Ma 227 Final Exam Solutions 5/10/05

Name:

Lecture Section:

I pledge my honor that I have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.

Directions: Answer all questions. The point value of each problem is indicated. If you need more work
space, continue the problem you are doing on the other side of the page it is on.

There is a table of integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total



Problem 1
a) (10 points)
Show that the vector field
IE(X, y,2) = Xi + eV sin 2T+ eY coszk
IS conservative.

Solution:
T K T
E_| o & 0 0 9 _ay 0+ Ok — Ok — Y AN
VxF =1 4 oy - o y coszi+0j+ 0k — Ok —eYcoszi—0j = 0
X eYsinz eYcosz X eY¥sinz

Therefore since curlF = 0, the given force field is conservative.
b) (15 points)

Find a function ¢(x,y,z) such that V¢ = F where F is the vector field in 1a above. What can you say
about

§ﬁ.d?
C

where C is any closed curve?
Solution: ¢x = x so

o2 gy

Thus
_ 09 _ oy
Py = y e¥sinz
so that
g = eYsinz + h(z)
and
2
¢ = XT +eYsinz + h(z)
Then

¢z = eYcosz+h'(z) = e¥cosz
soh'(z) = 0and h(z) = K. Thus

2 .
¢ = X7+eysmz+K

Since the force field is conservative then §I§ . dr = 0, where C is any closed curve.
C

Problem 2
a) (12 points)
Give an expression in cylindrical coordinates for the

jg ydv

2



where E is the region that lies below the plane z = x + 2 above the X, y-plane and between the cylinders
x2 +y2 = 1and x2 +y2 = 4. Do not evaluate this integral.

Solution: In cylindrical coordinates x = rcos,y = rsinf,z = z. Thusz = 2 + rcosé, r goes from 1 to
2and 0 < 6 < 2x. Hence
”I dVv = Izn _[2 jz+rcose(rsin 0)rdzdrdd
2 Y 0 J1J0

b) (13 points)

Use Stokes’ Theorem to evaluate ” (V x ﬁ) -AdS where F = 22 — 3xj + x3y3k and S is the part of the

S
surface z = 5 — x2 — y2 above the plane z = 1. Assume that S oriented upwards. Sketch S.

Solution: (r,6,5—r?)

Stokes’ Theorem is
[[(vxF) -Tids = §F - dP
S C

Now the boundary C of S will be where the surface intersects z = 1, that is, when 1 = 5 —x2 —y2 or
x2 +y2 = 4. Thus

C: x=2cost,y=2sint; 0<t<2r,z=1
and
F =22 - 3x] + x3y3k

P(t) = 2costi + 2sintj + K

F(t) = (1)% - 3(2) costj + (2cost)3(2sint)3k

Then
7(t) = —2sinti + 2cost]
and
F(t) - 7'(t) = —2sint — 12 cos2t
Thus



> 21 > 2
§F . dr = Ion F(t) - 7/ (t)dt = Ioﬂ<—25int— 12cos?t)dt = [2cost - B(costsint +1)]3" = ~127
C

Problem 3

a) (12 points)
Find two iterated integrals representing

I

R

where R is the triangular region with vertices at (-1, 1), (0,0), and (1,1). Sketch R. Do not evaluate
these integrals.

Solution: (-1,1,0,0,1,1,-1,1)

1.U
y
08T
06T
04T
02T
e e e e —t
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 )1(.0

Thus
[[yaa = j;jfyydxdy = [°, [ yayaxr [ [ yayax
R

b) (13 points)
Find the surface area of the part of the plane z = 8x + 4y that lies inside the cylinder x2 + y2 = 16
Solution: Since zx = 8,zy = 4

Surface Area = ”ds - ” [1+23+23 dA = “ J1+®)2+(4)2dA
S R

x2+y?<16

-9 H dA = 97(4)2 = 144r

x2+y2<16

Problem 4

a) (15 points)
Verify Green’s theorem for the line integral



jg(x +y)dx + (x —y)dy

C

where C is the positively oriented unit circle centered at the origin.
Solution: A parametrization of C is x = cost,y = sint 0 <t < 2z. Thus

