Ma 227 Final Exam Solutions 5/15/06

Name:

Lecture Section:

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.

Directions: Answer all questions. The point value of each problem is indicated. If you need more work
space, continue the problem you are doing on the other side of the page it is on.

There is a table of integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total



Problem 1
a) (16 points)
Compute the divergence and curl of the vector field
F(x,y,2) = (y2 + zeXZ>T+ 2xyj + xeX2k

Solution:
BE_(370 .70 .0\, 2 xz\7 iy XZR\ — 52aXZ 2nXZ
V.-F (Iax gy +kaz> ((y +2X2)i + 2xyj + xe k) 72X 4 2x + x%e
7 S
E_ 0 0 0
VxF= ox oy
y2 + 26X 2xy xeX
7 T i j
= 0 0 0 0 el
ox oy oz o oy
y2 478X 2xy xeX? | y2+4zeX 2xy
- (a(xexz) a2y )T+ o(y2+ze)  axe?) o (o) o(y? +2e*?) 2
Ty oz oz x ) ox oy
= 0i + (€X% + xzX% — X — x2eX2)] + (2y — 2y)K = 0
b) (9 points)

Does there exist a function ¢(x,y,z) such that V¢ = F where F is the vector field in 1a above. Why or
why not? If yes. then find ¢(x,y,2)

Solution: Since curlF = 0, F is a conservative force field and such a #(X,y,z) does exist.
dx = y2 +ze¥

o}

¢ = xy? +e +9(y,2)
S0

Py = 2Xy + gy = 2Xy
Thus g(y.z) = h(z) and

¢ = xy? + X +h(z)
Then

¢z = xe¥ +h'(z) = xe¥
so h(z) = C, aconstant. Thus
¢ =xy?+eX+C

Problem 2

a) (12 points)
Give an expression in ploar coordinates for



” f(x,y,z)dS
S

where S is surface of the paraboloid z = 4 — x2 — y2 above the x,y —plane and
f(X,y,2) = x2 + 2y2 + z2 — 4. Sketch S. Do not evaluate the expression.

Solution: z = 4 — x2 —y?

Since the surface projects uniquely onto the X,y —plane and projects onto the x,y —plane in the circle
x2 +y2 < 4, then

” f(x,y,z)dS = ”(x2 +y?+22-4) J1+2% +23 dS
S S

= [ (@+22+ (a-x2-y2)? - a) 1+ (202 + (-2y)% dA

x2+y2<4

=[] (@Pr22e (a-x-y2)?-4) 1+ 42+ 2y? dA
x2+y2<4

= J-J- <x4 + 2X2y2 — 7X2 + y4 _ 6y2 n 12> mdA
x2+y2<4

21 (2
- joﬂ -[0 (r4cos*0 + 2r4sin29 cos?0 — 7r2 cos?0 + r4sin%0 — 6r2sin20 + 12)ry'1 + 4r2 drdo
Use Stokes” Theorem to evaluate ”(V x ﬁ) - idS where I?(x, y,2) = yT+ yT+ zk and S is the surface

S
1
defined by S = {z = (x2+y?)3, 0<z< 2} Assume that S is oriented upwards.

Solution:
[[(vxF)-Tids = §F - a7
S C

where C is the boundary of the surface S. Below is the surface.
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1
The boundary of the surface is (x? +y2) 3 = 2 which is the circle x? +y2 = 8, z = 2. We
parametrize this as

P(t) = J/8 costi+ V8 sintj + 2k, 0<t<2x

Then
T'(t) = —J/8 sinti + V8 costj
F(t) = V8 sinti + 48 sintj = 2k
S0
= - 2r
RS = B . df = _Qcin2 :
”(VxF) Rds §F dr Io (-8sin?t + 8sintcost ) dt
S C
= |:4costsint—4t+4sin2t:|§” = -8r
Problem 3

a) (12 points)
Reverse the order of integration:

2 pry-1 2
-[—1 jy2_3(x + xy)dxdy

Be sure to sketch the region of integration. Do not evaluate.

