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Ma 529
Lecture V

Surface Integrals (Continued)

  Recall that last time we showed that if  is a surface given parametrically byW

B œ BÐ?ß @Ñß C œ CÐ?ß @Ñß D œ DÐ?ß @Ñ

then    ,' ' ' '
  W K ? @0ÐBß Cß DÑ .= œ 0ÐBÐ?ß @Ñß CÐ?ß @Ñß DÐ?ß @ÑÑ ± < ‚ < ± .?.@p p

where  is the image of  in the -plane.K W ?ß @

Remark:  Very often one is interested in an integral of the form   ' '
W

@ † 8 .=p p

where   is a unit normal (perpendicular) vector to the surface   pointing in the outward8 Wp

direction.  From the discussion on the top of page 2 it follows that vectors   and  are< <p p
? @

both in the "plane" of the surface.  Thus  is  to the surface .  Hence< ‚ < ¼ Wp p
? @

         is a unit normal.„ < ‚<p p

±< ‚< ±p p
? @

? @

We choose the appropriate sign (either + or - ) which makes this unit vector outward.  One
can select an appropriate point on the surface and see
if

         is inward or outward. < ‚<p p

±< ‚< ±p p
? @

? @

If it is inward, then use  . < ‚<p p

±< ‚< ±p p
? @

? @

Note that

' '
W W

< ‚<p p

±< ‚< ±p p ? @          @ † 8 .= œ @ † Ð ± < ‚ < ± Ñ .? .@p p p p p' ' Š ‹? @

? @

                  œ @ † Ð< ‚ < Ñ .? .@p p p' '
W ? @

Thus, unless one is asked specifically for the unit vector , it is not necessary to calculate8p

± < ‚ < ±p p
? @ .
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Example:

Let  be the region bounded by the cylinder  and the planes  andV B  C œ " D œ !# #

D œ B # W @ † 8 .= 8p p p. Let  be the entire boundary of R. Find the value of     where  is' '
W

the outward directed unit normal on  andW

@ œ #B3  $C4  D5p p p p
.

                                  

Now  is composed of  , and .W W ß W W" # $

On     .  But  on       W 8 œ  5 Ê @ † 8 œ  D D œ ! W Ê @ † 8 œ ! Êp p p p pp
" " W

' '
"
@ † 8p p

.= œ !

On        we parametrize as                W D œ B # Ê B œ ? C œ @ D œ ? #$

              < œ B3  C4  D5 œ ?3  @4  Ð? #Ñ5p p pp pp p

< œ 3  5 < œ 4 Ê < ‚ < œ 5  3 ± < ‚ < ± œ #p p p p p pp pp pp
? @ ? @ ? @                      so È

            and       Ê 8 œ œ @ † 8 œ œ œp p p< ‚<p p

±< ‚< ±p p
53 #BD #??# ?#
p p

# # # #
? @

? @
È È È È

Also      so that.= œ ± < ‚ < ± .? .@ œ # .? .@p p
? @

È
    =   ' ' ' '

W K$
@ † 8 .= Ð  ? #Ñ.? .@p p

Where  is the projection of  in the plane.  But since   and theK W ?ß @  ? œ Bß @ œ C$

plane  slices the cylinder , we see that  is the interior of the circleD œ B # B  C œ " K# #

B  C Ÿ " W# #
$.  Thus on  we have

   = (-  + 2 )  ' ' ' '
W B C Ÿ"$

# #@ † 8 .= B .B .Cp p
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œ  < -9= < .<.  # .B .C œ  -9= .  # œ #' ' ' ' '# #

! B C Ÿ" !

"

!
"
$

1 1

             ) ) ) ) 1 1# #

On   we shall use cylindrical coordinates        W B œ <-9= C œ <=38 D œ D# ) )
Since our cylinder is       B  C œ " Ê < œ " Ê# #

       where   .< œ -9= 3 =38 4  D 5 ! Ÿ D Ÿ B # œ -9=  #p p p p
) ) )

Taking      here, we have? œ @ œ D)

< œ  =38 3  -9= 4 < œ 5p pp p p
)           ) ) D

Ê < ‚ < œ -9= 3  =38 4 Ê ± < ‚ < ± œ "p p p pp p
            ) )D D) )

Thus   .  This is outward.8 œ -9= 3  =38 4p p p
) )

@ † 8 œ Ð# -9= 3  $ =38 4  D 5 Ñ † 8 œ # -9=  $ =38p p pp p p
) ) ) ) # #

Hence       ' ' ' '
W !

