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Final Exam Solutions

Lecture Section:

Problem 1
a) (13 points)

ID#:

12/22/09

ID:

Does the following system of equations have a unigue solution or an infinite set of solutions or no

solution? Find any solutions.

X1 +Xo+2X3+2X4 =6

X1 +2X2 +3X3—X4 =5

2X1 +3X2 +5x3 + x4 =11

X1 +3X2 +4x3 —2X4 = 6

Solution: We use row reduction on the augmented matrix.
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Now, with the reduced row echelon form, we can see that the system
solutions. x3 can take any value.
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b) (12 points)
Show that
div(curl(l_f)) =V. (V X E) - 0.

(Assume that the mixed second partial derivatives are equal.) l_:)(x,y, 2) = Pi + QT+ RK.
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Solution. Let
F =Pi+Qj+Rk
7k
E_| 0 o 0
VxF=1 % oy ox
P Q R

(Ry — Qz)i — (Rx — P2)j + (Qx — Py)
\ (VX |_:)> = Ryx—sz—ny+sz+sz—PyZ

—

0
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Problem 2
a) (10 points)
Find the eigenvalues and eigenvectors of

A=|:i_21 ]

Solution: We solve det(A—rl) = 0.

det(A—rI):‘ 2-r -1
2—r
=@2-n?+1
2-n2=2
2—r =i
r=2=i

So, the eigenvalues are a complex conjugate pair. We find the eigenvector for one and take the
complex conjugate to get the other. Forr = 2 + i, we solve

(A-rhu=20
-i -1 ujq _ 0
1 i Us 0
. . . . 1 .
The second row is redundant, so —iu; —us = 0 or up = —i « u7. Hence any multiple of |: ) :| is an
=i

. . : : . 1
eigenvector for r = 2 +i. Then an eigenvector correspondingtor = 2 — i is |: ) :|
i

b) (13 points)
Find the [real] general solution to

M NI

Solution: The solution is the general solution (xp) to the homogeneous equation plus one [particular]
solution (xp) to the full non-homogeneous equation. First we’ll find xp. It is in the form

Xp = 2t
Co€

Substituting into the d.e., we obtain



Name: ID#:

X1 2c et
X5 2c,e?t

2 -1 _xl___2—1 [ et
1 2 X7 1 2 cpelt

2cqe2t — che?t

c1et 4+ 2c et

2cqe?t 2cqe2t — ¢ et 0
= +
2c et c1e2t + 2cpe?t 12e2t

We can divide by e2t (which is never zero) and move the unknowns to the left side to obtain

Co 0 0
—Cq 12
| a2
P 0

For the solution to the homogeneous equation, we use one of the eigenvalues and eigenvectors found in
2a to write a complex solution and break it into real and imaginary parts. we’ll use 2 + i.

. 1 .. 1
X = e(2+')t|: _ :| = e2t(cost+|5|nt)|: _ :|
i i
e2tcost + ie?tsint
e2tsint — ie2t cost
o e2tcost e e2tsint
h=C1 . 2
e2tsint —e2tcost
| e?cost e?sint c1
e2tsint —e2tcost Co
Finally, we add to obtain the desired solution.

e2tcost e?lsint c1 —12e2t
X = . + \
e2lsint —e2tcost Cy 0




Name: ID#:

Problem 3

a) (12 points)
Let R be the region in the first octant bounded by the plane x + 2y + 3z = 6. Sketch the region R. Set
up three iterated integrals for the volume with the orders of integration as specified below.

[[[dedyax . [[[dyaxdz ,  [[] dxdzdy

Solution: The region is the tetrahedron bounded by the x —y plane, the x — z plane, the y — z plane and
the plane given.

1
5(6-x-2y)

The integrals are

Ve [T g = 2[00 [T e = [ [ iy

b) (13 points)
The integral below represents the volume of a solid. Describe the solid. Evaluate the integral.
2 ,/4— 2 1/4— 2_y2
J.'f yj i dzdydx
270 —J4-x2-y?
Solution: The region is a hemisphere - the right half of a sphere of radius 2 centered at the origin and

bounded by the x — z plane (with y positive.) The integral is easily evaluated with a change to spherical
coordinates.