§(x +y)dx + (X —y)dy = I(Z)ﬂ[(cost + sint)(—sint) + (cost — sint)(cost)]dt
C

- I(Z)ﬂ(—Zsintcost—sin2t+c052t)dt = [—Zsinzt +

HereP = x+yand Q = x—y so

H (Py — Qx)dA = H [1-1]dA =0

x24y2<1

b) (10 points)
Find the inverse of the matrix

Solution:

[2310

2201
Thus

Rem, | 23 10
0 -1 -11

Al =

Problem 5
a) (13 points)
Evaluate the surface integral

]

where

- (i-

x24+y2<1

- AdS

%y2T+ zE)

L costsint— Lt+

2 2

1 .
> costsint +
3
10 -1 >
01 1 1

and the closed surface S consists of the two surfaces z = 4 — 3x2 — 3y2, 0 < z < 4 on the top on the top
with normal upward, and z = 0 on the bottom with normal downward.

Solution: (r,0,4 - 3r?)

1

2

t}in



We use the divergence theorem, namely

[[F-tids = [[[v-Fav

S E
where E is the volume enclosed by S.

V-ﬁ=y—y+l:1
Notethatz=0:>x2+y2:%. Using cylindrical coordinates we have 0 < z < 4 — 3r2,
<r< -2 <p<?
0<r< ﬁ,ando_e_ T

([ v-Fav - js” IO% jg_3r2(1)rdzdrde _ jg” j()% (4r - 3r3)drdd = js”[zrz _ %ﬂfde
E
2 2
[, [2(3) - (2)() Jao= [ (5)0 = 5

Alternatively, we will calculate the suface integral directly. Let S1 denote the portion of the paraboloid
on top and S, denote the disc on the bottom.

For S; we parametrize the surface using x and y as the parameters. Thus
Txy) = (xy,4-3(x% +y?))
Tx(X,y) = (1,0,-6x)
ry(x,y) = (0,1,-6y)

The domain of F(x,y) is the disc D = {(x,y)|0 <x24+y2 < %}

Then,
Tk
TxxPy=|1 0 —6x :6x7+6yT+k
0 1 -6y
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We observe that the z component is positive, so we have the correct orientaion of the normal.

”F nds = J.J.<xy, y24 3<x +y2>>-<6x,6y,1>dAxy
= ”[6’( y—3y®+4-3(x* +y%) JdAyy

6r3cos20sing — 3r3sin30 + 4 — 3r2 Jrdrdo

2
Z
O [
2
of [6r%cos0sing — 3r4sin39 + 4r — 3r3 ]drd@

-
r®cos20sin6 — %rf’sin30+2r2 2r4}| 5 do

5 5
2 2 3( 2 3 4 316
—4— | cos40sinf — —<— | sin°0+2% —=2=2 |d§
(ﬁ> (ﬁ> 3 4 9}

_ 5 _
—c0s°30 T_Z”_g( 2 ) [—sinzecose—ZCose }9_2” 4,
4

+
3 6-0 J3 3 6-0

4
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For Sy, we also parametrize using x and y, but now z = 0 so it’s much simpler.

T(x,y) = (x,y,0)
TOy) = (1,0,0) =7
Tyo6y) = (0,1,0) =
The domain is the same disc,D, as for Sj.
FxxTy =ix]=K
We observe that this vector points upward and we need the downward normal, so we use the negative
and have

JJF s = H(Xy, 2y2 0> (0,0,1)dAxy

S2
=0
Finally
jﬁ-ﬁdszﬂﬁ-ﬁd3+ﬂﬁ-ﬁds
S )
= 83” +0

b) (12 points)
Let



01 2

A=| 00 -1
00 0
Find eAt,
Solution:
eAt:Z%:I+At+%+---+%+---
n=0
Now
01 2 01 2 00 -1
A2=| 00 -1 00-1 [=| 00 O
00 0 00 0 00 0
and
000
AB=| 000
000
so A" = 0 forn > 3. Thus
100 01 2 00 -1
eAt=I+At+A;[2= 010 |+| 00 -1 |t+] 00 O %
' 001 00 0 00 0
1t 2t-4
=l 01 -t
00 1

Problem 6

a) (13 points)
Find the eigenvalues and eigenvectors of

Solution:

A—rl| = 1-r 2 =(1-NR2-r-6=r2-3r-4=(r-4)(r+1)

so the eigenvalues are r = —1,4. The system of equations for the eigenvectors is
L-rx1+2x2 =0
X1+ (2-r)x2=0

For r = —1 this becomes



2X1 + 2% =0
3X1+3x2 =0

1
1 :| For r = 4 we have

b) (12 points)

Solve the nonhomogeneous problem

SO an eigenvector is |:

—-3X1+2x2 =0
3X1—2X2 =0
SO an eigenvector is |:

Nlw

2
x'(t) = Ax(t) +t|: :|
4
where A is the matrix above in 6 a).