#

!

#-9= # #
#
@ † 8 .= œ Ð# -9=  $ =38 Ñ .D.p p 1 )

  ) ) )

                          œ Ð# & =38 Ñ .D . œ  #' '#

!

#-9=

!
#1 )

  ) ) 1

Thus we have finally

' ' ' ' ' ' ' '
W W W W

   .@ † 8 .= œ   @ † 8 .= œ ! #  # œ !p p p pŠ ‹
" # $ 1 1

Stokes' Theorem and the Divergence Theorem

Stokes' Theorem:
     Let  be a regular surface bounded by a closed curve denoted by  (boundary of ).W `W W

Let  and curl  be continuous over .J J W
p p

Then ' ' ' ' )
W W `W

curl    J † R .= œ f‚J †R .= œ J † .<
p p pp p p pŠ ‹

Here the direction of integration around  is positive with respect to the side of  on`W W

which the normal  is drawn.R
p

Remark:
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Example:  Verify Stokes' Theorem when   and    is theJ œ C3  $D4  $B5 W
p p p p

hemispheric surface  .D œ " B  CÈ # #

We shall use the outward . We calculate  first. Now  is theR J † .< `W
p p p)

`W

circle  , . We param trize this asB  C œ " D œ ! /# #

            ,  ,     B œ -9= > C œ =38 > D œ ! ! Ÿ > Ÿ #1

              J œ =38 > 3  ! 4  $ -9= > 5
p p p p

               < Ð>Ñ œ B3  C4  D5 œ -9= > 3  =38 > 4  ! 5p p pp pp p

       Ê < Ð>Ñ œ  =38 > 3  -9= > 4p p pw

Thus        .) '
`W !

# #J † .< œ  =38 > .> œ 
p p 1

 1

Now consider  curl .' '
W

J † R.=
p p

   curl     J œ œ  $3  $4  5
p 3 4 5

p p p

C $D $B

p p p

â ââ ââ ââ ââ ââ ââ â
` ` `
`B `C `D
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S  is the surface    . In spherical coordinates    B  C  D œ " D   ! œ " Ê# # # 3
          ,   ,          Let      B œ =38 -9= C œ =38 =38 D œ -9= ? œ @ œ9 ) 9 ) 9 9 )

and therefore         < Ð?ß @Ñ œ =38? -9=@ 3  =38 ? =38@ 4  -9=? 5p p p p

                   < ‚ < œ =38 ? -9=@ 3  =38 ? =38@ 4  =38 ? -9=? 5p p p p p
? @

# #

At  , ,  i.e.      9 1 ) 1œ Î# œ ! ? œ Î# @ œ ! Ê

     which is outward.  Hence    is outward< ‚ < œ 3 R œ < ‚ <p p p p p
? @ ? @

Now  curl   J † R œ  $ =38 ? -9= @  $=38 ? =38 @  =38 ? -9= ?
p p

# #

    curl    ' ' ' '
W ! !

# # #J † R.= œ Ð$ =38 ? -9= @  $ =38 ? =38 @  =38 ? -9= ?Ñ .?
p p 1 1

#

 
.@

        œ  $ Ð-9= @  =38 @Ñ =38 ? .? .@  -9= ? =38 ? .? .@' ' ' '# #

! !! !
#1 1

    

1 1
# #

             œ  Ð-9= @  =38 @Ñ ? .@  .@$ =38 #? "
# # #

#

! !

