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Ma 529
Lecture I

1.  Foundations of Math Analysis

     Limits and Continuity

Consider the the function  defined by0

0ÐBÑ œ B Á #B $B#
B#

#   .

The domain of

0ÐBÑ œ ÖB ± B Á #ßB </+6× 0ÐBÑ œ œ B " B Á # .  Note that     if  .  ThusÐB#ÑÐB"Ñ
B#

lim lim
BÄ# BÄ#

B $B#
B# .  Note that     although  is not defined.#

œ " 0ÐBÑ œ " 0Ð#Ñ

Example.  Even if  exists it is not necessarily true that   .0Ð+Ñ 0ÐBÑ œ 0Ð+Ñlim
BÄ+

Consider the two functions:

0ÐBÑ œ šB " ±B±!
# Bœ!

#    if  
      if  
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1ÐBÑ œ  š B " B !
B " B!

#

#
       if   

    if   
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Note that domain of domain of .  However  0ÐBÑ œ 1ÐBÑ œ V 0ÐBÑ œ " Á 0Ð!Ñlim
BÄ!

whereas    does not exist.lim
BÄ!

1ÐBÑ

Definition: Let  be a real-valued function of a real variable.  Then the   0 limit as B
approaches of is     , is written    if for any    a   such+ 0ÐBÑ , lim

BÄ+
0ÐBÑ œ , −  !ß b  !$

that wherever  is in the domain of  and ,  then .B 0 !  ± B + ±  ± 0ÐBÑ  , ±  −$

The special case in which    is important.  This is the case for a function lim
BÄ+

0ÐBÑ œ 0Ð+Ñ 0

defined   whose graph has no breaks.  Such a function is called continuous.  To bea‚ − V
precise:

Definition: A real-valued function of a real variable is continuous at  if  is in domain of+ +
0 0ÐBÑ œ 0Ð+Ñ 0 and   .  The function  is simply said to be  if it is continuouslim

BÄ+
continuous

at every number in its domain.

Partial Differentiation

Functions of Two Variables:

The volume of a right circular cylinder of radius  and altitude  is .  Clearly < 2 Z œ < 2 Z1 #

changes as  and  change, i.e.,  is a function of the 2 variables  and .< 2 Z < 2
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More generally, if  is uniquely determined by values of  and , then we say  is aD B C D
function of  and  and write .  Another way of saying this is as follows:B C D œ 0ÐBß CÑ
Consider  3-dimensional coordinate system . Then if we consider some point+ Bß Cß D
T œ ÐBß CÑ Ê D œ 0ÐT Ñ ÐBß Cß DÑ     and  is a point in 3 space.

Example.      is the upper half of a sphere of radius  centered at theD œ <  B  C <È # # #

origin.

Partial Derivatives
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 In general the graph of  is a in -space.D œ 0ÐBß CÑ Bß Cß Dsurface

We desire to talk about the derivative of . Now if we have a function  ofD œ 0ÐBß CÑ 1ÐBÑ
one variable, then we know that   is the rate of change of the graph of  at1 ÐB Ñ C œ 1ÐBÑw

!

ÐB ß 1ÐB ÑÑ! !   .

Question:  Given a point   , what is the rate of change of  atT œ ÐB ß C Ñ D œ 0ÐBß CÑ! ! !

ÐB ß C 0ÐB C Ñ! ! ! !  ,  ,  ) ?

It is clear from the picture that the rate of change depends  upon the direction that   isT!

approached from.  That is, if    ) is another point in the -plane, the rate ofT œ ÐB ß C Bß C" " "

change depends upon which curve in the -plane we move along to get to  .Bß C T!

We shall restrict our attention to approaching   from 2 directions, namely along a lineT!

parallel to the x-axis or along a line parallel to the y-axis.
 Consider approach to the point   along a line  , i.e. parallel to the x-axis.T C œ C! !

Now ,  )  ,  ˜D œ 0ÐB C  0ÐB C Ñ" ! ! !

              ˜B œ B  B" !

        Ê œ˜D
˜B

0ÐB ßC Ñ0ÐB ßC Ñ
˜B

" ! ! !    

      or    ˜D
˜B œ

0ÐB ˜B C Ñ0ÐB ßC Ñ
˜B

! ! ! ! ,    

Ê 0 C œ C ÐB C Ñ rate of change of  along the line   at   ,   is! ! !

