Ma 227 Review of Surface Integrals, Stokes’ Theorem, and
Divergence Theorem

Surface Integrals
Suppose f(x,y,z) is a function of three variables whose domain includes a surface S. Then

_“. f(x,y,z)ds
S

is called the surface integral of f over S. Suppose that a surface S has a vector equation
P(u,v) = X(U, V)i + y(U, V)] + 2(u, v)K
where the parameters (u,v) have values in some domain D. We define the derivatives (tangent vectors)

o ox(u,v)= oy(u,v)-» oz(u,v)

ru(u,v) = (u )|+ y(u )j+ (u )k
and

o ox(u,v)» oy(u,v)~> oz(u,v)

rv(u,v) = (v )|+ y(v )j+ ( )k

If 7, and ¥, are nonzero and non-parallel in D, the surface integral over S is given as

J.J‘ f(x,y,2)ds = J.J' f(r(u,v))[ry x 7y|dudv
S G

where G is the image of the surface S in the u,v —plane, and f(r(u,v)) is short for
f(x(u,v),y(u,v),z(u,v)).

Graph of z = g(x,y)

Any surface with equation
z=9(xy)
can be regarded as a parametric surface with parametric equations
X=Uu, y=v, z=g(U,v)

that is,
P(U,v) = Ui +Vj +g(u,v)K
Now
Po = 1+ gu(U,V)K
P =]+ gu(u,V)K
so that

- - e R
Fy Xy =—Qui—0vj +K



and
[Fu x| = [1+03+93]7
Because u = x,v = y we get
JJ focy2ds = [[ foey g y)IL + g + g3 dxdy
S G
Hence, if we let f(x,y,z) = 1, we get
” f(x,y,z)ds = ”[1 +02+ gi]%dxdy
S G

the area of S, as we should.
In general

J.J‘ f(x,y,2)ds = J.J' f(r(u,v))[ry x 7y|dudv
S G

gives for f(x,y,z) = 1 the area of S.

In class we evaluated ”f(x,y,z)ds where f = x? and S was the part of the cone z = x? + y? between the
S

planes z = 1 and z = 2. We used spherical coordinates and set ¢ = 4 for the equation of the cone.
Here, let us do a somewhat simplified example.

Example 1: Compute the surface integral ﬂxzds where S is the unit sphere x? + y? +z2 = 1.
S
Solution:

We use spherical coordinates, p =1; 0<¢ <rm, 0<60<2n
X = singcosH, y = singsind, z = cos¢p

P(¢,0) = sin$cosi +sin gsin6j + cos gk

Ty = cos¢cos€?+ cosqbsin@T— sin ¢E

—

9 = —sin¢sin 01 + sinqbcosef

SO
T, x Tg = sin?¢cosOi + sinpsin0j + sin ¢ cos pk

[F, x To| = sing

Therefore,

”xzds = Izn j:(sin¢cose)2rr'q, x To|d¢dd
S

2w o
=_[ j (singcosf)? sin ¢dpdd = %n
0 0

Vector Fields

A vector field on a domain D is a function F that assigns to each point (x,y,z) in D a three dimensional



vector ﬁ(x,y, 2). In terms of the component functions the vector field Fis given by
I?(x, y,2) = P(x,y,z)T+ Q(x,y,z)T+ R(x,y,z)E
One is interested in integrals of the form
” F . Rds

S

where 11 is a unit normal (perpendicular) vector to this surface S pointing in the outward direction. A
unit normal to this surface given in a parametric form is

— —
|?u x Ty

The appropriate sign (either + or —) is chosen that makes the normal point outward. Since F.Risa
scalar we may use our earlier formulation for this surface integral to write

(70— - (i o - [ ot
s G ¢

Example:
Evaluate [[F - ds = [[F +ids where F = yi +xj + 7k and S is the boundary of the solid region E
S S

enclosed by the paraboloid z = 1 — x? — y2 and the plane z = 0.
Solution:
The graph of the surface is shown below.

The surface S consists of the part of the parboiled S; between 0 < z < 1 and the circle
x2+y2<1,z2=0,8S,.
On the paraboloid
X=U y=V, z=1-u2-V?
SO
P(U,v) = Ui +Vj + (1 —u2 — vk

Note thatwhenx =y =u=v =0, thenTy x 7, = K which is points in the outward direction. Thus we



use Ty x .
Fo(fuxTy) =4uv+(1—u2—v?)

Using polar coordinates u = rcosé,v = rsind we have

[[F-ds=[[F-rds

Sy S1

= II[4uv + (1 -u?-v?)]dudv

2r ol
= IO Io(4r2cosesin0+ 1-r?)rdrdd = Z

N

On the unit disk in the x,y —plane centered at the origin we have i = —k, F + i = —z = 0's0
[[F-ds=[[F-fids =0
Sz Sz

Thus

jﬁ-dS: jﬁ-ﬁds:%
S S

Stokes’ Theorem

Let S be a regular surface bounded by a closed curve denoted by 0S (boundary of S). Let Fandcurl F
be continuous over S. Then

”Scurll_:)-ﬁds = ”S(Vxl_:)) - fids = §asl_:)-d?

Here the direction of integration around oS is positive if the region it encloses is to the left when we go
round it with our head in the direction of n.

Example

Verify that Stokes’ Theorem is true for the vector field F= 3yT+ 427— 6xK and S is the part of the
paraboloid z = 9 — x2 — y? that lies above the X,y —plane, oriented upward.

