
Solutions to Problems   2-3 

Using L'Hopital's Rule 

 

F(s) t → ∞ =
−s

s 3est
t →∞

= 0. Therefore,  F(s) =
1
s2 .  

c. F(s) = sinωt e− stdt
0

∞

∫ =
e− st

s2 + ω 2 (−ssinωt − ω cosωt)
0

∞

=
ω

s2 +ω 2  

d. F(s) = cosωt e− stdt
0

∞

∫ =
e− st

s2 + ω 2 (−scosωt + ω sinωt)
0

∞

=
s

s2 +ω 2  

2.  

a. Using the frequency shift theorem and the Laplace transform of sin ωt, F(s) = 
ω

(s+a)2+ω2  . 

b. Using the frequency shift theorem and the Laplace transform of cos ωt, F(s) = 
(s+a)

(s+a)2+ω2  . 

c. Using the integration theorem, and successively integrating u(t) three times, ⌡⌠dt  = t; ⌡⌠tdt  = 
t2
2  ;  

⌡
⌠t2

2dt  = 
t3
6  , the Laplace transform of t3u(t), F(s) =  

6
s4  . 

3. 
a. The Laplace transform of the differential equation, assuming zero initial conditions,   

is, (s+7)X(s) = 
5s

s2+22  . Solving for X(s) and expanding by partial fractions,  

 
Or,  

 

  

Taking the inverse Laplace transform, x(t) = - 
35
53  e-7t + (

35
53  cos 2t + 

10
53 sin 2t).  

b. The Laplace transform of the differential equation, assuming zero initial conditions, is,  
 

(s2+6s+8)X(s) = 
15

s2 + 9
. 

Solving for X(s)  

X(s) =
15

(s2 + 9)(s2 + 6s + 8)
 

and expanding by partial fractions, 
 

X(s) = −
3
65

6s
9

+
1

9

s2 + 9
−

3
10

+
15
26

1
s

1
s

 
+ 4 2+
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Taking the inverse Laplace transform, 
 

x(t) = −
18
65

cos(3t) −
1
65

sin(3t) −
3

10
e−4t +

15
26

e−2t  

c. The Laplace transform of the differential equation is, assuming zero initial conditions, 

(s2+8s+25)x(s) = 
10
s

. Solving for X(s)  

X s = 10
s s 2 + 8 s + 25  

and expanding by partial fractions, 

X s = 2
5

1
s - 2

5

1 s + 4 + 4
9

9

s + 42 + 9  
Taking the inverse Laplace transform, 
 

x(t) =
2
5

− e−4t 8
15

sin(3t) +
2
5

cos(3t )⎛ 
⎝ 

⎞ 
⎠  

4.  

a. Taking the Laplace transform with initial conditions, s2X(s)-2s+3+2sX(s)-4+2X(s) = 
2

s2+22  . 

Solving for X(s),  

X(s) = 
2s 3 + s2 + 8s + 6

(s 2 + 4)(s2 + 2s + 2)
. 

Expanding by partial fractions 
 

X(s) = −
1
5

⎛ 
⎝ 

⎞ 
⎠ 

s +
1
4

4

s2 + 4
+

1
5

⎛ 
⎝ 

⎞ 
⎠ 

11(s + 1) −
3
1

1
 

(s +1)2 +1

Therefore, x(t) = -0.2 cos2t - 0.1 sin2t +e-t (2.2 cost - 0.6 sint).  
 

b. Taking the Laplace transform with initial conditions, s2X(s)-2s-1+2sX(s)-4+X(s) = 
5

s+2   + 
1
s2  . 

Solving for X(s),  

 
 

 

Therefore, x(t) = 5e-2t - e-t + 9te-t - 2 + t. 

c. Taking the Laplace transform with initial conditions, s2X(s)-s-2+4X(s) =  
2
s3  . Solving for X(s),  

 



Solutions to Problems   2-5 

 
 

Therefore, x(t) = 
9
8  cos2t + sin2t - 

1
8  + 

1
4 t2.  