        .637
˜Bp!

0ÐB ˜Bß C Ñ0ÐB ß C Ñ
˜B

! ! ! !    
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Definition.  The first partial derivative of  with respect to  at a point ,0ÐBß CÑ B ÐBß CÑ

denoted by    or   , is`0
`B B0

`0
`B    œ 637

˜Bp!

0ÐB˜BßCÑ0ÐBßCÑ
˜B

Similarly, the rate of change of  along   at    is called the first partial0 B œ B ÐB ß C Ñ! ! !

derivative of  with respect to  at   . At any point  we have0ÐBß CÑ C ÐB ß C Ñ ÐBß CÑ! !

         .`0
`C Cœ 0 œ 637

˜ Cp!

0ÐBß C˜CÑ0ÐBßCÑ
˜C

The actual computing of a partial derivative is straight-forward. For example, to get  the`0
`B

above definition says hold  fixed and differentiate with respect to x.C

Example.  D œ 0ÐBß CÑ œ "!! B  C# #

`0 `0
`B `C                    œ  #B œ #C

Example.           (Note:  and .)0ÐBß CÑ œ -9=2 -9=2 > œ =382 > œŠ ‹CB # #
/ / / /> > > >

`0 C `0 C C
`C B B `B B B

"                    .œ =382 œ  =382Š ‹ Š ‹ Š ‹#

Higher Partial Derivatives

If we have   and   , then we may take their partials with respect to  or .  Thus`0 `0
`B `C B C

` `
`B `B `B `C `B `C`B

`0 ` 0 `0 ` 0
BB CB                 Š ‹ Š ‹œ œ 0 œ œ 0

# #

#
  

` `
`B `C `B`C `C `C `C

`0 ` 0 `0 ` 0
BC              Š ‹ Š ‹œ œ 0 œ

# #

#
  

Example.           0ÐBß CÑ œ B C  #B / 0 œ $B C  %B/ 0 œ %B C  #B /$ % # C # % C $ $ # C
B C

0 œ 'BC  %/ 0 œ "#B C  #B /BB CC
% C $ # # C           

Example: 0 œ BC

`0
`C .B .B

C ? ?. .?œ B 68 B + œ + 68 +    (1)Recall      ,  a constant

`0 ` 0
`B `B`C `B

C" C
BC

`œ C B 0 œ œ ÐB 68 BÑ    
#
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         œ C B 68 B BC" C "
B

0 œ CB œ B  C B 68 BCB
`
`C

C" C" C"    Š ‹
Example:
0ÐBß CÑ œ =38ÐB CÑ0 œ  -9=ÐB  CÑC 
     0 œ -9=ÐB CÑ0 œ  =38ÐB CÑB CC

    0 œ  =38ÐB CÑBB

Note that .    ,0  0 œ ! 0 œ Ð -9=ÐB  CÑÑ œ =38ÐB CÑBB CC C
` `
`B `B

 .`
`C B0 œ  =38ÐB CÑ

Chain Rule for Partial Derivatives:  Recall that if  and .  ThenC œ 0Ð?Ñ ? œ CÐBÑ

.C .C

.B .? .B
.? w w w wœ œ 0 Ð?Ñ1 ÐBÑ œ 0 Ð1ÐBÑÑC ÐBÑ    .

Consider:   and suppose     .  i.e.,  and  are functionsD œ 0ÐBß CÑ B œ 1Ð<ß =Ñ C œ 2Ð<ß =Ñ B C
of the variables  .  Then we have   .  Chain rule says<ß = D œ JÐ<ß =Ñ œ 0Ð1Ð<ß =ÑÑß 2Ð<ß =ÑÑ

`D `B `J
`< `B `< `C `< `<

`0 `0 `Cœ  œ  

`D `B `J
`= `B `= `C `= `=

`0 `0 `Cœ  œ  .

Example.                  .  Find    in terms of  and0ÐBß CÑ œ / B œ < -9= C œ < =38 0 ß 0 <BC
<) ) )

).

