Ma 529
Lecture 2

Implicit Functions e Jacobian Determinants.

An equation of the form

M) f(z,y,2,..) =0

involving any finite number of variables, where f possesses first partials, can be considered
as determing one of the variables, say z, as a function of the others. =

2= (a9, -.)

in some region about any point where (1) is satisfied and g—’; # 0. In such a case (1)
defines z as an implicit function of the other variables. If we consider other variables as
independent, we can determine the partial derivative of =z with respect to any one of them,
without solving explicitly for =z, by differentiating (1) partially with respect to that

variable. To get 3 32 we have from (1)
of 4, of 8=z 9z __ of/0x
vt oz =0 = 5= — 350, -

Note: denom # 0.

If n and k variables are related by n eqs. it is usually possible to consider 7 of the
variables as functions of the remaining k& variables. However, this is not always possible.
For example, suppose x,y,u,v are related by two equations

(2) f(w7y7u7 'U) =0 and g(xs Yy, u, 'U) = 0.

If these equations determine « and v as differentiable functions of  and y, we may
differentiate the system with respect to  and y, considering these two vairables to be
independant, =-
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of | Of du _, Of Bv _ ag 89 Ou , 89 Bv _
) 5y +5u 9y T30 9 =0 and 5/ + 5" 5 +5, 5 =0

Solving (3) for u, and v, and (4) for u, and v, =

fo fo

— 9z Gv
Uz = — Tx T V= x
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fy fo fu fy|
_ 9y v _ 9u 9y
Uy = A Uy =

It must be assumed that A 5% 0. Unless A 5 0, the desired partial derivatives cannot
exist uniquely, so that v and v cannot be differentiable functions of = and y.
The determinant A is known as the Jacobian of f and g with respect to « and v and:

of 9of
gﬁijﬁ% = ‘ g g . This may be extended to more variables. For example,
Ou  Ov
a(£,9,h) Fu fo fu 8(t.0)
3(u:g,’w) = |9u YGv Gw | using our notation, if —a(u:i) #£0
hu h'u hw
i
©) Us = — Brg) -
o(u,v)

In general if m + k variables are related by 7 equations of the form f; =0,
fo=0, ..., f, = 0 where the functions f; have continuous first partials, then any set of
n variables may be considered as functions of the remaining k& variables in some
neighborhood of a point where the n equations hold, if the Jacobian of the f's with
respect to the n dependent variables is not zero at that point.

Example: f=z+y+2=0
g=2>+1y’+22+2x2z—1=0.

Can x and y be considered as functions of 2?

Now

o(f.9) _ | 1 1

3@y) ~ |2z + 22 Zy‘ = 2@+z-y).

Thus, except on the surface x + z — y = 0, = and y can be considered as functions of z.
That is, z can be taken as the independent variables. When y = = + z, the equations
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become 2(z + z)2 = 1 and 2(x + z) = 0 and hence incompatible. To see if z and z can
be taken as the dependent variables, we calculate the Jacobian:

a(f,9) _ 1 1

22) — |22 422 2z 4 22 = 0. Since the detis = 0 we see = and z cannot be taken

as the dependent variables. This is also readily verified directly since both equations
involve the combination  + z and only y.

Vector Analysis

- — - - - - — -
Review: Let A = a12+ asj+ azk ; B = byt + byj+ bsk be vectors in xz,y, z space.

Then

- - - - - > 3 - 3 2 - =,
A-B= |A| |B|cosd or A-B=>ab;. Here |A| = |[D.a?| =(A-A):
i=1 i=1
Also
DAvE- A - - . . . = =
AxB=n|A| | B| sinf. n is aunit vector _L to the plane determined by A and B.
b AxB
S )
! B !
/ & /
/ ; /
/ /

A S < -
Note: A x B=0 if A and B are parallel, 8 = 0° or 180°

- - -
- - T J k
by by b3

- - - - - -
Lemma: If A-B =0 then either A=0, B=0 or A_L B. We shall assume the
knowledge of cross and dot products. Recall that:
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- > - a1 az as
A - (B X C) = b1 b2 b3
C1 Co C3

Vector Functions of One Variable

Consider a particle P moving in X,Y,Z space along the curve C. Then
C:2(t), y(t), 2(2)-

=

T

(x(t),y(t),z(t))

=l

_’
Let R be the vector from the origin to the particle at time ¢. Then
- — — -
R(t) =z(t)i +y(t)g +2(t)k.
- — -
We say R is a function of ¢. In general if V' = V'(¢) is a function of ¢, then
- o — — -
V=V(k)=Vi(®)i + Va(t)j + Va(t)k.

_’
We say V' (t) is continuous if V7, V5, and V3 are continuous. If V1,V5, and V3 are all

differentiable, we define
=, a2t

-
av. _ avy

_’
avi dvs
dat dtz+ dt-7+ dtk'
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- -
Remark: If R is the curve vector above, then consider R at time ¢ and t + At¢.

Note that AA? has the same direction AR since At > 0 is a scalar. As At — 0 AR goes
to the direction of the tangent vector.