5.  
Program: 
syms t 
f=5*t^2*cos(3*t+45); 
pretty(f) 
F=laplace(f); 
F=simple(F); 
pretty(F) 
'b' 
f=5*t*exp(-2*t)*sin(4*t+60); 
pretty(f) 
F=laplace(f); 
F=simple(F); 
pretty(F) 
 
Computer response: 

ans = 
 
a 
 
    
                                 2 
                              5 t  cos(3 t + 45) 
  
               3                             2 
              s  cos(45) - 27 s cos(45) - 9 s  sin(45) + 27 sin(45) 
           10 ----------------------------------------------------- 
                                      2     3 
                                    (s  + 9) 
 
ans = 
 
b 
 
 
                           5 t exp(-2 t) sin(4 t + 60) 
  
                sin(60)         ((s + 2) sin(60) + 4 cos(60)) (s + 2) 
          -5 ------------- + 10 ------------------------------------- 
                    2                             2      2 
             (s + 2)  + 16                ((s + 2)  + 16) 

 
6.  

Program: 
syms s 
'a' 
G=(s^2+3*s+7)*(s+2)/[(s+3)*(s+4)*(s^2+2*s+100)]; 
pretty(G) 
g=ilaplace(G); 
pretty(g) 
'b' 
G=(s^3+4*s^2+6*s+5)/[(s+8)*(s^2+8*s+3)*(s^2+5*s+7)]; 
pretty(G) 
g=ilaplace(G); 
pretty(g) 
Computer response: 

ans = 
 
a 
                              2 
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                            (s  + 3 s + 7) (s + 2) 
                       -------------------------------- 
                                         2 
                       (s + 3) (s + 4) (s  + 2 s + 100) 
  
                      11             4681            1/2         1/2 
  - 7/103 exp(-3 t) + -- exp(-4 t) - ----- exp(-t) 11    sin(3 11    t) 
                      54             61182 
 
           4807                 1/2 
         + ---- exp(-t) cos(3 11    t) 
           5562 
 
ans = 
 
b 
                               3      2 
                              s  + 4 s  + 6 s + 5 
                     ------------------------------------- 
                               2              2 
                     (s + 8) (s  + 8 s + 3) (s  + 5 s + 7) 
  
    299             1367                  1/2 
  - --- exp(-8 t) + ---- exp(-4 t) cosh(13    t) 
    93              417 
 
           4895             1/2        1/2 
         - ---- exp(-4 t) 13    sinh(13    t) 
           5421 
 
            232                1/2          1/2 
         - ----- exp(- 5/2 t) 3    sin(1/2 3    t) 
           12927 
 
           272                        1/2 
         - ---- exp(- 5/2 t) cos(1/2 3    t) 
           4309 

 
7.  

The Laplace transform of the differential equation, assuming zero initial conditions, is,  
 
(s3+3s2+5s+1)Y(s) = (s3+4s2+6s+8)X(s). 

Solving for the transfer function,  
Y(s)
X(s)

= 
s3 + 4s2 + 6s + 8
s3 +3s 2 + 5s +1

. 

8.  
a. Cross multiplying, (s2+2s+7)X(s) = F(s). 

 Taking the inverse Laplace transform, 
d 2 x
dt2 + 2

dx
dt

+ 7x = f(t). 

b. Cross multiplying after expanding the denominator, (s2+15s+56)X(s) = 10F(s). 

 Taking the inverse Laplace transform, 
d 2 x
dt2 + 15

dx
dt

+ 56x =10f(t). 

c. Cross multiplying, (s3+8s2+9s+15)X(s) = (s+2)F(s). 

Taking the inverse Laplace transform, 
d3 x
dt3 + 8

d 2 x
dt2 + 9

dx
dt

+ 15x = 
df (t)

dt
+2f(t). 

9.   

The transfer function is 
C(s)
R(s)

= 
s5 + 2s 4 + 4s3 + s2 + 3

s6 + 7s5 + 3s4 + 2s3 + s2 + 3
. 