Solution:

9—x2 —y2

For the line integral: The boundary is the circle z = 0,x? +y2 = 9. We parametrize the circle as
X = 3cos6,y = 3sinf, 0 <6 < 2x. Thus



P(0) = 3cosbi+3sinf] +0K 0<6<2r
Then
7'(0) = -3sin6i + 3cosbj
F@O)-7'(0) = (9sineT+ 0j - 6(3cos9)ﬁ) + (3sin6i + 3cos6)) = —27sin%

N 2r
§F-df = [ (-27sin?0)do = -27n
0

oS
For the surface
X=rcosf, y=rsinh, z=9-r?, 0<0<2r 0<r<3

P(0,1) = rcoséi + rsindj + (9 — r2)k
T(6,r) = (rcosh,rsing,9 — r?)

or,r) o
Q0 = (-rsiné,rcos6,0)
% = (cos#,sin@,—2r)

(cosh,sind,—2r) x (-rsin@,rcosd,0) = (2r2cosd, 2r2sind, (cos20)r + (sin?0)r)
So
Pr x Ty = 2r2cosfi + 2r2sin 9T+ rk
I:etting 0 = 0, we see tnat?u x Ty = 2% + rK, which points outward since r > 0. Thus we use T, x T..
F = (3y,42,-6x) VxF = (-4,6,-3)
curlf « (7, x ) = (—4,6,-3) - (2r2cos6, 2r2siné, r)
= —8r?cosf + 12r2sing — 3r
Thus

- 2r 3 .
”S curlF - nds = J.o IO(—SrZ cos@ + 12r?sinf — 3r)drdd = —-27x

Example: Calculate the work done by the force field
ﬁ(x,y,z) = (X + 22)T+ (yY + XZ)T+ (2% + yz)ﬁ
when a particle moves under its influence around the edge of the part of the sphere x? + y2 + z? = 4 that
lies in the first octant, in a counterclockwise direction as viewed from above.
Solution:

Given the form of F it is clear that evaluating the line integral that gives the work is non-trivial, if not
impossible. We shall use Stokes’” Theorem to evaluate the line integral and hence find the work.

F= (X +22,yY +%x2,22+y?) Vx F= (2y,2z,2x) = 2yT+ ZZT+ 2xK
H(Vxl_f)-ﬁds=§ F.d?
S oS

First we deal with the surface integral by parametrizing the portion of the sphere in the first octant
using spherical coordinates. Since the sphere has radius 2, p = 2. Thus

X = 2singcosh, y = 2sin¢gsingd, z=2cos¢ 0<¢ < % 0<6< %



Note that the limits on ¢ and 8 come from the fact that we are interested only in the part of the sphere in
the first octant.

As usual
7(0,¢) = 2singcosOi + 2singsindj + 2cos gk
S0
o x Ty = —4sin?¢pcosi — 4sin?psin6) — 4sin ¢ cos ok

This normal points "down" (let ¢ = Z,6 = 0) so we use —Ty x s, which points upward.

HS(V x F) - fids = ”S(%’ x F) « (=T x T,)ds
= ”S (4sin¢sin07+ 405 j + 4sin¢cos€ﬁ) . (4sin2¢00307+ 4sin’¢sin6j + 4sin¢cos¢f€>

= F J‘7(163in3¢sin90030 + 16cos¢sin?¢gsing + 16sin?¢p cos ¢ cos0)dodg = 16
0 Y0

The Divergence Theorem

Remark: We shall call a surface S positively oriented if the unit normal 1 is an outer normal; otherwise,
S is negatively oriented.

Theorem: Suppose S is a regular, positively oriented, closed surface, and that F and div F are
continuous over S and the region V is enclosed by S.

Then

ILI_:).d§: J.J.SI_:).ﬁ’ds = “-J-Vdivl_:)dv = jjjvv.fz’dv

where T is the outward normal to S.

Example: Verify that the Divergence Theorem is true for the vector field F=3x+ xyT+ 2xzk and V is
the cube bounded by the planesx = 0,x =1,y =0,y =1,z =0,z = 1.

Solution:

Since divF = 3+ Xx+2x = 3+ 3x, then

”IV V- Fav = I: I: j:(3x + 3)dxdydz = %

There are six faces to the cube.
Facex = 0, theni = —i,S0F +A = 3x = 0

T F.f=23x=350 ) F.Tds = [[ 3ds = 3 xarea of face= 3

face x=1 face x=1

Facex = 1, thenn =

Facey =0,i=-j, F-fi=-xy=0

Facey = 1, =], F-R =xy = xso”facey:ll_:)-ﬁ’ds = jéjéxdxdz =1



Facez=0R=-K F-T=-2x2=0

Facez= 1=k F.T = 2xz = 2xs0 [ | E-ﬁ’ds:j;j;Zdedy: 1

face z=1

Thus
J.J. F-Rds=0+3+0++ +0+1=2
s 2 2
as before.
Example

Use the Divergence Theorem to calculate the surface integral ”IE . dS where
S
F(x,Y,2) = x3i +y3 + 23k, and S is the sphere x2 +y? +z2 = 1
Solution:
divF = 3(x2 +y2+12?)s0
” F.dS = ”I 3(x2 +y2 +2z2)dV
S \Y
Switching to spherical coordinates we have since
dV = p?sin¢dpdode
and x? +y? + 22 = p?

Hléod§=”j3(x2+y2+zz)dv
S \%

= 3p*singdpdody = <47
NN ¥



