Ma 227 Exam Il A Solutions 4/26/06
Name: ID:

Lecture Section: Lecturer:

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.
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la[15 pts.] Find the work done by the force field
FOGY) = (X=y)i + 2xy]

along the plane path that is the graph of y = 2x3 — 1 from A = (0,-1) to B = (1,1).
Solutiog: The path may be parﬂametriﬂzedﬂas C:x=ty= 233 -10<t Sﬁl. Then
T(t) = ti+ (2t3 = 1)j, P'(t) = i +6t3], F(t) = (t—2t3 + 1)i + 2t(2t3 - 1)j
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1b [15 pts.] Consider

= . - - -
F = (3sinx—eY)i + (4arctanx — 12y) j + (e®OSX + 4cos(2z))k
Find
V(div(E)) =v(V-F).
Solution:  div(F) = %(3 sinx —eY) + 8%(4arctanx —12y) + %(eCOSX + 4¢0s(22))
= 3cosx — 12 — 8sin(2z)
V(div(l_:))) = —3sinxi + OT - 16 cos(Zz)?
2a[20 pts.] Find a function ®(x,y,z) such that Vo = F, where
Fox,y,z) = (2xyz +e)i+ (x2z + 2xe? + 22siny)j + (x2y - 2zcosy + 2)?
Solution: We first note the
V x (2xyz + e, x2z + 2xe? +22siny,x?y — 2zcosy + 2) = (0,0,0)

so such a @ exists. This is not required in order to get full credit for the solution.
We have that
Dy = 2xyz +e¥ @y = x%z+2xed +z2siny  ®; = x%y — 2zcosy + 2
Starting with ®x and integrating with respect to x we get
® = x2yz + xe? + h(y,z)

Then
Dy = x22+2xe¥ + ‘?—33 = x%z + 2xe% +z2siny
Thus
g_g = z2siny = h(y,z) = —z%cosy + g(z)

and therefore
® = x2yz + xe?Y —z2cosy + g(z)
Hence
®; = x2y —2zcosy +g'(z) = x2y — 2zcosy + 2



Then
0'@) =2=9@) =2z+k
Finally we have that
® = x2yz +xe?Y —z2cosy + 22+ k

Check: SNB V(x?yz + xe?Y —z2cosy + 22 + k) =

(2xyz + %, x22 + 2xe® + 22siny,x?y — 2zcosy + 2)

2b [20 pts.] Verify that Green’s Theorem is true for the line integral

ffc ydx — xdy
where C is the circle with center at the origin and radius 3.
Solution: The circle can be parameterized by
x =23cost, y=3sint, 0<t<2n

j; ydx — xdy = J.Zﬁ(3sint(—3sint) — 3cost(3cost))dt = Izn —9(sin2t + cos2t)dt = J-Zﬂ —9dt = 187
c 0 0 0

Also since P = yand Q = —x,
ijr4wmA=jj@a—lmA=jj—mA:—mAmmﬁﬂ+y2=m:>2m$2=—mn
R

3a[10 pts.] LetS be the portion of r = 2 that lies between z = x2 + y2 and z = 5. Use cylindrical
coordinates to give a parametrization of S.

Solution: Letx = 62co0s0,y = 62sin6,z =z, (02)2<z<5, 0<60 < 2ror
P(0,2) = 62cosfi + 02sinfj +k 04 <2<50<60<2zx

jjsxds

where S is the surface in part 3a. Do not evaluate your expression.
Solution: For a surface given by

3 b [20 pts.] Give an expression for

X = x(u,v) y = y(u,v) z =12(u,v)
that

IIS f(X,y, Z)dS = "‘J‘G f(UaV)l?u X ?vldUdV,

where G is the image of the surface S in the u,v -plane. Lettingu = 6 and v = z, we have
7(0,2) = 62cosfi + 02sind] + zk
and
T9(0,2) = (20c0s0 — 02 sin0)i + (20sin6 + 02 cos )]
72(0,2) = K
Thus



7 i K
Fox Tz = | 20c0s0—02sin0 20sin0+62cosd 0 | = (20sin0 + 02 cos)i — (20cosd — 02sin6)j

0 0 1
S0
[Fg x 2| = /(205in6 + 62 c0s0)2 + (20 cos 6 — 2 sin )2
— J4025in20 + 403 5in0cos 6 + 04 cos20 + 402 cos26 — 403 sinfcos + 0% sin20
Thus

J[ xds = [ 02coso( 207 + 0% )dad



