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Root locus and step response for Problem 5.27

28. A numerically controlled machine tool positioning servomechanism has a
normalized and scaled transfer function given by

G(s) =
1

s(s+ 1)
:

Performance speci�cations of the system in the unity feedback con�gu-
ration of Fig. 5.71 are satis�ed if the closed-loop poles are located at
s = �1� j

p
3.

(a) Show that this speci�cation cannot be achieved by choosing propor-
tional control alone, D(s) = kp.

(b) Design a lead compensator D(s) = K
s+ z

s+ p
that will meet the speci-

�cation.

(a) With proportional control, the poles have real part at s = �:5:
(b) To design a lead, we select the pole to be at p = �10 and compute

the zero and gain to be z = �3; k = 12:

29. A servomechanism position control has the plant transfer function

G(s) =
10

s(s+ 1)(s+ 10)
:

You are to design a series compensation transfer functionD(s) in the unity
feedback con�guration to meet the following closed-loop speci�cations:

� The response to a reference step input is to have no more than 16%
overshoot.

� The response to a reference step input is to have a rise time of no
more than 0.4 sec.

� The steady-state error to a unit ramp at the reference input must be
less than 0.02
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(a) Design a lead compensation that will cause the system to meet the
dynamic response speci�cations.

(b) If D(s) is proportional control, D(s) = kp; what is the velocity con-
stant Kv?

(c) Design a lag compensation to be used in series with the lead you
have designed to cause the system to meet the steady-state error
speci�cation.

(d) Give the MATLAB plot of the root locus of your �nal design.

(e) Give the MATLAB response of your �nal design to a reference step .
Solution:

(a) Setting the lead pole at p = �60 and the zero at z = �1; the dynamic
speci�cations are met with a gain of 245 resulting in a Kv = 4:

(b) Proportional control will not meet the dynamic spec. The Kv of the
lead is given above.

(c) To meet the steady-state requirement, we need a new Kv = 50; which
is an increase of 12:5: If we set the lag zero at z = �:4; the pole needs
to be at p = �0:032:

(d) The root locus is plotted below.

(e) The step response is plottted below.
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30. Assume the closed-loop system of Fig. 5.71 has a feed forward transfer
function G(s) given by

G(s) =
1

s(s+ 2)
:

Design a lag compensation so that the dominant poles of the closed-loop
system are located at s = �1�j and the steady-state error to a unit ramp
input is less than 0.2.

Solution:

The poles can be put in the desired location with proportional control
alone, with a gain of kp = 2 resulting in a Kv = 1: To get a Kv = 5; we

add a compensation with zero at 0:1 and a pole at 0:02: D(s) = 2
s+ 0:1

s+ 0:02
:

31. An elementary magnetic suspension scheme is depicted in Fig. 5.72. For
small motions near the referencev position, the voltage e on the photo
detector is related to the ball displacement x (in meters) by e = 100x.
The upward force (in newtons) on the ball caused by the current i (in
amperes) may be approximated by f = 0:5i + 20x. The mass of the ball
is 20 g, and the gravitational force is 9.8 N/kg. The power ampli�er is a
voltage-to-current device with an output (in amperes) of i = u+ V0.

Figure 5.72: Elementary magnetic suspension

(a) Write the equations of motion for this setup.

(b) Give the value of the bias V0 that results in the ball being in equilib-
rium at x = 0.

(c) What is the transfer function from u to e?

(d) Suppose the control input u is given by u = �Ke. Sketch the root
locus of the closed-loop system as a function of K.
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Figure 5.73: Block diagram for rocket-positioning control system

(b) Assume that the sensor transfer function is modeled by a single pole
with a 0:1 sec time constant and unity DC gain. Using the root-locus
procedure, �nd a value for the gain K that will provide the maximum
damping ratio.
Solution:

(a) The root locus is plotted below and lies entirely in the left-half plane.
HOwever the maximum damping is 0:2:

(b) At maximum damping, the gain is K = 6:25 but the damping of the
complex poles is only 0:073: A practical design would require much
more lead.
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Loci for problem 33

34. For the system in Fig. 5.74:

(a) Sketch the locus of closed-loop roots with respect to K.

(b) Find the maximum value ofK for which the system is stable. Assume
K = 2 for the remaining parts of this problem.

(c) What is the steady-state error (e = r � y) for a step change in r?
(d) What is the steady-state error in y for a constant disturbance w1?
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Figure 5.74: Control system for Problem 34

(e) What is the steady-state error in y for a constant disturbance w2?

(f) If you wished to have more damping, what changes would you make
to the system?

Solution:

(a) For the locus, L(s) =
100(s+ 1)

s2(s2 + 12s+ 40)
: The locus is plotted below.
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(b) The maximum value of K for stability is K = 3:35:

(c) The equivalent plant with unity feedback isG0 =
200

s2(s2 + 12 + 40) + 200s
:

Thus the system is type 1 with Kv = 1: If the velocity feedback

were zero, the system would be type 2 with Ka =
200

40
= 5:
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(d) The transfer function
Y

W1
=

100s2

s2(s2 + 12s+ 40) + 200(s+ 1)
: The

system is thus type 2 with Ka = 100:

(e) The transfer function
Y

W2
=

100

s2(s2 + 12s+ 40) + 200(s+ 1)
: The

system here is type 0 with Kp = 1:

(f) To get more damping in the closed-loop response, the controller needs
to have a lead compensation.

35. Consider the plant transfer function

G(s) =
bs+ k

s2[mMs2 + (M +m)bs+ (M +m)k]

to be put in the unity feedback loop of Fig. 5.71. This is the transfer
function relating the input force u(t) and the position y(t) of mass M in
the non-collocated sensor and actuator of Problem 2.7. In this problem we
will use root-locus techniques to design a controllerD(s) so that the closed-
loop step response has a rise time of less than 0.1 sec and an overshoot of
less than 10%. You may use MATLAB for any of the following questions.

(a) Approximate G(s) by assuming that m �= 0, and let M = 1, k = 1,
b = 0:1, and D(s) = K. Can K be chosen to satisfy the performance
speci�cations? Why or why not?

(b) Repeat part (a) assuming D(s) = K(s+ z), and show that K and z
can be chosen to meet the speci�cations.

(c) Repeat part (b) but with a practical controller given by the transfer
function

D(s) = K
p(s+ z)

s+ p
;

and pick p so that the values forK and z computed in part (b) remain
more or less valid.

(d) Now suppose that the small mass m is not negligible, but is given by
m = M=10. Check to see if the controller you designed in part (c)
still meets the given speci�cations. If not, adjust the controller pa-
rameters so that the speci�cations are met.
Solution:

(a) The locus in this case is the imaginary axis and cannot meet the
specs for any K:

(b) The specs require that � > 0:6; !n > 18: Select z = 15 for a
start. The locus will be a circle with radius 15: Because of the zero,
the overshoot will be increased and Figure 3.32 indicates that we�d
better make the damping greater than 0.7. As a matter of fact,
experimentation shows that we can lower the overshoot ot less than
10% only by setting the zero at a low value and putting the poles on
the real axis. The plot shows the result if D = 25(s+ 4):


