Ma 635. Real Analysis I. Hw4
HW 4 (due 09/28):

1. [1] p. 66 # 25
A function f: (M,d) — (N,p) is called Lipshitz if 3K, Vz,y € M, p(f(x), f(y)) < Kd(z,y).
Prove that Lipshitz mapping is continuous.

2. [1] p. 66 # 28
Let g:lo — R, g(x) = > %=. Is g continuous?

n=1

3. [1] p. 66 # 29
Fix y € I and define h: 1y — I3 by h(z) = (xpyn)5>;. Show that h is continuous.

4. (1) p. 71 # 43
5. (1] p. 71 # 45
Prove that N with usual metric is homeomorphic to {+}°2; with usual metric.

6. [1] p. 71 # 49
Let V be a normed vector space. Given a fixed vector y € V, show that the map f(z) =z +y
(translation ny y) is an isometry on V. Given a nonzero scalar a € R, show that the map
g(z) = ax (dilation by «) is a homeomorphism on V.

7. [1] prove theorem 5.10 (p. 75)
8. [1] p. 75 # 62
9. [1] p. 94 # 13
Show that R endowed with the metric p(z,y) = | arctan x —arctan y| is not complete. How about

T(z,y) = |o® — 3|7

10. [1] p. 94 # 14
1 1

If we define d(m,n) = |- — ﬁ| for m,n € N, show that d is equivalent to the usual metric on N

but (N, d) is not complete.

11. [1] p. 94 # 19
Show that cg is closed in .

12. [1] p. 94 # 20
13. [1] p. 94 # 21
14. [1] p. 102 # 42
Define T : C[0,1] — C[0,1] by Tf(x) = [ f(t)dt. Show that T2 is a contraction. What is its

fixed point?

15. To solve equation f(z) = /\fog(x + 1) f(y)dy, we consider f € C[0,2] and

F(f)(z) =1+ /\foz(x +y)f(y)dy. Find X\ at which F: C0,2] — C|0,2] is contractive. For
initial value f(z) = 0 perform 3 iterations to approach the solution f(x).

(1) Please read the corresponding sections of the textbook.
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