Ma 227 Exam 111 A Solutions

Name:

1[30 pts.] Evaluate the surface integral
[F-dS=[[F-Tds
S S

where

—

F=xK
and S is the surface with parametrization

x=u2 y=v z=u3-v2 0<u<l 0<v<1
and oriented by an upward pointing normal.

Solution:
T(u,v) = uZi +vj + (ud —v2>T<'
S0
Tu = 2ui + 3u?k
Pu =] - 2vK

=l
—

-2v | 0 1
Setting u = 1 and v = 0 we have that Py x Py = —3i + 2k which is upward.

F(u,v) = u2k so
F(u,v) - (Tu x Ty) = 2u3

o tf= o (Ll
SJ.F,dS:J.J.F.ndS:J.OJ‘OZUSdVdU

S
1
= J.O<2u3>du = %
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2 |:20 pts.] Let S be any closed bounded surface with outward directed normal i in x,y,z —space,

and
F= (22 +xy2)i+cos(x+2)] + (e —zy?)k
Evaluate

”ﬁ-ﬁds
S



Solution: We use the Divergence Theorem
[[F-tids = [[[v-Fav
S T
to evaluate this surface integral.
V.-F=divF=y2-y2 =0

Ljﬁ'ﬁds:fﬂv'ﬁdvﬁﬂowzo

where T is the region enclosed by S.

Thus

3[20 pts.] Find the eigenvalues and eigenvectors of the matrix

[ 2]

2-r -4
-1 -1-r
=(r-2)(r+1)-4
=r2-r—6=(r-3)(r+2)
Thus the eigenvalues are r = 3,-2. The system
(A—rhX =0

Solution:

det(A—rl) = =-2-nN+r)-4

IS
(2-r)X1-4x5 =0
—-X1+(1-rxp =0
Forr = 3 we have
—X1—4x2 =0
—X1—4%x2 =0

So xq1 = —4x5. Letting xo = 1 we have the eigenvector |: :| corresponding to the eigenvalue

r = 3. Letting r = —2 in the above system we have
4X1 — 4X2 =0
-X1+X%X2 =0

S0 X1 = Xp and an eigenvector correspondingtor = -2 is |:

SNB check: 2 , eigenvectors: ! o =2, -4 3
-1 -1 1 1




4 [30 pts.] Consider the vector F-= —y_i> + ZXT + X+ Z)E and let S be the upper hemisphere

x2+y24+z2=1,2>0.
with an upward normal. Note:
curlF = OT—T+ 3k

Using spherical coordinates since p = 1, a parametrization of the hemisphere is

X = sin¢coso, y = sin¢gsino, Z = CO0S¢.
With this parametrization
T($,0) = singcosdT +singsind] + cosgk
and a normal to the hemisphere is

Ty xTg = sin2¢ cosfi + sin2¢sind] -+ sin ¢ cos gk

Show this normal is upward, and use this information to verify Stokes” Theorem.
Solution: Stokes Theorem says

[ e ids = [[ (VxP)-THas=§ F-ap

We calculate j;as F - d7 first. Now &S is the circle x2 + y2 =1, z = 0. We parametrize this as

X = COSt, y = sint, z=0 0<t<2r

On oS
= g - -
F = —sinti + 2costj + costk
and
P = Xi +y] +2K = costi +sint] + 0K
= ?/(t) = —sinti + costT
Thus,

- 2 2 2
L] = i 2 2 = 2 = —1 i —1 =
§as F.dr J.o (sin“t + 2 cos<t)dt -[o (1 + cos<t)dt (t+ > costsint + 2t>0 3r
We now show that
IIS curl F - Rds = 37

First of all
Atg =72, 0=0 Ty xTo =7, which is uptward. Hence Ty x Tg is uptward.
Hence



curl F (FyxTo) = (OT—T+ 3?) . (sin2¢00597+ sin2$sind] + sin¢cos¢ﬁ>
— —sin2¢sinf + 3singcos ¢
Thus we have

II curl F - fids = J.% Izn(—sinqusine + 3sin¢cos ¢)dodg
S 070

_ J.o? (sin%¢cos + 393in¢cos¢)§i§”d¢

sin2¢ | 2

=0+67 J.07 singcosgdg = 67 5 = 3r as before.
0




Table of Integrals

[sin?xdx = — %cosxsinx+ %x+ C
[ cos?xdx = % coSXsinX + %x +C
[sin3xdx = - %sinzxcosx - % cosx +C

[ cos®xdx = % cos2xsinx + 2 sinx + C

3
[teldt =e'(t-1)+C

[teldt = et(t2-2t+2) +C