#

!
' '1 1

  
 ‘1

#

             œ  Ò-9= @  =38 @Ó .@ $
# #

#

!
Š ‹1 1'

 1

        as beforeœ   =38 @  -9= @  œ $
% !
1 c d1# 1 1

The Divergence Theorem (Gauss's Theorem)

Remark:  We shall call a surface  if the normal  is an outer normal;positively oriented R
p

otherwise,  is .W negatively oriented

Theorem:  Suppose  is a regular, positively oriented, closed surface, and that  andW J
p

div  are continuous over  and the region  is enclosed by .J W Z W
p

Then     div   ' ' ' ' ' ' ' ' ' '
W W Z Z
J œ J † R .= œ J .@ œ f † J .@
p p p pp

where  is the outward normal to .R W
p

Note:    be outward.R
p

must

Example:  Check the validity of the divergence theorem if , where J œ B3  C4  D5 Z
p p p p

is the volume of the cube     .! Ÿ Bß Cß D Ÿ j
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 div . Hence   div    J œ " " " œ $ J .Z œ $ .Z œ $Z œ $j
p p' ' ' ' ' '

Z Z
$

Now we must calculate    over all six faces of the cube. On ' '
W J † R.= B œ j
p p

we use .      R œ 3 Ê J †R œ Ðj3  C4  D5 Ñ † 3 œ j
p pp p pp p p

               (area of face ) = ' ' ' 'J † R .= œ j .= œ j ‚ 6
p p

$

     Face          Face B œ j B œ j

On      we may take  . Thus    Thus theB œ ! J œ C4  D5 R œ  3 J † R œ !
p pp p p pp

contribution from this face is 0.

We get similarly for  ,    , whereas for ,  .C œ j J œ j C œ ! J œ !
p p' ' ' '$

                                                         Face C œ 6

And for the face ,    =    and on ,  .D œ j J j D œ ! J œ !
p p' ' ' '$

    Face D œ 6

Finally we have   , where  is the entire surface of the' '
W

$ $ $ $J † R.= œ j  j  j œ $j W
p p

cube.

Example.  Verify Gauss's Divergence theorem, namely

                 div  ' ' ' ' '
W Z

J † 8 .= œ J .@
p pp
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where     and  is the closed parabolic bowl consisting ofJ œ ÐB C  DÑ 3  #B4  5 W
p p p p

the two pieces

            ;           W À D œ B  C B  C Ÿ "2
# # # #

and
            the circle  ,   W À B  C Ÿ " D œ "1

# #

      

Thus    is the bowl proper and    is the circular cap on top. Since    W W f † J œ " Ê
p p

2 "

' ' ' ' ' ' ' ' '
Z Z

"

"

 "B "

 "B B C
          f † J .@ œ " .@ œ .D .C .B
p p È

È #

# # #

                            œ Ð" B  C Ñ .C .B' '"

"

"B

 "B
# #

È
È #

#

                                œ Ð" < Ñ < .< . œ  . œ' ' ' '# " "

! ! !
# #

!
< <
# % #

1 1 1) )Š ‹# %  

We now evaluate      ' '
W W W
J † 8 .= œ 
p p ' ' ' '

" #

On    we use cylindrical coordinatesW2

                   ,           B œ < -9= C œ < =38 D œ D) )
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                ,          Ê B œ < -9= C œ < =38 D œ B  C œ <) ) # # #

Let   ,       ,   ,       < œ ? œ @ Ê B œ ? -9= @ C œ ? =38 @ D œ ? ! Ÿ ? Ÿ " ! Ÿ @ Ÿ #) 1#

            Ê <Ð?ß @Ñ œ ? -9= @ 3  ? =38 @ 4  ? 5p p p p
#

                < œ -9= @ 3  =38 @ 4  # ? 5p p p p
?

              < œ  ? =38 @ 3  ? -9= @ 4p p p
@

        < ‚ < œp p 3 4 5
p p p

-9= @ =38 @ # ?
 ? =38 @ ? -9= @ !

3 4
p p

-9= @ =38 @
 ? =38 @ ? -9= @

? @

â ââ ââ ââ ââ ââ ââ â

                   œ  # ? =38 @ 4  ? -9= @ 5  ? =38 @ 5  # ? -9= @ 3
p p p# # # #

                  œ  # ? -9= @ 3  # ? =38 @ 4  ? 5
p p p

# #

Note that for   ,       and we have@ œ œ ! < œ ? œ ")

                 which is inner.< ‚ < œ  #3  5p p p p
? @

Therefore we use      < ‚ < œ # ? -9= @ 3  # ? =38 @ 4  ?5 œ Rp p p p p p
? @

# #

       J œ Ð? -9= @  ? =38 @  ? Ñ 3  # ? -9= @ 4  5
p p p p

#

     Ê J †R œ # ? -9= @  # ? =38 @ -9= @  # ? -9= @  % ? =38 @ -9= @  ?
p p

$ # $ % $

Therefore  ' '
W#
J † R .= œ
p p

    [    ' '# "

! !
$ # $ %1

# ? -9= @  # ? =38 @ -9= @  # ? -9=@  ?Ó .? .@

                          =        ' #

!
" " # "
# # & #

#1
Ò -9= @  =38 @ -9= @  -9= @  Ó .@

                          {    œ Ð" -9= # @Ñ×.@  Ò =38 @  =38 @  @Ó' #

!
" " # "
% % & # !

