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Ma 529
Lecture III

Line Integrals 

Definition. Let  (   and    be functions of two variables whose first partialT Bß CÑ UÐBß CÑ
derivatives are continuous in an open rectangle  H  of the  ,  - plane. Consider an arcB C
(curve)  C in  H  whose parametric equations are

                          B œ 0Ð>Ñ C œ 1Ð>Ñ + Ÿ > Ÿ ,

and are such that as    increases from  to  , the corresponding point ,  traces> + , Ð0Ð>Ñ 1Ð>ÑÑ
the arc  from the point    to the point  .  Let  andG E œ Ð0Ð+Ñß 1Ð+ÑÑ F œ Ð0Ð,Ñß 1Ð,ÑÑ 0 w

1 + Ÿ > Ÿ ,w be continuous for    .

Then     '
 G T ÐBß CÑ .B  U ÐBß CÑ .C

   œ TÐ0Ð>Ñß 1Ð>ÑÑ 0 Ð>Ñ U Ð0Ð>Ñß 1Ð>ÑÑ1 Ð>Ñ .>' ,

+
w w

 š ›
is called the  of   along    from   to  .line integral TÐBß CÑ.B  UÐBß CÑ.C G E F

Remark:  Notice that the right hand side above is an ordinary definite integral.

Example:  Evaluate the line integral    '
 G

# #ÐB  C Ñ .B #BC .C

along the curve    whose parametric equations areG
            ;      ;        B œ > C œ > ! Ÿ > Ÿ $Î## $

Solution:  and .       and  .0Ð>Ñ œ > 1Ð>Ñ œ > Ê 0 œ #> 1 œ $># $ w w #

' '
  G !

# # % ' # $ #ÐB  C Ñ .B #BC.C œ Ò Ð>  > Ñ Ð#>Ñ  #> > Ð$> Ñ Ó .>        
$
#

                           œ Ò Ð#>  %> Ñ .> œ' $
#

 !
& ( )&!&

&"#

Remark:    may be described vectorially viaG

                      < Ð>Ñ œ 0Ð>Ñ 3  1Ð>Ñ 4 Ê < Ð>Ñ œ 0 Ð>Ñ 3  1 Ð>Ñ 4p pp pp pw w w

If we let      ,  thenJÐBß CÑ œ TÐBß CÑ 3  UÐBß CÑ 4
p p p

                ,JÐ0Ð>Ñß 1Ð>ÑÑ œ TÐ0Ð>Ñß 1Ð>ÑÑ 3  UÐ0Ð>Ñ 1Ð>ÑÑ 4
p p p

           , ,Ê JÐ0Ð>Ñß 1Ð>ÑÑ † < Ð>Ñ œ T Ð0Ð>Ñ 1Ð>ÑÑ0 Ð>Ñ UÐ0Ð>Ñ 1Ð>ÑÑ1 Ð>Ñ
p pw w w
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Hence
    [ ]   ,       ' ' '

   G + G

, w
T ÐBß CÑ.BUÐBß CÑ.C œ JÐ0Ð>Ñ 1Ð>ÑÑ < Ð>Ñ.>.< œ J † .<

p pp pðóñóò
                                                                                                      .<p

Remark:  The results we have given for two dimensions readily go over to three
dimensions. We define the 3 dimensional line integral as follows:

         The curve   may be described in three dimensions viaG

           ;     ;    or   B œ 0Ð>Ñ C œ 1Ð>Ñ D œ 2Ð>Ñ < Ð>Ñ œ 0Ð>Ñ 3  1Ð>Ñ 4  2Ð>Ñ 5p p p p

If     JÐBß Cß DÑ œ T ÐBß Cß DÑ 3 UÐBß Cß DÑ4  VÐBß Cß DÑ5
p p p p

then         ,  ' ' '
  G G +

, w
J † .< œ T.BU.C V.D œ JÐ0Ð>Ñß 1Ð>Ñ 2Ð>ÑÑ † < Ð>Ñ.>
p pp p

œ ' ,

+
w w

 šTÐ0Ð>Ñß 1Ð>Ñß 2Ð>ÑÑ 0 Ð>Ñ UÐ0Ð>Ñß 1Ð>Ñ 2Ð>ÑÑ1 Ð>Ñ   ,

      , , VÐ0Ð>Ñ 1Ð>Ñ 2Ð>ÑÑ2 Ð>Ñ .>w ›
Example:  Compute    where   and    is the directed line'

 C J † .< J œ BC3  BD4  C5 G
p pp p p p

segment  from  (1, 0, 0) to (0, 1, 0) followed by   which is the segment from (0, 1, 0) toG G" #

(0, 1, 1).
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Solution:  On   G D œ !"

                 or C œ  B " B œ " C

Let              C œ > B œ " > ! Ÿ > Ÿ "

               < Ð>Ñ œ Ð"  >Ñ 3  > 4  ! † 5 Ê < Ð>Ñ œ  3  4p pp pp pp w

        J œ BC 3  BD4  C5 œ Ð" >Ñ > 3  !4  > 5
p p pp pp p

            ' '
  G !