J‘fz I(;/m J~_4—x2—y22 dZdde = J.:)T J.:)T J.s P2 Sin¢dpd¢d0

JA-x2—y
T T 93 . T —
= Io Io 2?smq’)dqbde — % Iocos¢|£:gd9

8 .o"gp = 16
g 2j0d9 L0 7
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Problem 4

a) (10 points)

Evaluate
” E-d?:”ﬁ. Tds
S S

where

F=x28T+2028 T +x4 K
and S is the surface of the box with vertices (+1,42,+3).
Solution: We use the divergence theorem to replace the surface integral with something that [we hope]

is simpler.
mv- ﬁ’dvzﬂ F.dsS
S

Box
V. F = 2x23 + 2x23 + 4xz3 = 8xz3
J.J.J. V. FdVv = J.il J.: Il 8xz3dzdydx

Box
Since the inner integral yields
3 _
3dy — oys4 |53 _ 4 4N _
j_g 8xz3dz = 2x2* |7, = 8x (34 - (-3)*) = 0

the result is zero.
b) (15 points)
Evaluate

[[F-dS=[[F- s

S S
where

F=x2T +xy] +2K

and S is the portion of the paraboloid z = x2 + y2 below z = 1, oriented with the normal pointing
downward.

Solution: The surface is simply parametrized using x and y.
T=x+yj+ (x% + yzﬁ
?x = T-l— ZXE
?y = T-I— ZyE
_r!)( X _)y (T-I— 2XE> X G-i- 2yE>
(TxD + 2y<?><f€> + 2X<E><T> +4xy<§><?>
—k- ZyT— 2xi

We observe that this is a normal pointing upward, but the other direction is required
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J‘J‘ E'dgz.”‘ E-(?y X?x)dAxy
S D

” (2x3 + 2xy2 - (x2 +y2) )dA

x2+y2<1
- I(z)n I;<2r3cose —r2)rdrdo
- I(z)n I;<2r4cose —r3)rdrdo
Izn<%COSQ— %)d@
_ 1.

2
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Problem 5

(25 points)

Verify Stokes’ Theorem for the vector field F = -y i + 2xj + (z+ x)k over the upper hemisphere
x2 +y2+22 =1,z > 0, oriented by the outward pointing normal 7.

Solution: The hemisphere is shown below

x2+y?+22 =1

Stokes’ Theorem is
J.J.s curl F - Rds = J.J.S(V x F) - s = §as|_:) .d7

We first evaluate §as'_:) - d7. (This is worth 10 points.)

The boundary of S is the circle X2 + y2 =1, z = 0. We parametrize oS as X = cost,y = sint,z = 0,
0 <t<2r Then

ﬁ(t) — —sinti + ZCostT+ 0+ cost)_K
P(t) = costi +sintj + Ok
7'(t) = —sinti + costj + OK
Hence
F(t) - 7'(t) = sin?t + 2cos?t
and

2. _ 2 , . 2 2
§as F.dr = J.o (sin?t + 2cos?t ) dt

1 int+ L i 2n
= —=costsint + =t + costsint +t 0

2 2

1 L B2
=3 costsint + 2t|0 = 3r

We now evaluate
—_
IIS curl F - Ads

9
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(This is worth 15 points.)

] k ] K (I
F-| 2 2 2o |_-| 2 @& 3o 0 0
curl F = ox oy oz T ox oy oz ox oy
-y 2X X+2 -y 2X X+z | -y 2X

—0i+0j+2K+K-0i—] = —j+3K

We use spherical coordinates to parametrize the hemisphere. Thus since p = 1 here
X = cosfsing, y = sinfsing, z = cos¢

Therefore
7(0,¢) = cos@singi +sindsingj + cos gk

—

g = —sin@sin¢i + cososin ¢j

g = cos@cos¢T+ sin9cos¢T— sin ¢R)

i i K i j
N =Ty xTy=| —sinfsing cosfsing 0 —sin@sing cosfsing

cosfcos¢ sinfcos¢ —sing | cosfcos¢g sinHcose
— —cosfsin4i — sin205sin ¢ cos ¢k — cos26 cos ¢ sin gk — sinAsin2¢j
= —cosOsin2¢i — sin@sin2¢j — sin ¢ cos gk
We must check to see if N points inward or outward. Let = O and ¢ = % Then N = —i, so N is
inner. Hence we use
N = cos@sin2gi + sin@sin2gj + sin ¢ cos gk

curl F + N = —sin@sin2¢ + 3singcos¢
— L 27
._) _ 2 _ . - 2 .
IIS curl F - Tids Io J.o (=sinBsin?¢ + 3singcos¢ ) dodg
_ '[gc059|%”sin2¢d¢+3(2n)j07 sin g cos ¢

=3r

SN

= 0+ 3nsin?g |

10
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Problem 6

a) (13 points)
It can be shown the for the force field

F(x,y,z) = eXcosyi — eXsinyj + 2K

that

curlF = 0
Find the work done by F on an object moving along a curve C from (O, % 1) to (1,7,3).
Solution: Since curl F = 0 this means that there exists f(x,y,z) such that

vi=F
Hence
Work = [F - dr = f(1,7,3) —f(O,%,l)
We have to find f
fx = eXcosy fy = —eXsiny f; =2
Holding y and z and integrating fx with respect to x leads to

f = eXcosy +9g(y,z)

So
fy = —eXsiny + gy = —e*siny

Therefore gy = 0 and g = h(z).

f = eXcosy + h(z)

f,=h'z) =2

and h(z) = 2z + K, where K is a constant.

f=eXcosy+2z+K

Work = [F - dr = f(l,n,S)—f(O,%,l)
=—€+6-(0+2)=4-¢

6 b) (12 points)
Evaluate
Karctanx +y2)dx + (¥ — x?)dy
C
where C is the path enclosing the annular region shown below, positively oriented.

