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1a [15 pts.] Find the work done by the force field

Fx,y  x − yi 2xyj

along the plane path that is the graph of y  2x3 − 1 from A  0,−1 to B  1,1.
Solution: The path may be parametrized as C : x  t,y  2t3 − 1 0 ≤ t ≤ 1. Then
rt  ti 2t3 − 1j, r′t  i 6t2j, Ft  t − 2t3  1i 2t2t3 − 1j
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0

1
t − 2t3  1  12t32t3 − 1 dt  
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1b [15 pts.] Consider

F  3sinx − ey i  4arctanx − 12y j  ecosx  4cos2zk

Find

∇ divF  ∇ ∇  F .

Solution: divF  ∂
∂x 3sinx − ey  ∂

∂y 4arctanx − 12y  ∂
∂z e

cosx  4cos2z

 3cosx − 12 − 8sin2z

∇divF  −3sinx i  0 j − 16cos2zk

2a 20 pts. Find a function x,y, z such that ∇  F, where

Fx,y, z  2xyz  e2y i x2z  2xe2y  z2 siny j x2y − 2zcosy  2 k

Solution: We first note the

∇  2xyz  e2y,x2z  2xe2y  z2 siny,x2y − 2zcosy  2  0,0,0

so such a  exists. This is not required in order to get full credit for the solution.
We have that

x  2xyz  e2y y  x2z  2xe2y  z2 siny z  x2y − 2zcosy  2

Starting with x and integrating with respect to x we get

  x2yz  xe2y  hy, z
Then

y  x2z  2xe2y  ∂h∂y  x2z  2xe2y  z2 siny

Thus
∂h
∂y  z2 siny  hy, z  −z2 cosy  gz

and therefore

  x2yz  xe2y − z2 cosy  gz

Hence

z  x2y − 2zcosy  g′z  x2y − 2zcosy  2
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Then

g′z  2  gz  2z  k

Finally we have that

  x2yz  xe2y − z2 cosy  2z  k

Check: SNB ∇ x2yz  xe2y − z2 cosy  2z  k 
2xyz  e2y,x2z  2xe2y  z2 siny,x2y − 2zcosy  2

2b [20 pts.] Verify that Green’s Theorem is true for the line integral


C

ydx − xdy

where C is the circle with center at the origin and radius 3.
Solution: The circle can be parameterized by

x  3cos t, y  3sin t, 0 ≤ t ≤ 2


C

ydx − xdy  
0

2
3sin t−3sin t − 3cos t3cos tdt  

0

2
−9sin2t  cos2tdt  

0

2
−9dt  −18

Also since P  y and Q  −x,


R

Qx − PydA   −1 − 1dA    −2dA  −2Area of x2  y2  9  −232  −18

3 a [10 pts.] Let S be the portion of r  2 that lies between z  x2  y2 and z  5. Use cylindrical
coordinates to give a parametrization of S.

Solution: Let x  2 cos,y  2 sin, z  z, 22 ≤ z ≤ 5, 0 ≤  ≤ 2 or

r, z  2 cosi 2 sinj zk 4 ≤ z ≤ 5, 0 ≤  ≤ 2

3 b [20 pts.] Give an expression for


S

xdS

where S is the surface in part 3a. Do not evaluate your expression.
Solution: For a surface given by

x  xu,v y  yu,v z  zu,v

that

 
S

fx,y, zds   
G

fu,v| r u  r v|dudv,

where G is the image of the surface S in the u,v -plane. Letting u   and v  z, we have

r, z  2 cosi 2 sinj zk

and

r, z  2cos − 2 sini 2 sin  2 cosj

rz, z  k

Thus
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r  rz 
i j k

2cos − 2 sin 2 sin  2 cos 0

0 0 1

 2 sin  2 cosi− 2cos − 2 sinj

so

|r  rz |  2 sin  2 cos2  2cos − 2 sin2

 42 sin2  43 sincos  4 cos2  42 cos2 − 43 sincos  4 sin2

 42  4

Thus


S

xdS  
0

2 
4

5
2 cos 42  4 dzd
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