"
!

# #
"

"
'"

J † .< œ ÒÐ>  > Ñ3  >5 Ó † Ò  3  4 Ó .> œ ÒÐ>  >Ñ.>Ó œ 
p p p pp p'

On     ,   ,   goes from   to G B œ ! C œ " D ! "#

Let              ;    and  D œ > ! Ÿ > Ÿ " Ê < Ð>Ñ œ !3  4  >5 J œ !3  !4  5 < Ð>Ñ œp pp pp pp pp w

5
p

     .      ' ' ' ' '
      G ! G G G

"
" (
' '# " #

œ  .> œ  " Ê œ  œ   " œ 

Example:  Find the value of

                 from the point  to the point '
 G

#C .B  ÐB CÑ.C E œ Ð!ß  #Ñ F œ Ð#)ß 'Ñ

(a)  along the path   ;   ;  B œ >  " C œ #>  " Ÿ > Ÿ $$

(b)  along the straight line segment  EF
Solution:
        (a) first             or  B œ >  " C œ #> p B œ  " C œ )B )$ $C

)

$

J ÐBß CÑ œ C 3  ÐB CÑ 4 < œ Ð>  "Ñ3  #> 4
p p pp pp# $              

JÐ>Ñ œ Ð#>Ñ 3  Ð>  " #>Ñ 4 < Ð>Ñ œ $> 3  #4
p p pp pp       # $ #w

' '
 G

$

"
# # $ "#> #> %>

& % # "
$   )  œ Ð#>Ñ † Ð$> Ñ  Ð>  #>  " † # .> œ    #> š › & % # |
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          œ $!))
&

Along path ( b ):  Line goes from (0, 2) to (28, 6)

Ê 7 œ œ Ê C # œ B C œ B # slope           or  '# # # #
#) ( ( (

Let             B œ > Ê C œ > # ! Ÿ > Ÿ )(
#

J Ð>Ñ œ Ð>  #Ñ 3  >  >  # 4 œ Ð>  #Ñ 3  >  # 4
p p pp p

# #( &
# #

           Š ‹ Š ‹
< Ð>Ñ œ > 3  Ð>  #Ñ4 Ê < Ð>Ñ œ 3  4p pp pp p

             ( (
# #

w

       ' '
  G !

)
( & "!(#
# # $

#œ Ð>  #Ñ  >  # .> œš Š ‹›
Notice that the two paths give two  results.different

Path Independence

Often one must consider situations in which the path  is a closed curve. Hence theG

starting point A and ending point B are the same.  This is usually written as . ) GJ † .<
p 

For plane curves we take the positive direction of  so that the interior of the closed curveG
is always to the left as  is traversed.G

                 

Example:    Show that     , where   is the circle  )
 G

B.CC.B
B C

# # #
# # œ # G B  C œ +1

Solution:   Let             B œ + -9= > C œ + =38 > ! Ÿ > Ÿ #1

) '
  G !

# + -9= > Ð+ -9= >Ñ + =38 > Ð+ =38 >Ñ
+   œ .>

1  Ÿ#

    œ Ö -9= >  =38 >×.> œ .> œ #' '#

!
# #

#

!

1 1

  1

We have seen that the value of a line integral depends on the integrand, the endpoints E
and , and the arc    from    to . However, certain line integrals depend only on theF G E F
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integrand and endpoints  and  . Such integrals are called or are saidE F path independent
to be .independent of the path

Example:  Show that the value of the integral

             '
 G

# #Ð$B  'BCÑ .B  Ð $B  %C  "Ñ .C

is independent of the path taken from   to  .Ð  "ß #Ñ Ð%ß $Ñ

Solution:   Here           T œ $B  'BC U œ  $B  %C  "# #

Suppose we could find a function    such thatKÐBß CÑ
                        K œ T K œ UB C

Then   .' ' '
   G G GB CT .BU.C œ K .BK .C œ .K œ KÐ%ß $Ñ KÐ "ß #Ñ

         This means that we want    to be an exact differential. The conditionT .B  U .C
for this is

  .`T
`C `B

`Uœ

 Here    such a  exists. NowT œ  'B œ U Ê KC B

                           K œ T œ $B  'BCB
#

Ê K œ B  $B C  1ÐCÑ 1ÐCÑ + C            where   function of .$ #

But          orK œ $B  1 ÐCÑ œ U œ  $B  %C  " Ê 1 ÐCÑ œ %C  "C
# w # w

1ÐCÑ œ #C  C G# .

