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Standard Deviation

o(X) = \/E[X — EX]?
Properties

® (D1) —insensitivity to constant shift
o(X + C') = o(X) forall X and constants C

® (D2) — positive homogeneity
og(AX) = Ao(X)forall X andall A > 0

® (D3) — subadditivity
o( X+ X' <o(X)+o(X')forall X and X’

® (D4) — nonnegativity
o(X) > 0 (equality for constant X)
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Deviation Measures

Motivation
Investors
®» Standard deviation / \
® Risk preferences o(X) ‘ ‘ D(X)
» Markowitz’'s model \ /
o CAPM Optimal investment

General deviation measures

® Axioms including standard deviation
$» Nonsymmetric measures

®» Non-differentiability



System of Axioms

® (D1) — insensitivity to constant shift
D(X 4 C) = D(X) for all X and constants C'

® (D2) — positive homogeneity
D(AX) = AD(X) forall X and all A > 0

® (D3) — subadditivity
DX + X') <D(X)+D(X') forall X and X’

® (D4) — nonnegativity

D(X) > 0 (equality for constant X)

® (D5) — coherency
D(X) < EX —inf X forall X
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Examples of Deviation Measures

® Standard Deviation

o(X) = (E[X — EX]?)?

®» Standard Semideviations
0. (X) = (Emax{X — EX,0}*])"/*
o_(X) = (E[max{EX — X,0}%])"?

® Deviation measure from range
EX —int X
® Generalized Mean Absolute Deviation (GMAD) with a(w) > 0

MAD(X) = /Qa(w)]X(w) — FX|dP(w)



Deviation CVaR

0, pX)
a-quantile
_ 0.15 7
F/'(a)
0.1
0. 05

Deviation Conditional Value-at-Risk (CVaR) for o € [0, 1]

«

CVaRA(X) = EX — é / (—VaR,(X))dp
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Mixed Deviation CVaR

Mixed Deviation CVaR

K
® )y >0and > N=1
k=1

K
Mized-CVaR5 (X) = Z Ak CVaRﬁk (X)
k=1

® Ma)>0and [, Aa)da =1

1
Mized-CVaR% (X) :/ CVaR2 (X)d\ (o)
0



Convex Analysis

Subgradient (generalization of derivative)

G € L?is a subgradient of D at X if
D(X") > D(X) + E[G(X' — X)] foral X' € L?
OD(X )= setof all such G at X

Risk envelope (duality)
®» 0={Qel?|E[(1-Q)X]<DX)forall X, EQ =1}

® D(X) = sup covar(Q, —X)
QeQ

D is coherent — O > (
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Portfolio Optimization

®» Market

@ risk-free asset with constant rate 7

e n risky assets with rates r = (rq,...,7y,), 1; € L?
® Portfolio
e weights: xg, © = (T1,...,T,)

e budget constraint: g+ x'e =1

e rate ofreturn: X, = xorg + ' 7

®» No Redundancy Assumption

Only O-portfolio, has risk-free return
D(z'r) >0 forall x #0

®» No arbitrage Assumption
No x-portfolio has a risk-free return > 1
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Problem Formulation

Risk preferences

Investor 1 Investor 2 Investor 3

v v v
@ @ @

D,X) = o(X) D,(X) D;(X)

Problem formulation

do(A) = min D(X))

S. t. EXp:TQ—I—A
ro+zx'e=1

/A = demanded additional gain over the risk-free rate
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Portfolio Decomposition

-p. 12



Efficient Set: Classical Theory

One Fund Theorem Auxiliary Problem
min o(Y))
{ A expected gain Yy
s.t. EY,=¢(
master fund y'e=1
«
/AN .
r
i deviation
¢ >
dy (D) 0




Threshold Value: Standard Deviation

Master fund of negative type

{ ) expected gain




Efficient Sets: General Deviation

Master fund of
negative type

{ } expected gain

P  convex
N slopes
» on-
smooth
» on-
symmetric
® ihreshold
interval
d(1,4{)
">~ Master fund of
positive type
deviation

\ K
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Threshold Values

Auxiliary Problem: zero-price risky portfolio

min D(Y))
Y
s.t. BY,=1
y'e=10

Lagrange relaxation
L(y,p,n) =D(y'r) —py' e+n(l —y'r)

Proposition (threshold set of risk-free rates)

p* €lp”,p"] and n* =Dy r)
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