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Ma 227 Final Exam Solutions 5/8/03
Name: ID:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

Directions: Answer all questions. The point value of each problem is indicated. If you need more work
space, continue the problem you are doing on the other side of the page it is on. You may not use a
calculator on this exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total



Name: ID#:

Problem 1

a) (10 points)
Calculate the iterated integral

j(l) I(l)_x I(l)_x_y dzdydx

Be sure to show all steps.
Solution:

J.; j;_x I;_X_y dzdxdy = j; I;_X(l — X —y)dydx

1 y2 1-x
:fo[(l‘x)y‘Tl) dx

-1 j;(l—x)zdx - —%[(1—x)3:|é - %

b) (15 points)
Give an expression in cylindrical coordinates for the volume of the solid T bounded above by the plane
z = y and below by the paraboloid z = x2 + y2. Sketch T. Do not evaluate this integral.

y

Solution: In polar coordinates the plane has the equation z = rsin@ and the paraboloid has the equation
z = r2. The two surfaces intersect when y = x2 + y2, that is the circle x2 +y2 —y = 0 or

X2 + (y - %)2 = %. However, it is only the part of this circle that is in first and second quadrants that
is the projection of the solid onto the x,y —plane, since the plane z = y goes through the x axis. The
equation of this circle is r = sinf

sin@ prsind
Volume:J‘ZJ‘OI Irzl rdzdrd@

Problem 2
a) (10 points)



Name: ID#:

Give two triple integral expressions for the volume under the surface z = x2y and above the triangle in
the x,y —plane with vertices (1,0),(2,1), (4,0). Sketch the triangle in the x,y —plane. Do not evaluate
the expression.

Solution: (1,0,2,1,4,0,1,0)

10T
y
08T
0.6+

04T

02T

0.0 ; ; ; ; ; y
1.0 15 2.0 2.5 3.0 3.5 4.0

The line joining (1,0) and (2,1) has equation y = x — 1 and the line joining (2,1) to (4,0) has equation
2y = 4—X. Thus

Volume = j(l) I:;fy _[ :Zy dzdxdy

_ J'i J'z_l I;zy dzdydx + j: J.(:TX J.zzy dzdydx

b) (10 points)
Calculate the surface integral _U F - Ads, where
S

Fx,y,2) = x3i +y3] + 25K
and g is the closed surface of the solid bounded by the cylinder x2 + y2 = 1 and the planes z = 0 and
z=2.
Solution: We can use the Divergence Theorem, since S is a closed surface.

V.F=3(x2+y2 +22)

SO
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[[F- ds—”jv Fdv
:.”.[30( +y? +22)dv
= 3j2nj‘1j.2<r2 +22)rdzdrdo
—3]27[_“ [r3z+rZ ]drde
SRR ICONC

=3[ 3+ 5 Jem -1
Problem 3
a) (15 points)
Find the eigenvalues and eigenvectors of
2
A=]1 0 1
0 1
Solution:
2-r 1 0
0 3-r 1 =2-rnN@B-rn-r

0 0 1-r
so the eigenvalues are r = 1,2,3. The system of equations that determines the eigenvectors is
2-r)X1+x2=0
B-=r)Xx2+x3=0

(1-rx3=0
Forr = 1, we have xg is arbitrary, and
X1 +X2 =0
2X2+X3 =0
1
2
Thus xo = —%Xg and x1 = Xp = %X3. Thus we have the eigenvector _% < 1.Forr = 2, the
1
1
system implies, x3 = 0,x2 = 0,xy isarbitrary. Thus | 0 « 2. For r = 3 the system implies
0
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x3 = 0,Xp is arbitrary, and X1 = X. Thus | 1

b) (10 points)
Solve the initial value problem

-1
x'(t) = Ax(t) x(0) = 0
where A is the matrix above.
Solution: The general solution to the homogeneous system is
5 1
X(t) = cqet -1+ ce?tl 0 |+czedt| 1
1 0
Then
5 1
x(0) = ¢ _% +C2| 0 [+cC3
1 0
lei+c B
5C1+C2+C3 -1
= —%Cl +C3 =

C1

Thuscq = 0,c3 = 0,co = —1. The solution is

x(t) = —e2t

Problem 4
a) (15 points)
Verify Green’s theorem is true for the line integral

fxyzdx — x2ydy
c

where C consists of the parabolay = x2 from (=1,1) to (1,1) and the line segment from (1,1) to
(-1,1). Sketch C.

Solution:
X2
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Let C1 be the parabola and C, the line. Then Cq : r(t) = fi+ tZT
-1<t<1 Thus

ffxyzdx — x2ydy = J.il (t-t* -t .12 . 20))dt+ Iil —t(~dt)
C

6 12 T
=| =+ = =0
[ 6 2 1,4
Using Green’s Theorem we have

ngyzdx_xzydy _ “[ a(z(XZy) KCD JdA

oy

= [[=2xy - 2xy)da
R

1 .1
= I_l IXZ(—4xy)dydx
_ft 2791 4y _ (1 5
= j_l[—ny 1 20x = ~l._l(—2x+ 2x°)dx

6 11
= | —x2 4+ X~ -
—[x+3]_10

b) (10 points)
Put the matrix

31 9 2
3212 1
21 7 -1

in row reduced echelon form.