Example: At what point or points is the tangent to the curve x = ¢3,y = 5t2, z = 10t
1 to the tangent at point when ¢ = 1.

- - — -
C may be represented as R(t) = t3i + 5t25 + 10tk. The tangent to C at any time ¢ is

% — 3% + 10t_7 + 10K,

Att = 1 the tangent is
—_—

W = 37, + 103 + 10k To find where s 1s 1 to W we set the dot product equal to O.

dE Y — 02 4 100t +100 = 0. => = — 10 _ 10, This yields the poi
it = =0. = 9 ) . yields the points

(*713,30, e *{,00) and (— 1000, 5000, — 100).

- —
If U and V are two vector functions both differentiable, then it may readily be shown
that:
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= ' - - = - - - = e - -
If U=wut +uzj +uzk, V=v1% +v25 +vsk,and W = wy? + woj + wsk.
Then
e S e e A -, - - — =
d — au . . dv ] aw
FLU- (VW] =L - VxW+U- Y xW+U-V x 4,
Since
- > - @1 az as
A - (B X C) = b]_ b2 b3 (*)
Ci C2 cC3
=
d U Uz U3 % % % Ul U2 Uus ul U9 us
dv dv dv.
g |Vt V2 v |=|uv v v |t|Hm @G g |T|Y V2 W
w, wy w dw, dwy; dws
1 2 3 w1 w2 w3 w1 w2 w3 dt dt dt

This is an interesting identity for 3 < 3 determinants.
determinants.

Vector Operators--The operator V

It is readily extendable to n X n

Let ®(x,y, z) be a scalar function with first partials ®,, ®,, ®, in some region of

x,y, z-space. let » = xi + yj + zk be the vector drawn from origin to the point

P = (z,y,2). Suppose we move from
Q= (z+ Az, y+ Ay, z+ Az).

Then ® will change by an amount A® where
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AP =P, Ax+ P,Ay+ P, Az + 61 Ax + e2Ay + e3A2

where €;,e2,e3 — 0 as Q — P. 1If we divide the change A® by the distance

As = | A7 | between P and @, we obtain a measure of the rate at which ¢ changes
when we move from P to QQ

A_‘f:@bﬂv +¢yAy+¢zAs+€1As+€ Ay

Example. If ®(x,y, z) is the temperature at the general point P(z,y, z) then 2 A— is the

average rate of change in temperature per unit length at the point P in the direction in
which As is measured.

The limiting value of A®/As is @ — P along the segment PQ is called the
derivative of ® in the direction PQ or simply the directional derivative of ®. Since
€1,€2,e3 — 0 asQQ —» P =

d® d® dzx
M) G = 4o ds"'q’y ds"'q’z ds*

Remark. The first factor in each product in (1) depends only on ® and the point P. The
second factor is independent of @ and depends only on the direction in which the derivative
is being computed. = we write

- - - - - - -
W@ — (B0 + By +0k) - (LT HBTHEL) = (Bs7 + 8,5 +2.k) - L.
Y ds ds Y ds

- - -
The vector functions @7 + ®,5 + P,k is known as gradient of ® or grad®.

Thus % = (grad®) - %.
Remark. The significance of grad®. Notice that As is length of AT = % is a unit

vector. Therefore grad® - d_’ is just the projection of grad @ in the direction of d: =

grad® has property that 1ts prOJectlon in any direction is equal to the derivative of ® in
that direction. Since the maximum projection of a vector is the vector itself, it is clear that
grad® extends in the direction of the greatest rate of change of ® and has that rate of
change for its length.
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Example. What is the directional derivative of the function
- — —>
®(z,y,2) = xy? + yz2 at (2, — 1, 1) in the direction of the vector i + 25 + 2k ?

— - —

Ve = 2 (zy® +y2)i + 66—y(wy2 +y2®)j + 2 (zy? +y22)k
52> £ T
= y%t + (2zy + 2°)5 + 3y=z°k

e -
V¢|(2,—1,1) =1 —3J —3k.

The required directional derivative is the projection of this in the direction of the given

- — —>
vector. We need a unit vector in the direction of the vector z + 25 + 2k. =
- - -
1 +27+2k _1_.’ 9 27;
Jitate 3 T3 +3

de | _
# ds (2,_171) -
—> b b d
? J

- - -
+2%) =G —37-3k)- (3T +27+

wiN

—’
k)= -1

. 25 T  To .
Let us now consider the operator V =14 = + j ay T k 5. Given any other vector
- - - - - . e
F = F1i + Fy5 + F3k where F = F(x,y,z) we can consider V - F', called the
- - -
divergence of F', and V x F, called the curl F’
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- - -

V-F = (_1:'% "‘_J?a% +7c>%) -(Fii + Fyj + F3k) = 280 + 3F2 + 95 —div P
- — - - - - -
VxF=curlF= (72 +75+kL) x (Fii +F3j + Fk)

(%_@) + (28— 2B)7 +(@_@)k_

X flo =
T Qos.d
o Plo &
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