Ma 529
Lecture Il

Line Integrals

Definition. Let P(z,y) and Q(z,y) be functions of two variables whose first partial
derivatives are continuous in an open rectangle H of the z,y - plane. Consider an arc
(curve) Cin H whose parametric equations are

z=f@t) y=g(@) a<t<b
and are such that as ¢ increases from a to b, the corresponding point (f (%), g(¢)) traces

the arc C from the point A = (f(a), g(a)) to the point B = (f(b), g(b)). Let f’ and
g’ be continuous fora < ¢t < b.

Then L P(z, y) dz + ? (z,y) dy
= [[{PC®, 90) £®) +Q (f(1), 9))g'(t) }at

is called the line integral of P(x,y)dz + Q(z,y)dy along C from A to B.
Remark: Notice that the right hand side above is an ordinary definite integral.
Example: Evaluate the line integral f o (2 — y?) dz + 2zy dy

along the curve C' whose parametric equations are

r=1t>; y=1t3; 0< t <3/2
Solution: f(¢t) =t?and g(t) =t3. = f' =2tand ¢ = 3t°.

Jo(@® —9?) do + 20ydy = fo[ (4 — ¢5) (2t) + 2¢2 t3(3t2) | dt

3
=7 (@ +4T)dt = 8B

Remark: C may be described vectorially via
oy d - / ard g
7)) = Ff®)i +9@®) 5 =T @) = F®i +d@®)J

If we let ?(w, y) = P(.’I:,y)_i> + Q(w,y)?, then
F(f(t), 9()) = P(Ff(£),9(£))7 + QUF(£).9())7

= F(f®),9() - 7 (t) = P(f©)-9(®)f'(t) + QU (£).9(£))d/ ()
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Hence
[ 1P, p)de + Q(z, vyl = [ F(F(t)9(®) 7 (W)dtdr — [ F - d?
P

Remark: The results we have given for two dimensions readily go over to three
dimensions. We define the 3 dimensional line integral as follows:

The curve C' may be described in three dimensions via
- — g
z=f(t); y=9(t) ; z=h() or T(¥)=f(t)i +9g(t)j +h()k
- - — -
If F(z,y,2) =P (z,y,2) i +Q(z,y,2)] + R(z,y,2)k

then [[ F-d? = [ Pdz+Qdy+Rdz = [, B(f(t), a(t), h(¢)) - 7 ()t

= [{PG®), 9, h®) £/ +QU®), 9O RET®)
+ R(£(2), 9(), h(®)H'(2) }

- - — - -
Example: Compute j; F -d7 where F' = xzyi +xzj —yk and C is the directed line

segment C from (1, 0, 0) to (0, 1, 0) followed by C which is the segment from (0, 1, 0) to
0, 1, 1).
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Solution: OnC; 2=0
y= —x+1 orx=1—y

Lety=t z=1-t 0<t<]1
- - —
r(t)—(l—t)z +tj +0-% "’(t) —i+3
- -
F—wyz +:L'zy—yk =(1—t)tz +Oj—tk

2 1 > - !
JoF-df = [ [t—2)i — tk] - [—4 +35]dt = [ [(2—t)dt] = —}
On C; =0, y=1, zgoesfrom Oto1l
- =2 - - = = = 2 —/
Let z=¢t 0<t<1 = 7r(t) =0i +j5 +tk; F = 0¢{ +05 —k and7r (¢t) =

-

k

L2=£1_dt=—1.:j;=kl+‘l;2= _%_1=_

Example: Find the value of

(215N

f;, y’dxz + (x —y)dy from the point A = (0, — 2) to the point B = (28, 6)

(a) along thepath z =#3+1; y=2t; —1<t<3
(b) along the straight line segment AB
Solution:

(@ first x=t34+1 y=2t—>av:=y§3 +1lor y>=8x—8
- - - — -
F(z,y) =v’i +(x—y) j T=04+1)i + 2tj

—/

@) = (2027 + BB+1—-20)7 7(¢) = 3627 + 27

L, = jj{(2t)2 L (3) + (-2t + D2 dr= 202 42 o 2
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Along path (b ): Line goes from (0, 2) to (28, 6)

= slope m=%2 =2 = y+2=Z2Zz ory=22—2

Let =1t = y=t—2 0<t <8
— —
Ft)y=@—2%7 + (Zt—t+2)7 = ¢—27%7 + (3¢+2)7

- —
) =Tti+@t—2)7 = 7@ =1

I =f08{g(t_2)2 + (gt+2)}dt=%

Notice that the two paths give two different results.

Path Independence

Often one must consider situations in which the path C is a closed curve. Hence the

—
starting point A and ending point B are the same. This is usually written as f;,F -dr .

