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32 Eigenvector (1, 3, 4) for A with λ = 11 and eigenvector (3, 1, 4) for PAP .

33 (a) u is a basis for the nullspace, v and w give a basis for the column space

(b) x = (0, 1
3
, 1

5
) is a particular solution. Add any cu from the nullspace

(c) If Ax = u had a solution, u would be in the column space, giving dimension 3.

34 With λ1 = e2πi/3 and λ2 = e−2πi/3, the determinant is λ1λ2 = 1 and the trace is λ1 +λ2 = −1:

e2πi/3 + e−2πi/3 = cos
2π

3
+ i sin

2π

3
+ cos

2π

3
− i sin

2π

3
= −1. Also λ3

1 = λ3
2 = 1.

A =
[ −1 1

−1 0

]
has this trace −1 and determinant 1. Then A3 = I and every (M−1AM)3 = I.

Choosing λ1 = λ2 = 1 leads to I or else to a matrix like A =
[
1 1
0 1

]
that has A3 6= I.

35 det(P − λI) = 0 gives the equation λ3 = 1. This reflects the fact that P 3 = I. The solutions

of λ3 = 1 are λ = 1 (real) and λ = e2πi/3, λ = e−2πi/3 (complex conjugates). The real

eigenvector x 1 = (1, 1, 1) is not changed by the permutation P . The complex eigenvectors are

x 2 = (1, e−2πi/3, e−4πi/3) and x 3 = (1, e2πi/3, e4πi/3) = x 2.
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2 If A = SΛS−1 then A3 = SΛ3S−1 and A−1 = SΛ−1S−1.

3 A =

1 1

0 1

 2 0

0 5

 1 −1

0 1

 =
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0 5

.

4 If A = SΛS−1 then the eigenvalue matrix for A + 2I is Λ + 2I and the eigenvector matrix is

still S. A + 2I = S(Λ + 2I)S−1 = SΛS−1 + S(2I)S−1 = A + 2I.

5 (a) False: don’t know λ’s (b) True (c) True (d) False: need eigenvectors of S!.

6 A is a diagonal matrix. If S is triangular, then S−1 is triangular, so SΛS−1 is also triangular.

7 The columns of S are nonzero multiples of (2, 1) and (0, 1) in either order. Same for A−1.

8
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b a
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2
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11 A = SΛS−1 =

1 1

1 0

 =
1

λ1 − λ2

λ1 λ2

1 1

 λ1 0

0 λ2

  1 −λ2

−1 λ1

.

SΛkS−1 =
1

λ1 − λ2

λ1 λ2

1 1

 λk
1 0

0 λk
2

  1 −λ2

−1 λ1

 1

0

 =

 −

(λk
1 − λk

2)/(λ1 − λ2)

.

12 The equation for the λ’s is λ2−λ−1 = 0 or λ2 = λ+1. Multiply by λk to get λk+2 = λk+1+λk.

13 Direct computation gives L0, . . . , L10 as 2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123. My calculator gives

λ10
1 = (1.618 . . .)10 = 122.991 . . ..

14 The rule Fk+2 = Fk+1 + Fk produces the pattern: even, odd, odd, even, odd, odd, . . .

15 (a) True (b) False (c) False (might have 2 or 3 independent eigenvectors).

16 (a) False: don’t know λ (b) True: missing an eigenvector (c) True.

17 A =

 8 3

−3 2

 (or other), A =

 9 4

−4 1

, A =

 10 5

−5 0

; only eigenvectors are (c,−c).

18 The rank of A− 3I is one. Changing any entry except a12 = 1 makes A diagonalizable.

19 SΛkS−1 approaches zero if and only if every |λ| < 1; Bk → 0.

20 Λ =

1 0

0 .2

 and S =

1 1

1 −1

; Λk →

1 0

0 0

 and SΛkS−1 →

 1
2

1
2

1
2

1
2

: steady state.

21 Λ =

 .9 0

0 .3

, S =

3 −3

1 1

; B10

3

1

 = (.9)10

3

1

, B10

 3

−1

 = (.3)10

 3

−1
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6

0

 =

sum of those two.

22

2 1

1 2

 =
1

2

1 −1

1 1

 3 0

0 1
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0 1
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23 Bk =

1 1

0 −1

 3 0

0 2

k 1 1

0 −1

 =

3k 3k − 2k

0 2k

.

24 det A = (det S)(detΛ)(det S−1) = detΛ = λ1 · · ·λn. This works when A is diagonalizable.

25 trace AB = (aq + bs) + (cr + dt) = (qa + rc) + (sb + td) = trace BA. Proof for diagonalizable

case: the trace of SΛS−1 is the trace of (ΛS−1)S = Λ which is the sum of the λ’s.

26 AB −BA = I: impossible since trace AB − trace BA = zero± trace I. E =

1 0

1 1

.

27 If A = SΛS−1 then B =

A 0

0 2A

 =

S 0

0 S

 Λ 0

0 2Λ

 S−1 0

0 S−1

.

28 The A’s form a subspace since cA and A1 + A2 have the same S. When S = I the A’s give

the subspace of diagonal matrices. Dimension 4.

29 If A has columns x 1, . . . , xn then A2 = A means every Ax i = x i. All vectors in the column

space are eigenvectors with λ = 1. Always the nullspace has λ = 0. Dimensions of those spaces

add to n by the Fundamental Theorem so A is diagonalizable (n independent eigenvectors).

30 Two problems: The nullspace and column space can overlap, so x could be in both. There

may not be r independent eigenvectors in the column space.