Solution:
1 1
Xh =cle‘t|: —1 :|+02e4t|: 3 :|
2

We assume that

Then the system implies

a 12 aj 12 by 2
=t + +t
ar 3 2 as 3 2 b) 4
or
a1 i ai +2ar+2 N by +2by
as 3a; +2ax +4 3b1 + 2bo

a1 +2ap; =-2

This implies

3a; +2ay =4
, Solution is: [a3 = ~1,a; = —+ |. The equations for by and by are

bl + 2b2 =-1
3b1 + 2b2 = —%

 Solutionis: [by = &by = -2



and

Nlw
L 1
J’_

—_
1
Lo
N -
L 1
J’_
o|o1 K=

X(t) = Xp(t) +Xp(t) = cle‘t|: 11 :| + c2e4t|:

SNB Check:
dx
d—tl = X1+ 2Xo + 2t
dxp _
ot - 3X1 + 2Xo + 4t

oo
L

, Exact solution is: [ x1(t) = 2Cpe* — Cie™ —t+ L, xp(t) = Cre™t - Lt+ Cpet -

Problem 7
a) (13 points)
Evaluate the integral
209
3 3
_[0 szx e¥” dydx

Sketch the region of integration.
Solution: x2

We change the order of integration in order to be able to evaluate the integral.

9
[ o - [2 ovony - [07[ 5 )P~ 1 (200G - o | - o]

b) (12 points)
Evaluate

1192
Io _[0 cos(x2 +y2 ) dxdy

Sketch the region of integration.
Solution: We have 0 < x < /1 -y2 and0 <y < 1. Now x = /1 —y?2 implies that x2 +y2 = 1,

10



which is the unit circle. Since x is positive and y is between 0 and 1, then the region of integration is
the part of the unit circle in the first quadrant. Thus in polar coordinatesO <r <land0 < < %

Switching to polar coordinates we have

1 W z 1 z sin<r2> ! .
Io J.o cos(x? +y?)dxdy = J.OZ Io cos(r?)rdrdo = IOZ |:T Od0 = %sm(l)

Problem 8
a) (13 points)
Consider the system
X1 +3X2 —X3 =a
X1+ 2Xp = b
3X1+7X2—X3 =C

Find the conditions on a,b, and c so that this system has solution. What happens whena = b = 1 and
¢ = 3? What happens whena = 1,b = 0, and ¢ = -1?

13 -1 a 1 3 -1 a 1 3 -1 a
Solution:l| 1 2 0 b |->R+Ra3Ri+*Rs | o 1 1 p-a |->-2Ry+R3| 0 -1 1 b-a
37 -1c¢c 0 -2 2 c-3a 0 0 0 c-3a-2(b—-a

Thus for a solution we must havec —-3a—-2(b—-a) =c—-a-2b =0.
Ifa=b =1andc = 3, then the condition holds and there is a solution. Ifa = 1,b = 0, and ¢ = -1,
then the condition does not hold, and there is no solution.
b) (12 points)
Write the initial value problem
y" +2y" —y' =2y =0, y(0) = 1,y'(0) = 0,y"(0) = -1
as an equivalent system in normal form with initial conditions.

Solution: Letx; = y,xo = y',x3 = y". Thensincey” = -2y" +y' +2y

11



we have x' = Ax, where x =

and

X1

X3

X] =X
/

X3 = 2X1 + X2 — 2X3

010
A= 00 1
21 -2

X(0) = 0

12



Table of Integrals

[sin?xdx = — %cosxsinx+ %x+ C

[ cos?xdx = % CoSXSinX + %x +C
[sin3xdx = - %sinzxcosx = % cosx + C
[cos3xdx = L cos?xsinx + Zsinx+C

13