11
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Solution: We use Green’s Theorem, namely,
0
$rax+ Qay - [[( 52 - 2 Joa
R

Where R is the region enclosed by the closed curve C.
Qx = —2xand Py =2y
SO

ff(arctanx +y2)dx + (&Y —x2)dy = -2 ”(x +y)dA
C R

= —Zjﬂjs(rcose +rsinf)rdrdo
071
313
- —ZIZ(COSGJrsinO)% 40

_ _52 (sing — z _ 104
= 3(sm@ cosd)|g 3

12
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Problem 7

a) (13 points)

Give and integral in polar coordinates for
”(x2 + y2>_2dA
R

into polar coordinates, where R is the part of the circle centered at (1,0) of radius 1 to the right of the
line x = 1 in the first quadrant. Be sure to sketch R. Do not evaluate this integral.

Solution: The equation of the circle is
(x-1)2+y2 =1
or
X2 +y2 = 2x

2% — x2

1.2 1.4 1.6 1.8 2.0

We must use polar coordinates to evaluate this integral. The equation of the circle in polar coordinates
isr = 2cosf. The equation of the line x = 1isrcosd = 1 orr = secf. r goes from the line to the
circle, so secd < r < 2cos6. The line x = 1 and the circle intersect at (1,1). Thus 6 goes from 0 to %,

the angle that the line joining the origin and the point (1,1), which isy = x makes. Thus
2 aN-24n 7 [2c0s0 , 5\ -2 B 7 [2cos0 o
J.RKX +y2) “dA = Io I (r?) “rdrdo = Io I r—3drdo

secH secH

b) (12 points)
Evaluate

jyzdv

where E is the region within the cylinder x2 + y2 = 4, where 0 < z < y.
Solution: The condition 0 < z < y means thaty > 0, so E projects onto the semicircley = /1 —x? in
the first two quadrants of the x,y — plane.

13
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z-y=0

The equation of the cylinder in cylindrical coordinates is r = 2, and the equation of the plane z = y is
z = rsinf. Sincey > 0thismeans 0 < 6§ < z. The circle has radius 2, so 0 < r < 2. Finally

0 <z <rsinf. Hence
(oo [ 2"
e
= 117" r3sin2dras
- 32 ["sin2odo
= 2(~ cososing+ 1.0) | ==

14
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Problem 8
a) (13 points)
It can be shown that the Cauchy-Euler system
tx'(t) = Ax(t) t>0
where A is a constant matrix, has a nontrivial solutions of the form
x(t) = t'u
if and only if r is an eigenvalue of A and u is a corresponding eigenvector. Use this information to

solve the system
-4 2
tx/(t) = x(t) t>0
® [ , _1]0

-4 2
Solution: We first find the eigenvectors of |: ) :|

-1
—4—r 2
2 -1-r

so the eigenvalues are r = 0,-5. The system (A—rl)x = 0 is
(-4-r)X1+2x2 =0
2X1+(=1-r)x>2 =0

=@4+A+r)-4=r2+5r

1
r = 0yields —4x1 + 2Xo = 0 or 2x1 = X2. This gives the eigenvector |: ) :| r = -5 leads to the
. . -2
equation X1 = —2x» and hence the eigenvector |: L :|.Thus

1 -2
x(t) :clt0|: ) :|+02t‘5|: ) :|

b) (12 points)
Rewrite the system of equations

X' = Ax+f
where
0 10 0
A= 0 01 and f = 0
-1 10 cost

as a single scalar equation.
Solution: We have

15
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X1 010 X1 0

x, |=| 0 01 xo |[+] 0

X5 110 X3 cost
Since

X1(t) = y(), x2(t) = y'(), x3(t) =y (¥

SO

X1 (1) =Y'(t) = xa(t)

Xa(t) = y"(t) = x3(t)

x5() =y"'(t) =y —y+cost = xp — X1 + cost
Thus

% - % +y = cost

16
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Table of Integrals

jsinzxdx = — %cosxsinx+ %x+ C
jcoszxdx = % COSXSinX + %x +C
jsin3xdx = — %sinzxcosx - % cosx + C

[ cos3xdx = % cos2xsinx + %sinx +C

[(cos?x —sinx)dt = % sin2x + C

17



