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Infinite Series 11

The Comparison Test

Comparison Test: Suppose that >_a, and D _ b, are series with positive terms and a, < b,.

(a) If Db, is convergent; then Y _a, is also convergent.
(b) If > a, is divergent; then D _ b, is also divergent.

Example Determine whether

i 3
“~ n(n+3)
converges.
Solution: Now n2 + 3n > n? so
3 3
< =,
n? +3n n?

But Y % converges, since it is a p-series with p = 2 > 1. Hence, the given series converges by
n

comparison.

Example Determine whether

converges.

Since nz —2 < n* forn > 3, then Ll 5 > li . However, Z % diverges (why? 6).
n2 — n: n-
Hence the original series diverges.

Example Show that

0

1
Z nn+1)(n+2)

n=1

converges.

I B
nn+1)n+2) n?

> n% is a p —series with p = 3, and hence converges. This implies by the Comparison Test that the
original series converges.

Example Test the series



for convergence.
nl=nn-1)n-2)--3.2-1
>2e262:0:20241
— 2n—1
Thus

Hence

But this last series is a convergent geometric series. Since the original series and this series are positive,
the original series converges by the Comparison Test.

For more on the Comparison Test hold down the Ctrl key and click on Comparison Test

The Alternating Series Test

Definition A series Z a, is alternating if a, = (=1)"b, (or a, = (=1)""'b,) where

b, is positive for all n. Notice that b, = |a,|, so b, is positive..

The Alternating Series Test: Given the series Y (—1)""'b,, if

n=1
(i)bns1 < b, forall n
and

then the series is convergent.

The alternating harmonic series

© _1 n—1
5

has b, = % and therefore satisfies (i) b,.1 < b, because

1
n+1

1
<wu

and (i) limb, = lim - = 0.
Hence, the Alternating Harmonic Series converges.
Example The series



e~ 2n- 1 35 7
is an alternating series. Let b, = 2n”_ T Then
_ _n n+1
bi= 20T > et

forn > 1. But

limbz = 5 # 0

so the Alternating Series Test does not apply. We see that the series diverges because the nth term does
not go to zero.

Alternating Series Estimation Series: If s = > (~1)""'b, is the sum of an alternating series that satisfies
(@0 < by < b, and (ii) }Ii}gbn =0;
then
IRul= 1S = Sul< bur
where R, is the remainder if we use the partial sum S, as an approximation to the total sum S.
For more on alternating series hold down the Ctrl key and click on Alternating Series.

Absolute Convergence

o0 0
Definition Given a series Z an, its related absolute series is Z|an |-

n=no n=n,

Proposition The Absolute Convergence Test

0

If the related absolute series Z|a,,| is convergent, then the original series Z an
n=ne n=no

is convergent.

Remark The Absolute Convergence Test says nothing about Z a, if the related absolute

n=no
9]
series E la,| is divergent.

n=n,

Remark Note that D _|a,| = |a1| + |az| + ---. If a series is absolutely convergent, then the
proposition tells us that it is convergent. The converse is not true, namely Y a, can

converge, but Y |a,| may diverge. Can you give an example of this case? @

Definition If Z|an| is convergent, then Z a, is called absolutely convergent. ( So
n=n, n=no

the proposition says “An absolutely convergent series is convergent.”)



If Z|an| is divergent but Z an is convergent, then Z a, is called

conditionally convergent.

If Z|an| is divergent and Z a, 1s divergent, then Z ay 1s just called
n=ng n=no n=ng
divergent.
Example Thus

n
n=1
is conditionally convergent.

Example Test the series

o .
§ Sinn
2
n=1 n

for convergence.

Note that series has both positive and negative terms but it is not alternating. We shall look at the series
of absolute values

o0

Z sinn ‘
2

n=1 n
Now

sinn | » 1

n? | = n?
But ) % converges. (Why?). So >_~ (SIL ‘ is convergent by the Comparision Test. Since absolute
n n=1 n2

. . S 1
convergence implies convergence, we have the >~ S

-1 2 1S convergent.

For more on absolute Convergence hold down the Ctrl key and click on Absolute Convergence.

The Ratio Test
Recall

Definition: A series D _ a, is called absolutely convergent if the series of absolute values Y |a,| is
convergent.

. . . . a
Ratio Test: Given a series E a,, letL = 11m| ol |
n—00 a,

(a) If L < 1, then the series converges absolutely.
(b) IfL > 1, then the series is divergent.
(c) If L = 1, then the test fails (i.e., is inconclusive.)



Remark For an example of (c) consider ) % and Y % Both have a value of 1 for L. Yet,
n

the former diverges, whereas the latter converges.
Example Determine whether
Z (n + 1)5”
n3 T 3w

is convergent.
Solution: We apply the Ratio Test.

(n+2)5m!
| e+ )32 | (n42)5) n32n _
L=lm (n+1)5" = (n+1)32  (n+1)5"
n32n

Therefore, the given series converges by the Ratio Test.
Example Test the series

(14"
nz:; n!

for convergence or divergence.
Solution: Using the Ratio Test we have

(_1)"*14114-1
. (n+1)! | 4
L =lim|—"5 | = lim
5| T (<1)"4” B 4
n!

Thus this series converges absolutely, since L < 1.
Example Test the series
>
2
n=1

for convergence or divergence.
Solution: Again the Ratio Test may be applied. We have

7n+1
2
L= tim| DT | | 2L 22| iy
n—>% 7 n—>% (n + 1) 7 100

Since L > 1, this series diverges.

7-(

mi( n’+2n ):i

n?+2n+1

):7