Solution: The region of integration looks like:



w
|

<
+ o

= \l\)

N

'
w

x=y2-3

If we equate y—1 =y2 -3,  then,
=y2-y-2=0
= (y-2)(y+1) =0
=y=-1andy=2
Ify=-1, Xx=-2andify = 2, x=1.
We need to split to two double integrals. The final solution is:

-2 03, 1 3,
I_3 J._ 1/m(x +xy)dydx+J‘_2 IX+1 (x4 + xy)dydx

b) (13 points)
Set up a triple integral in spherical coordinates to find the volume of the solid bounded above by the
sphere x2 +y2 + z2 = 25 and below by the plane z = 4. Do not evaluate

Solution: The region of integration is shown below.
X2 +y2+22 = 25

p will go from the plane z = 4 to the sphere x2 + y2 + z2 = 25,
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In spherical, X2 +y2+22=25=p=5
Also, z=4= pcos¢ =4 = p = 4secd.
So, 4secy < p <5.

For ¢, we can form a right triangle with hypotenuse 5 (the radius of the sphere) and vertical side 4
which is the distance from the origin to z = 4. So the horizontal side is 3.

)’4A

4x
3
Therefore, tang = 2 = ¢ = arctan().

So, 0 < ¢ < arctan().

The volume is:

_(2n arctan(%) 5 2 .
V—IO _[0 I4sec¢p sin¢dpd¢do

Problem 4

a) (15 points)
Evaluate the line integral

§<xy+ In(1+x2) ) dx + xdy
C

where C is the triangle with vertices (0,0), (1,0), (1,2) oriented in a counterclockwise manner. Sketch
C.

Solution: We use Green’s Theorem
§ Pdx + Qdy = [[(Qx—Py)dA
C R

0,0,1,0,1,2,0,0)



Yoo -‘
15+
10+
05+
0.0 : -
0.0 05 1.0
X

P=xy+In(1+x?) and Q = xso that Py = x and Qx = 1. The line joining (0,0) to (1,2) isy = 2x.

Thus
§Pax+Qdy = [[(Q-Pyda = [[ @-x)da
C R

Triangle

= I(Z) J‘ll(l — X)dxdy
2

= I; I;X(l —X)dydx = %

2
A= 3 )
2 2
Solution:

2310 | gip| 23 10 | s | 20 23
2201 0 -1 -11 0 -1 -11

3
R | 1013
01 1 -1

b) (10 points)
Find the inverse of the matrix




Problem 5
a) (13 points)
Evaluate the surface integral

”ﬁ-ﬁds

S
where
F= (2x2yT+ 6y2z] + 2sz<'>
and S is the surface bounded by the unit cube S = {0 < x,y,z < 1}.

Solution:
jjﬁ-ﬁds - mv-ﬁdv
S %

V-IE=4xy+12yz+2x
SO

Ilé - 1dS = UIV - FdV = I(l) I; J.;(4xy + 12yz + 2x)dxdydz
s Vv

—jljl(z + 127+ 1)d dz—jl(1+6z+1)dz—2+3—5
= |, ) @y +12yz+ Ddydz = | =2+3=

[ ]

Find the characteristic polynomial p(r) for A.
Solution:

b) (7 points)
Let

=-2-nN@+r-5=r2+r-11
L 3y (2-r@B+r)

2—r5‘

c) (5 points)
Show that p(A) = 0, where A is the matrix in 5b) and p(r) is the characteristic polynomial of A.

Solution:
2 5 2 5 2 5 10
D(A) + 11
1—3][1—3][1—3] [01]
9 5 2 5 2110 00
414][1-3}[0-11} [oo]




Problem 6

a) (12 points)
Find the eigenvalues and eigenvectors of

[

1- 2
det|: ) ' . :| =(1- r)2 —4 =r2-2r-3 = (r-3)(r +1). Thus the eigenvalues are
—r

r=3-1

The system of equations for the eigenvectors is
L-rx1+2x2 =0
2X1+ (@A -rx2 =0

Solution:

. 1 |. .
Setting r = 3 leads to X1 = X5 S0 |: . :| is an eigenvector.