`0
`<

BC BC < =38 -9= < =38 -9=œ C / -9=  ÐB / Ñ=38 œ Ð</ =38 Ñ-9=  <-9= / =38    ) ) ) ) ) )
# #) ) ) )

`0
`

# <
) œ < -9=# Ð/ =38 -9= Ñ .) ) )

#

Leibnitz's Rule:  Often it is necessary to deal with a function  defined by an integral of9ÐBÑ
the form

9ÐBÑ œ 0ÐBß >Ñ.>' FÐBÑ

EÐBÑ
 

where  is such that we cannot evaluate the integral.  In particular, an expression for0
9wÐBÑ E F B is often required.  If  and  are finite constants, differentiation with respect to 
under integral sign can be justified    when  and  are continuous for aa‚ − Ð+ß ,Ñ 0 `0

`B

+ Ÿ B Ÿ , E Ÿ > Ÿ F  and  .  More generally, when the limits are not constant we can
think of  as a function of  directly and also indirectly, through the intermediate9 B
variables  and .  Hence write  andEÐBÑ FÐBÑ œ ÐBßEßFÑ9 9
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. ` ` `

.B `B `F .B `E .B
.F .E9 9 9 9œ    

`
`B
9  is calculated by treating  and  as constants, i.e., merely by differentiating withE F

respect to   under the integral sign.  To evaluate the other partials of , let  be aB JÐBß >Ñ9

function such that  .  Then0ÐBß >Ñ œ `JÐBß>Ñ
`>

9ÐBßEßFÑ œ .> œ JÐBßFÑ  JÐBßEÑ' F

E
`J
`>  .

Therefore when  is held constant as  and  are imagined to vary B E F Ê

       ` `
`F `F `E `E

`JÐBßFÑ `JÐBßEÑ9 9œ œ 0ÐBßFÑ œ œ  0ÐBßEÑ

Ê 0ÐBß >Ñ.> œ ÐBß >Ñ.>  0ÐBßFÑ  0ÐBßEÑ Ð Ñ. .F .E
.B `B .B .B

F F

E E

`0 ‡        .  ' '
This is valid    when  and also   and    are continuous.a B − Ð+ß ,Ñ 0 E ÐBÑ F ÐBÑw w

(*)  is known as Leibnitz's rule.

Example:  If     CÐBÑ œ 2Ð>Ñ =38ÐB  >Ñ.> Ê C ÐBÑ œ 2Ð>Ñ -9=ÐB  >Ñ.>' 'B B

+ +
w

and   .C ÐBÑ œ  2Ð>Ñ =38ÐB  >Ñ.>  2ÐBÑww
B

+
'

Therefore it follows that  satisfies the differential equationCÐBÑ

C ÐBÑ  CÐBÑ œ 2ÐBÑww .

By setting  in the expressions for  and  we get  .B œ + C C ÐBÑ CÐ+Ñ œ ! C Ð+Ñ œ !w w

In the case of a function defined by an improper integral

9ÐBÑ œ 0ÐBß >Ñ.>' _

EÐBÑ
 .

It may shown that       .. .E
.B `B .B

_

EÐBÑ

_

E

`0ÐBß>Ñ.>' '0ÐBß >Ñ.> œ  0ÐBßEÑ

Certain conditions must be met by  and .0 `0
`B

Example:    9ÐBÑ œ / -9=Ð#>BÑ.>' _

!
>#

                  .
.B

_

!
>9 œ  # >/ =38Ð#>BÑ.>' #

Integrating by parts       Ê œ / =38Ð#>BÑ  #B / -9=Ð#>BÑ.>.
.B >œ!

> >>œ_ _

!
9 Ò Ó

# #'
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         œ  #B / -9=Ð#>BÑ.>' _

!
>#

Ê    satisfies the differential equation9

.

.B
9  #B œ !9

Ê œ -/ B œ !  .  When  the original expression for  yields9 9B#

            9 1 1Ð!Ñ œ / .> œ Ð Ñ Ê / -9=Ð#>BÑ.> œ Ð Ñ /' '_ _

! !
> > B" "

# #

# # #È È

Introducing the change of variable    where    and writing    leads to> œ +? +  ! B œ ,
#+

         .' _

!
+ ? , Î%+

#+/ -9= ,? .? œ /
# # # #È1


