to


S

xzdS

where S is the surface in part 3a. Do not evaluate your expression.
Solution:

ru,v  ucosvi u2j ucosvk

so

ru  cosvi 2uj sinvk

rv  −u sinvi 0j ucosvk

ru  rv 
i j k

cosv 2u sinv

−u sinv 0 ucosv

 2iu2 cosv − cos2v ju − u sin2v j 2u2sinvk

 2u2 cosvi− uj 2u2 sinvk

Thus

|ru  rv |  4u4 cos2v  4u4 sin2v  u2

 u 4u2  1
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Thus


S

xzdS  
0≤x2z2≤4

xz|ru  rv |dudv

 
0

2 
0

2
ucosvucosv u 4u2  1 dudv

Alternative Solution:


S

xzdS  
0≤x2z2≤4

xz 1  ∂y
∂x

2
 ∂y
∂z

2
dAxz

 
−2

2 
− 4−x2

4−x2

xz 1  4x2  4z2 dzdx

Table of Integrals

 sin2xdx  − 1
2

cosx sinx  1
2

x  C

 cos2xdx  1
2

cosx sinx  1
2

x  C

 sin3xdx  − 1
3

sin2xcosx − 2
3

cosx  C

 cos3xdx  1
3

cos2x sinx  2
3

sinx  C

 tetdt  ett − 1  C

 t2etdt  et t2 − 2t  2  C
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