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Solution:

(a) K = 1=� ; a = s; b = 1

(b) K = c; a = s2 + 1; b = s+ 1

(c) Part (c)

i. K = AT ; a = (s+ c)3; b = s+ 1=T

ii. K = AT ; a = (s+ c)3 +A; b = s

iii. The parameter c enters the equation in a nonlinear way and a
standard root locus does not apply. However, using a polynomial
solver, the roots can be plotted versus c:

(d) Part (d)

i. K = kpA� ; a = s(s+ 1=�)d(s) + kI(s+ 1=�)c(s) +
kD
�
s2Ac(s);

b = s(s+ 1=�)c(s)

ii. K = AkI ; a = s(s + 1=�)d(s) + Akps(s + 1=�) +
kD
�
s2Ac(s);

b = s(s+ 1=�)c(s)

iii. K =
AkD
�
; a = s(s + 1=�)d(s) + Akps(s + 1=�)c(s) + AkI(s +

1=�)c(s); b = s2c(s)

iv. K = 1=� ; a = s2d(s) + kpAs
2c(s) + kIAsc(s); b = sd(s) +

kpsAc(s) + kIAc(s) + kDs
2Ac(s)

Problems and solutions for Section 5.2
2. Roughly sketch the root loci for the pole-zero maps as shown in Fig. 5.62.
Show your estimates of the center and angles of the asymptotes, a rough
evaluation of arrival and departure angles for complex poles and zeros,
and the loci for positive values of the parameter K. Each pole-zero map
is from a characteristic equation of the form

1 +K
b(s)

a(s)
= 0;

where the roots of the numerator b(s) are shown as small circles o and the
roots of the denominator a(s) are shown as �0s on the s-plane. Note that
in Fig. 5.62(c), there are two poles at the origin.

Solution:

(a)a(s) = s2 + s; b(s) = s+ 1

Breakin(s) -3.43; Breakaway(s) -0.586

(b) a(s) = s2 + 0:2s+ 1; b(s) = s+ 1
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Figure 5.62: Pole-zero maps from Figure 5.62

Angle of departure: 135.7

Breakin(s) -4.97

(c) a(s) = s2; b(s) = (s+ 1)

Breakin(s) -2

(d) a(s) = s2 + 5s+ 6; b(s) = s2 + s

Breakin(s) -2.37

Breakaway(s) -0.634

(e) a(s) = s3 + 3s2 + 4s� 8
Center of asymptotes -1

Angles of asymptotes �60; 180
Angle of departure: -56.3

(f) a(s) = s3 + 3s2 + s� 5; b(s) = s+ 1

Center of asymptotes -.667

Angles of asymptotes �60; �180
Angle of departure: -90

Breakin(s) -2.06
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Breakaway(s) 0:503

3. For the characteristic equation

1 +
K

s(s+ 1)(s+ 5)
= 0 :

(a) Draw the real-axis segments of the corresponding root locus.

(b) Sketch the asymptotes of the locus for K !1.
(c) For what value of K are the roots on the imaginary axis?

(d) Verify your sketch with a MATLAB plot.

Solution:

(a) The real axis segments are 0 > � > �1; �5 > �

(b) � = �6=3 = �2; �i = �60; 180
(c) Ko = 30
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Solution for Problem 5.3

4. Real poles and zeros. Sketch the root locus with respect to K for the
equation 1 + KL(s) = 0 and the following choices for L(s). Be sure to
give the asymptotes, arrival and departure angles at any complex zero or
pole, and the frequency of any imaginary-axis crossing. After completing
each hand sketch verify your results using MATLAB. Turn in your hand
sketches and the MATLAB results on the same scales.

(a) L(s) =
1

s(s+ 1)(s+ 5)(s+ 10)

(b) L(s) =
(s+ 2)

s(s+ 1)(s+ 5)(s+ 10)

(c) L(s) =
(s+ 2)(s+ 6)

s(s+ 1)(s+ 5)(s+ 10)
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Solution for problem 5.14

15. For the feedback con�guration of Fig. 5.65, use asymptotes, center of
asymptotes, angles of departure and arrival, and the Routh array to sketch
root loci for the characteristic equations of the following feedback control
systems versus the parameter K: Use MATLAB to verify your results.

(a) G(s) =
1

s(s+ 1 + 3j)(s+ 1� 3j) ; H(s) =
s+ 2

s+ 8

(b) G(s) =
1

s2
; H(s) =

s+ 1

s+ 3

(c) G(s) =
(s+ 5)

(s+ 1)
; H(s) =

s+ 7

s+ 3

(d) G(s) =
(s+ 3 + 4j)(s+ 3� 4j)
s(s+ 1 + 2j)(s+ 1� 2j) ; H(s) = 1 + 3s

Solution:
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Figure 5.65: Feedback system for problem 15
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Solution for problem 5.15

16. Consider the system in Fig. 5.66.

Figure 5.66: Feedback system for problem 5.16
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(a) Using Routh�s stability criterion, determine all values of K for which
the system is stable.

(b) Sketch the root locus of the characteristic equation versus K. Include
angles of departure and arrival, and �nd the values for K and s at
all breakaway points, break-in points and imaginary-axis crossings.

Solution:

(a) a. 0� K � 40
(b) �d = �161:6� �a = 0

�

At imaginary axis crossing s=�j1:8186 k = 6:2758

Sbreakaway = �0:4363 k = 0:331

Sbreakin = �3:6503 k = 55:4

Root locus is attched for reference.
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Root locus for problem 16

Problems and solutions for Section 5.4

17. Put the characteristic equation of the system shown in Fig. 5.67 in root
locus form with respect to the parameter � and identify the corresponding
L(s); a(s); and b(s): Sketch the root locus with respect to the parameter �,
estimate the closed-loop pole locations and sketch the corresponding step
responses when � = 0; 0:5, and 2. Use MATLAB to check the accuracy
of your approximate step responses.

Solution:

The characteristic equation is s2+2s+5+5�s = 0 and L(s) =
s

s2 + 2s+ 5
:

the root locus and step responses are plotted below.