Setting r = —1 leads to x; = —X2 SO |: :| iS an eigenvector.

b) (13 points)
Solve the nonhomgeneous system of equations

2t
x'(t) = Ax(t) +
0
where A is the matrix above in 6a).

Soltuion:
1 1
= cqe’ +cpet
Yh 1 |: 1 :| 2 |: 4 :|
_o2t| 2
Yp b
o2t 2a _ o2t 12 a |, o 1
2b 21 b 0
2a 3 a+2b+1
2b 2a+b

Let

Then the DE implies

or

We therefore have the system



a-2b=1

—-2a+b=0
-1 py__2
Hence a = -3 b= 5 Hence
_1
yp = 2t 2
3
and
1 1
Yg = Yh +Yg = c1e3 +coet +e2t
1 -1
Problem 7

a) (12 points)
Evaluate the integral

21
[ 2
Io J.% 6 — x< dxdy
Sketch the region of integration.

Solution: The sketch of the region looks like the following:
y = 2X

y 2.0-‘-
15+
10+
05+
0.0 : -
0.0 0.5 1.0
X

We will need to reverse the order of integration to evaluate the integral.

10



1.2
J. J.X\/G—xzdydx
040
1
=I 2x4/6 — x2 dx
0
U=6-x2du=—2xdx
3 3 3
= [-Vidu=-26-x))21§ = -£5)7 + £6)?

b) (13 points)
Convert to Polar Coordinates and evaluate

j(l) J.fx 3xdydx

Sketch the region of integration.

Solution: The region of integration is a right triangle:

J3x
ﬁ =1.7321
y A
15T
10T
05+
0.0 -
00 02 04 06 08 1.0

In polar coordinates, r goes from O to the line x = 1.

X=1=rcosd =1=r = sech.
From the triangle, cosfd = % = 0= % This is the upper limit on 6.
Therefore,
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1¢+/3x % seco
Io Io 3xdydx = Io J.o 3rcosfrdrde
— J.o? r3 cos 0]30dg
-~ Jf sec30cos0de

_ J.o? sec20do = tan 0|5’ = tan(%) =3
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Problem 8
a) (13 points)
Solve the system
X1 +2X2 —=3X3+Xx4 =0
3X1 —X2+2X3—2%X4 =4
5X1 + 3xo — 4x3 =4
Solution: We form the augmented matrix
1 2 310
3 -1 2 214
5 3 -4 0 4

and row reduce it to reduced echelon form.

12 -3 10 12 -3 10
3 -1 2 24 |->RReSRRs | g 7 11 5 4
5 3 -4 0 4 0 -7 11 -5 4
12 -3 1 0 10 U7 =37 87
S RetRaRT 0 1 117 517 —4;7 | "R | 0 1 —117 517 -47
00 0O 0 O 00 0O 0 O
Thus x1 = w,xz = M and x3 and x4 are arbitrary.

b) (12 points)
Give one differential equation that is equivalent to the system

01 0
X'(t) = X+
13 3sin(2t)
Solution: The system is

xj) | _| 01 xa® | 0 _ X2(t)
X5 (t) 13 X2(t) 3sin(2t) X1(t) + 3xa(t) + 3sin(2t)

Thus
X] =X
X] = X5 = X1 + 3%} + 3sin(2t)
so the DE is
y" =3y’ —y = 3sin(2t)
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Table of Integrals

jsinzxdx = — %cosxsinx+ %x+ C
jcoszxdx = % COSXSinX + %x +C
jsin3xdx = — %sinzxcosx - % cosx + C

[ cos3xdx = % cos2xsinx + %sinx +C

[sec20d0 = tan6 + C
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