~1<t<landC;

r(t) = —tT+T



Name: ID#:

31 9 =2 10 2 -1 102 -1
Solution: | 3 2 12 1 |-RiRs| 3212 1 [-RUR| 026 4
21 7 -1 21 7 -1 0131
102 -1 102 -1
_)R3<—>R2 O 1 3 1 _)—2R2+R3 O 1 3 l
026 4 000 2
102 -1 1020
1 _
7R 0013 1 |SR3| 0130
000 1 0001
Problem 5
a) (10 points)
Let
F(x,Y.2) = X2 +y2) + 22K
Calculate
VxF = curlF
T7 oK
. i —>_ i i i _—.' . - _ 7 _ _
Solution: Vx F = x oy =i(0-0)+j(0-0)+k(0-0)=0
x2 y2 72

b) (15 points)
Verify that Stokes’ Theorem is true for the vector field in part a) where S is the part of the paraboloid
z = 1—x2 —y? that lies above the x,y —plane, and S has up orientation.

Solution: Since V x F = 0 from part a)
[[(vxF) -fids =0
S

The bottom of the paraboloid in the x,y —plane is the circle x2 + y2 = 1. We let
C : x(t) = cost,y(t) = sint,z = 0s0
rit) = costi + sintT+ Oﬁ, 0<t<2n
r'(t) = —sinti + costj
F(t) = cos2ti + sin2{j + 0k
Then
- 2r R R
§F .dr = _[ (—=sintcos?t + costsin?t)dt
° 0

_ %[cos3t+sin3t]g” =0

7



Name: ID#:

Problem 6

a) (15 points)
If

F(X,y,2) = (20x3z + 2y2>7+ Axyj + (5x* + 322>E
find a function f such that Vf = F.

fy = 4xy
)
f = 2xy? +9(x,2)
Then
f; = gz = 5x% + 322
)
g(x,2) = 5x*z + 23 + h(x)

Now we have

f=2xy2 +5x% + 23 + h(x)
fx = 2y2 + 20x3z + h'(x) = 20x3z + 2y?
Hence h'(x) = 0 and h(x) = K. Finally,
f(x,y,z) = 2xy2 + 5x%z+ 23 + K

b) (10 points)
Evaluate

jCE.d?

where F is the vector field in part a) and C is the curve given by the vector equation

FO) = (L+82)i+@+2t5)]+ (1+3t8)k  0<t<1
Solution: Since there exists a function f(x,y, z) such that Vf = I?, the line integral is independent of
path. The curve C begins at (1,1,1) and ends at (2,3,4). Therefore

jc F.df=1(23,4)-f(1,1,1)
f(2,3,4) =420+ Kand f(1,1,1) = 8 + K. Thus
jc F.df=1f(23,4)-f(1,1,1) = 412

Problem 7

a) (10 points)
Let A be a constant matrix and r an eigenvalue of A with corresponding eigenvector u. Show that
X(t) = t"u is a solution of the system

tx'(t) = Ax(t)
8
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Solution: We have that
Au=ru
Since x(t) = t"u, then
X' (t) = t(rt™tu) = t'(ru) = t‘Au = A(t"u) = Ax(t)

tx/(t) = 13 X(t) t>0
| -15

:| = 8—6r+r2 = (r—4)(r - 2) so the eigenvalues are 2, 4.

b) (15 points)
Solve the system

1-r 3

Solution: det
-1 5-r

L-rx1+3x2 =0
-X1+06B-rNx, =0

—X1+32 =0
—X1+3%2 =0

. . 3 i . 1
S0 X1 = 3X» and the eigenvector is Ll The other eigenvector is . « 4. From part a)
the solution is
3 1
X(t) = cqt? + Cot?
(t) =c1 |: L :| 2 |: 1 :|

Problem 8
a) (15 points)
Evaluate the

” sinfdA
R
where R is the region in the first quadrant that is outside the circle r = 2 and inside the cardioid
r = 2(1 + cos®). Sketch R and shade it.
Solution:
2
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” sin@dA = _[0% jz(ucose) sin@rdrdf = If[%rz E(Hcosg)sin 0do
R

L (E 2 [ @ +cos6)® z
_2'[0 [ (1+cos0)?sing sm9:|d9—2[ 3 +cos0

-4 +(§)-1]-4

0

b) (10 points)

Give two iterated integrals for the area of the region R in the first quadrant that lies above the
hyperbola xy = 1 and the line y = x and below the line y = 2. Sketch R and shade it. Do not evaluate
these integrals.

Solution: The hyperbola and the line y = x intersect when x2 = 1, that is at x = 1 in the first quadrant.
Thus at (1,1). The liney = 2 intersects the hyperbola at x = -, that is at (%2) The liney = x

intersects the liney = 2 at (2,2).

10
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Area = J. dA
R
= J.i J.y% dxdy

_ .[1% j; dydx + Ii jj dydx

11




