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14 Skew-symmetric and orthogonal; λ = i, i, −i, −i to have trace zero.

15 A has λ = 0, 0 and only one independent eigenvector x = (i, 1).

16 (a) If Az = λy and ATy = λz then B[ y ; −z ] = [−Az ; ATy ] = −λ[ y ; −z ]. So −λ is

also an eigenvalue of B. (b) ATAz = AT(λy) = λ2z . The eigenvalues of ATA are ≥ 0

(c) λ = −1, −1, 1, 1; x 1 = (1, 0,−1, 0), x 2 = (0, 1, 0,−1), x 3 = (1, 0, 1, 0), x 4 = (0, 1, 0, 1).

17 The eigenvalues of B are 0,
√

2, −
√

2 with x 1 = (1,−1, 0), x 2 = (1, 1,
√

2), x 3 = (1, 1,−
√

2).

18 y is in the nullspace of A and x is in the column space. A = AT has column space = row

space, and this is perpendicular to the nullspace. Then yTx = 0. If Ax = λx and Ay = βy

then shift by β: (A− βI)x = (λ− β)x and (A− βI)y = 0 and again x ⊥ y .

19 B has eigenvectors in S =


1 0 1

0 1 0

0 0 1 + d

 →


1 0 1

0 1 0

0 0 2

; independent but not perpendicular.

20 λ = −5 and 5 have the same signs as the pivots −3 and 25/3.

21 (a) False. A =

1 2

0 1

 (b) True (c) True. A−1 = QΛ−1QT is also symmetric (d) False.

22 If AT = −A then ATA = AAT = −A2. If A is orthogonal then ATA = AAT = I.

A =

 a 1

−1 d

 is normal only if a = d. Then x =

1

i

 is perpendicular to

 1

−i

.

23 A and AT have the same λ’s but the order of the x ’s can change. A =

 0 1

−1 0

 has λ1 = i

and λ2 = −i with x 1 = (1, i) for A but x 1 = (1,−i) for AT.

24 A is invertible, orthogonal, permutation, diagonalizable, Markov; B is projection, diagonaliz-

able, Markov. QR, SΛS−1, QΛQT possible for A; SΛS−1 and QΛQT possible for B.

25 Symmetry gives QΛQT when b = 1; repeated λ and no S when b = −1; singular if b = 0.

26 Orthogonal and symmetric requires |λ| = 1 and λ real, so every λ = ±1. Then A = ±I or

A = QΛQT =

cos θ − sin θ

sin θ cos θ

 1 0

0 −1

  cos θ sin θ

− sin θ cos θ

=

cos 2θ sin 2θ

sin 2θ − cos 2θ

= reflection.

27 Eigenvectors (1, 0) and (1, 1) give a 45◦ angle even with AT very close to A.

28 The roots of λ2 + bλ + c = 0 differ by
√

b2 − 4c. For det(A + tB − λI) we have b = −3 − 8t

and c = 2 + 16t− t2. The minimum of b2 − 4c is 1/17 at t = 2/17. Then λ2 − λ1 = 1/
√

17.

29 We get good eigenvectors for the “symmetric part” 1
2
(P +PT) which MATLAB would recognize

as symmetric. But the projection matrix P = A(ATA)−1AT = product of 3 matrices is not

recognized as exactly symmetric.

Problem Set 6.5, page 302

1 A4 has two positive eigenvalues because a = 1 and ac− b2 = 1; xTA1x is zero for x = (1,−1)

and xTA1x < 0 for x = (6,−5).
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2
Positive definite

for −3 < b < 3

1 0

b 1

 1 b

0 9− b2

 =

1 0

b 1

 1 0

0 9− b2

 1 b

0 1

 = LDLT;

Positive definite

for c > 8

1 0

2 1

 2 4

0 c− 8

 =

1 0

2 1

 2 0

0 c− 8

 1 2

0 1

 = LDLT.

3 f(x, y) = x2 + 4xy + 9y2 = (x + 2y)2 + 5y2; f(x, y) = x2 + 6xy + 9y2 = (x + 3y)2.

4 x2 + 4xy + 3y2 = (x + 2y)2 − y2 is negative at x = 2, y = −1.

5 A =

0 1

1 0

 produces f(x, y) = [ x y ]

0 1

1 0

 x

y

 = 2xy. A has λ = 1 and −1.

6 xTATAx = (Ax )T(Ax ) = 0 only if Ax = 0. Since A has independent columns this only

happens when x = 0.

7 ATA =

1 2

2 13

 and ATA =

6 5

5 6

 are positive definite; ATA =


2 3 3

3 5 4

3 4 5

 is singular.

8 A =

3 6

6 16

 =

1 0

2 1

 3 0

0 4

 1 2

0 1

. Pivots outside squares, and L inside.

9 A =


4 −4 8

−4 4 −8

8 −8 16

 has only one pivot = 4, rank A = 1, eigenvalues are 24, 0, 0, det A = 0.

10 A =


2 −1 0

−1 2 −1

0 −1 2

 has pivots 2,
3
2
,
4
3
; A =


2 −1 −1

−1 2 −1

−1 −1 2

 is singular; A


1

1

1

 =


0

0

0

.

11 |A1| = 2, |A2| = 6, |A3| = 30. The pivots are 2/1, 6/2, 30/6.

12 A is positive definite for c > 1; determinants c, c2 − 1, c3 + 2 − 3c > 0. B is never positive

definite (determinants d− 4 and −4d + 12 are never both positive).

13 A =

1 5

5 10

 has a + c > 2b but ac < b2, so not positive definite.

14 The eigenvalues of A−1 are positive because they are 1/λ(A). And the entries of A−1 pass the

determinant tests. And xTA−1x = (A−1x )TA(A−1x ) > 0 for all x 6= 0.

15 Since xTAx > 0 and xTBx > 0 we have xT(A + B)x = xTAx + xTBx > 0 for all x 6= 0.

Then A + B is a positive definite matrix.

16 xTAx is not positive when (x1, x2, x3) = (0, 1, 0) because of the zero on the diagonal.

17 If ajj were smaller than all the eigenvalues, A−ajjI would have positive eigenvalues (so positive

definite). But A− ajjI has a zero in the (j, j) position; impossible by Problem 16.

18 If Ax = λx then xTAx = λxTx . If A is positive definite this leads to λ = xTAx/xTx > 0

(ratio of positive numbers).

19 All cross terms are xT
i x j = 0 because symmetric matrices have orthogonal eigenvectors.

20 (a) The determinant is positive, all λ > 0 (b) All projection matrices except I are singular

(c) The diagonal entries of D are its eigenvalues (d) −I has det = 1 when n is even.



From [he a!,, +bJ,rlotes we get that che rigenvnluzs are 2, 2. -1 

- I  - I  I - 
The matnx M = 

correspond~ng to ergenvalues 2.2. - 1. t.e., 

0 0 

-I [ - I  - 1  1 

- 1  2 1 

- I  - I  1 

(213)e2 + (l/3)ep1 -(l13)e2 + (113)e-I -(113)e2 + (113)e-I - 
7 

- l e  + ( 1 ) e 1  ( 3 )  + ( 3 ) e 1  -(1/3)e2 +(1/3)z-' 

/ -(1/3)e2 +(1/3)e-' - ( 1 ) r 2  + ( 3 ) e 1  (2/3)c2 +(1/3)2-' 1 " 
L J 

W h ~ z h  wt  wrll check usrng MATLAB. 
A=[I,-1.-1.-1.1,-1;-1,-1.11 