# #1 1

                             œ  @ =38 #@
% ) !

#l 1 1

                 ' '
W # ##

J † R .= œ  œ 
p p 1 11

On   :  this is the circle  , .  We use the parametizationW B  C Ÿ " D œ "1
# #

                            ,     ,    B œ < -9= C œ < =38 D œ ") )



V - 9

Therefore          < Ð?ß @Ñ œ ? -9= @ 3  ? =38 @4  5 ! Ÿ ? Ÿ "ß ! Ÿ @ Ÿ #p p p p
1

                              < œ -9= @  =38 @4 < œ  ? =38 @3  ? -9= @4p p pp pp
? @

            < ‚ < œp p 3 4 5
p p p

-9= @ =38 @ !
 ? =38 @ ? -9= @ !

3 4
p p

-9= @ =38 @
 ? =38 @ ? -9= @

? @

â ââ ââ ââ ââ ââ ââ â
                         œ ? -9= @ 5  ? =38 @ 5 œ ? 5 Þ

p p p
# #

As expected this is outward since ! Ÿ ? Ÿ "

Therefore   and  R œ ?5 J œ Ð? -9= @  ? =38 @  "Ñ 3  # ? -9= @ 4  5
p p pp p p

                     Ê J †R œ ?
p p

       Ê J †R .= œ ? .? .@ œ
p p' ' ' '

W

# "

! !
"

1

  1

       ' ' ' '
W W

# #
# "

 œ   œ1 11

Remark:There are a number of interesting consequences of the divergence theorem.  Let
? œ ?ÐBß Cß DÑ @ œ @ÐBß Cß DÑ and  be scalar functions with continuous 2nd partials.  Also
let
J œ ?™ @ œ ?@ 3  ?@ 4  ?@ 5
    

B C D .  Then
™J œ ™ † Ð?™ @Ñ œ ?™ ™@ ™? † ™ @ œ        
?™ @ ? @  ? @  ? @ 8 8 œ  #

B B C C D D
R


±R±
.  Let  be a unit outward normal, i.e.,  and apply

the divergence theorem to the above J Ä


1)   .  Interchange  and ' ' ' ' '
@

#
WÐ™ ? † ™ @ ?™ @Ñ.@ œ ?Ò™ @ † 8Ó.W ? @    

2)  ( .  Substract ' ' ' ' '
@

#
W™ @ † ™ ? @™ ?Ñ.@ œ @Ò™ ? † 8Ó.W Ä    

     .' ' ' ' '
@

# #
WÐ?™ @ @™ ?Ñ.Z œ Ð?™ @ @™?Ñ † 8.W    

Also known as Green's Theorem.
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Remark.  Let us consider the identity (2) in 2-dimensions.  Then  becomes a region Z V
and  is the boundary of .  We have W Vß`V Ð™? † ™ @ @™ ?Ñ.E œ  ' ' )

V `V
#

@ ™ ? † 8.= 

where  is arc length along .  Recall   directional derivative of  in= `V ™? † 8 œ œ ?  .?
.8

direction of outward normal therefore we have

3)    .' ' )
V `V

# .?
.8Ð™ ? † ™ @ @™ ?Ñ.E œ @ † .=  

Let  @ œ " Ä

4)     .' ' )
V `V

# .?
.8™ ? † ™ @ @™ ?Ñ.E œ @ † .=  

Now consider a classical problem in Math Physics.  Find  such that  in    and? ™ ? œ ! V #

.? .?

.8 .8 V `V `V
#œ 0 `V Ä ™ ? .E œ ! œ .= œ 0 .= œ !  on .  Now  (4)        .  The' ' ) )

Newmann Problem possesses a solution only if    is such that    .0 0 .= œ !)
`V


