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Score on Problem #1 ________

#2 ________

#3 ________

Total Score ________

1



1a [15 pts.] Evaluate the line integral 
C

F  dr, if

Fx,y  xzi− yzk

where C is the plane path xt  4t − 1,yt  2 − 2t, zt  t, 0 ≤ t ≤ 1.
Solution:

rt  4t − 1i 2 − 2tj tk 0 ≤ t ≤ 1

so

r′t  4i− 2j k

Ft  4t − 1ti− 2 − 2ttk

Thus

F  r′t  16t2 − 4t − 2t  2t2  18t2 − 6t

Hence


C

F  dr  
0

1
18t2 − 6t dt  6t3 − 3t2

0
1  6 − 3  3

1b [15 pts.] Let r  xi yj zk and r  |r|. Show that

∇ln r  r
r2

Solution: r  x2  y2  z2

∇ ln r  ∂ ln r
∂x i ∂ ln r

∂y j ∂ ln r
∂z k

 1
2

2x

r x2  y2  z2
i 2y

r x2  y2  z2
j 2z

r x2  y2  z2
k

 1
r2

r

2a 20 pts. Find a function x,y, z such that ∇  F, where

Fx,y, z  y2z3i 2xyz3  y2 j 3xy2z2k

Solution:

x  y2z3


  xy2z3  gy, z



y  2xyz3  ∂g∂y  2xyz3  y2


∂g
∂y  y2  gy, z  y3

3
 hz

Thus

2



  xy2z3  y3

3
 hz

and

z  3xy2z2  h′z  3xy2z2

so h′z  0  hz  K and

  xy2z3  y3

3
 K

2b [20 pts.] Verify that Green’s Theorem is true for the line integral


C

xydx  x2y3dy

where C is the triangle with vertices 0,0, 1,0, 1,2.
Solution: The curve C and the region of integration are shown below
0,0,1,0,1,2,0,0

x

y

The line joining 0,0 to 1,2 is y  2x. Now we must show


C

Pdx  Qdy  
R

Qx − PydA

P  xy and Q  x2y3. Let C1 be the segment joining 0,0 and 1,0, C2 the segment joining 1,0
and 1,2 and C3 the segment joining 1,2 and 0,0.


C

xydx  x2y3dy  
C1


C2


C3

 
0

1
0dx  

0

2
12y3dy  

1

0
x2xdx  x22x32dx

 y4

4 0

2
 2

3
x3  16 x6

6 1

0
 4 − 2

3
− 8

3
 2

3

Also

3




R

Qx − PydA  
R

2xy3 − x dA  
0

1 
0

2x
2xy3 − x dydx

 
0

1 xy4

2
− xy

0

2x
dx  

0

1
8x5 − 2x2 dx  4x6

3
− 2x3

3 0

1
 2

3

4



3 a [10 pts.] Let S be the portion of the cylinder x2  y2  3 that lies between z  0 and z  6. Use
cylindrical coordinates to

to give a parametrization of S. Sketch the surface S.
Solution: Let x  3 cos,y  3 sin, z  z, 0 ≤ z ≤ 6, 0 ≤  ≤ 2 or

r, z  3 cosi 3 sinj zk 0 ≤ z ≤ 6, 0 ≤  ≤ 2

3 ,, z

3 b [20 pts.] Give an expression for


S

ydS

where S is the surface in part 3a. Do not evaluate your expression.
Solution: For a surface given by

x  xu,v y  yu,v z  zu,v

that

 
S

fx,y, zds   
G

fu,v| r u  r v|dudv,

where G is the image of the surface S in the u,v -plane. Letting u   and v  z, we have

r, z  3 cosi 3 sinj zk

and

r, z  − 3 sini 3 cosj

rz, z  k

Thus

5



r  rz 
i j k

− 3 sin 3 cos 0

0 0 1

 3 cosi 3 sinj

so

|r  rz |  3

Thus


S

ydS  
0

2 
0

6
3 sin 3 dzd  3 

0

2 
0

6
sindzd

6