Thus +    where  a constant.KÐBß CÑ œ B  $B C  #C  C G G$ # #

'
 G œ KÐ%ß $Ñ KÐ "ß #Ñ œ

                      '% $Ð"'ÑÐ$Ñ  #Ð*Ñ  $G  " $Ð#Ñ  #Ð%Ñ  #G œ  '#

We may summarize the above as follows:

Let    be an exact differential of some function  in an openTÐBß CÑ .BUÐBß CÑ .C K
rectangular region . If    is an arc lying entirely in  with parametric equationsL G L

               B œ 0Ð>Ñ C œ 1Ð>Ñ > Ÿ > Ÿ >" #

and   and  are continuous, then0 1w w

           ' G # # " "T ÐBß CÑ.B  UÐBß CÑ.C œ KÐB ß C Ñ  KÐB ß C Ñ
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where     and   are the endpoints of  .ÐB ß C Ñ œ Ð0Ð> Ñß 1Ð> ÑÑ ÐB ß C Ñ œ Ð0Ð> Ñß 1Ð> ÑÑ G" " " " # # # #

 If a line integral is path independent one may choose a path along which it is easy to
evaluate the line integral.

Example:   from  to . (This'
G

# #š ›Ð$B  'BCÑ.B Ð $B  %C  "Ñ .C Ð  "ß #Ñ Ð%ß $Ñ

is the same example we dealt with above.)
           

            +' ' '
 G G G

œ   " #
 

Note that  and  on  and    and   on   .C œ ! C œ # G .B œ ! B œ % G Ê" #

       ' ' '
 G

% $

" #
# #œ Ð$B  'BCÑ.B Ð $B  %C  "Ñ.C 

But    in the first integral whereas    in the second C œ # B œ % Ê

                ' ' '
  G " #

% $
#œ Ð$B  "#BÑ .B  Ð%C  %(Ñ .C œ  '#

Remark:  Recall that . Also  fK œ K 3 K 4 .< œ .B3  .C4 Ê
p pp pp
B C

fK † .< œ K .BK .CÞp
B C

 Therefore if  is an exact differential thenT.BU.C

              ' '
  G G

T.B  U.C œ fKÐBß CÑ † .<

Remarks:
    (1)  The fact that a line integral is independent of path is equivalent to the statement that
the line integral around any closed path is zero.
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To see this let    be any closed path and    be points on .G T Á T G9 "

         

Then . If the line integral is path independent  G œ G  G Ê" #

    .  Thus       0 ' ' ' '
  G G G G" # " #

J † .< œ J † .< J † .<  J † .< œ
p p p pp p p p

But    along   is equivalent to    along  . Therefore .< G .< Gp p
# #

             ' ' )
   G G G" #

J † .<  J † .< œ J † .< œ !
p p pp p p 

Suppose now that   for any closed path   .)
 G J † .< œ ! G

p p

Let   and   be any two points on  and  and  any two paths joining them.T T G G G! " " #

     

Then    is a closed path andG œ G  ÐG Ñ" #

            ) '
  G G G

J † .< œ J † .< œ !
p pp p

" #

Ê J † .<  J † .< œ ! J † .< œ  J † .< œ J † .<
p p p p pp p p p p    or   ' ' ' ' '

     G G G G G" # " # #

Hence the following are equivalent:
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'
 G   is path independent    there exists a    such that  J † .< Ç K J œ fK

p pp

                                 for any closed path  .Ç J † .< œ ! G
p p ) G

We have discussed path independence in two dimensions. Similar things hold in three
dimensions.

Example:  If    is   path independent?J œ C3  D4  B5 J † .<
p pp p p p'

 G
Solution:  The line integral is path independent  there exists a function  Í ÐBß Cß DÑ9

such that  . Suppose such a    exists.f œ J
p

9 9
Ê œ Cà œ  Dà œ B      9 9 9B C D

Now          But     9 9 9D B
`1
`Bœ B Ê ÐBß Cß DÑ œ BD  1ÐBß CÑ œ D  œ C

         Ê D œ C  ÐBß CÑ`1
`B

But  is an independent variable and therefore not dependent upon   and  .D B C

Thus no such  can exist      is path dependent for this .9 Ê J † .< J
p pp'

 G

Question:  When does there exist a    such that  ?9 9ÐBß Cß DÑ f œ J
p

Theorem:   Suppose  is a continuously differentiable function in a regionJ
p

H in space and that
                      curl   in J œ ! H

p

Then there exists a continuously differentiable, scalar function ,   in  such that9ÐB Cß DÑ H

J œ f
p

9.

Remark:  :      .    force on a particle.G < Ð>Ñ œ BÐ>Ñ3  CÐ>Ñ4  DÐ>Ñ5 + Ÿ > Ÿ , Jp p p p p

         Then  work   œ J † .<
p p'

 G