For plane curves we take the positive direction of C' so that the interior of the closed curve
is always to the left as C' is traversed.
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xample: ow tha 5 = 2m,where C is the circle z“ + y“ = a
Example: Show that § Z%-YIZ — 27 where C is the circle #* + y* = a®

Solution: Letz =acost y=asint 0 < t < 2«

_ 27 ) acost (acost) —asint(—asint)
§ = g {remsemnn o

27 27
=f:) {cos®t + si’n2t}dt=j(; dt = 2w

We have seen that the value of a line integral depends on the integrand, the endpoints A
and B, and the arc C' from A to B. However, certain line integrals depend only on the
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integrand and endpoints A and B . Such integrals are called path independent or are said
to be independent of the path.

Example: Show that the value of the integral
j;,(3:1:2 — 6zy)dx + (—3z®>+4y+1)dy
is independent of the path taken from ( — 1, 2) to (4, 3).
Solution: Here P = 3z2 — 6xy Q= —3zx2+4y+1
Suppose we could find a function G(z,y) such that
G,=P G,=Q
Then [ Pde+Qdy = [,G.dx+G,dy= [,dG=G(4, 3) —G(—1, 2).

This means that we want P dx + Q dy to be an exact differential. The condition
for this is

orP __ 9Q
8y ~ Oz°
Here P, = — 6x = Q, = such a G exists. Now

G, =P =32? — 6zy
= G =z3—-3x?y+g(y)  where g(y) a function of y.
But G, = —322+4d(y) =Q= —32>+4y +1 = g(y)=4y+1 or
9(y) =2y +y+C.

Thus G(z,y) = 3 — 32?2y + 2y? + y+C where C a constant.

=64 3 -G(-1,2)=
64 —3(16)(3) +2(9) +3+C +1+3(2) —24) —2—C = — 62

We may summarize the above as follows:

Let P(x,y) dz + Q(z,y) dy be an exact differential of some function G in an open
rectangular region H. If C is an arc lying entirely in H with parametric equations

x=f(t) y=g@) 1<t < to

and f’ and g’ are continuous, then

LP(a:,y)da: + Q(z,y)dy = G(z2,y2) — G(z1,1)
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where (z1,y1) = (f(¢t1), g(¢t1)) and (z2,y2) = (f(¢2), g(t2)) are the endpoints of C.

If a line integral is path independent one may choose a path along which it is easy to
evaluate the line integral.

Example: [, C{(3m2 — 6zy)dz + (— 32 + 4y + 1)}dy from ( — 1,2) to (4, 3). (This

is the same example we dealt with above.)

(4,8)
c, C,

(-1,2) (4,2)

lind.pcx

fc - j;*1+j;*2

Note thatdy = 0andy =2o0on C; and dz =0 and x =4onCy; =
4 3
j;, = _[1(31:2 — 6zy)dz + f2 (—3z2+4y+1)dy
But y = 2 in the first integral whereas = = 4 in the second =-
4 3
= [,62®—122)de + [ (4y — 47)dy = —62

- - - -
Remark: Recall that VG =Gyt +G,3. Also d7 = dxzi +dyj =
VG -d7 = G,dz + G,dy.

Therefore if Pdx + QQdy is an exact differential then
J, Pdz + Qdy = [,V G(z,y) - dr

Remarks:
(1) The fact that a line integral is independent of path is equivalent to the statement that
the line integral around any closed path is zero.
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To see this let C' be any closed path and P, 7# P, be points on C.
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-CZ

Then C = C; + Cos. If the line integral is path independent =~

J;lﬁ-d?= ‘[CZE”-d?. Thus Llﬁ-d?—‘lczﬁ.d;’=0

But — d7 along — C, is equivalent to d7’ along C,. Therefore

LP-&+ [[Pdt = §F-d?=o0

—
Suppose now that f;, F.df =0 for any closed path C'.

Let Py and P; be any two points on C' and C; and C; any two paths joining them.

linb.pcx

Then C = C; + (— Cb) is a closed path and

$F- & =[ _F- dt=0

= .I;I?'d?"'f—ca?' d?=00rj;,1?-d?= —f_02

Hence the following are equivalent:
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- -
j;, F-dfis path independent <« there exists a G such that ' =VG
—’
> f;, F -d7 =0 for any closed path C.

We have discussed path independence in two dimensions. Similar things hold in three
dimensions.

- - - - -
Example: If FF=yi —2zj +xk is j&,F . d?path independent?
Solution: The line integral is path independent <> there exists a function ¢(z,y, 2)

—’
such that V¢ = F'. Suppose such a ¢ exists.
= ¢ =1y; ¢y= —z; ¢,=x
Now ¢,=z = ¢(z,y,2) =zz+g(z,y) But ¢, = z+ % ==

= z=y— 2(z,y)

But z is an independent variable and therefore not dependent upon z and y.
e -
Thus no such ¢ can exist = j;, F-d7is path dependent for this F'.

—
Question: When does there exist a ¢(z, y, z) such that Vop = F' ?

—
Theorem: Suppose F'is a continuously differentiable function in a region
D in space and that

-
curl F =0 in D
Then there exists a continuously differentiable, scalar function ¢(z, y, 2) in D such that

—}
F =V¢.

Remark: C: 7 (t) = z(t)i +y(t)7 +2(t)k a <t <b. F forceon a particle.
—’
Then work = _[('] F.-drf
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