
152 Chapter 3 Vector Spaces and Subspaces 

Later we will say this again in different words: If every column of A is per­
pendicular to y = (2, 1, -1), then any combination b of those columns must also be 
perpendicular to y. Otherwise b is not in the column space and Ax = b is not solvable. 

And again: If y is in the nullspace of AT then y must be perpendicular to every 
b in the column space. Just looking ahead ... 

Problem Set 3.4 

1	 (Recommended) Execute the six steps of Worked Example 3.4 A to describe the 
column space and nullspace of A and the complete solution to Ax = b: 

A=[~ ~ ~ :]
2 3 5 2 

2	 Carry out the same six steps for this matrix A with rank one. You will find two 
conditions on bl, b2, b3 for Ax = b to be solvable. Together these two conditions 
put b into the __ space (two planes give a line): 

Questions 3-15 are about the solution of Ax = b. Follow the steps in the text to
 
x p and x n' Use the augmented matrix with last column b.
 

3 Write the complete solution as x p plus any multiple of s in the nullspace:
 

x + 3y + 3z = 1 

2x + 6y + 9z = 5 

-x - 3y + 3z = 5. 

4	 Find the complete solution (also called the general solution) to 

Under what condition on bJ, b2, b3 is this system solvable? Include b as a fourth 
column in elimination. Find all solutions when that condition holds: 

x +2y - 2z = bl 

2x + 5y - 4z = b2 

4x + 9y - 8z = b3. 

5 



6 

3.4 The Complete Solution to Ax = b 153 

What condition on b l , b2, b3, b4 mak each sy tern olvable? Find x in that case: 

12] [bl]2	 4 XI b2

[;	 ~ [Xl] ~ :: [~ ~ ~ l [~~] = [:;l 
3	 9 12J ~J 

Show by elimination that (bl. b2, b3) is in the column space if b3-2b2+4bl = O. 

What ombination of the rows of A gives the zero row? 

8	 Which vectors (b l b2, b3) are in the column space of A? Whjch combination 
of the row of A give zero? 

9 (a) The Worked Example 3.4 A reached [ c 1 from r A b]. Put the multi­
plie into L and verify that L equals A and Lc equal b. 

Ib) ombine the pivot column' of A with the number' -9 and 3 in the par­
ticular ,olution x p' What is that linear combination and why. 

10 onlrUct a 2 by 3 system Ax = b with particular olution x p = (2,4,0) and 
homogeneou olution XII = any multiple of (l 1, 1). 

11 Why can't a 1 by system have xl' = (2,4,0) and XII = any multiple of (l, I, I)? 

12 (a) If Ax = b has two solutions X I and X2. find two olutions to Ax = O. 

(b) Then tind another solution to Ax = 0 and another solution to Ax = b. 

13 Explain why the e are all false: 

(a)	 The complete solution is any linear combination of xI' and XII' 

(b)	 A Y tern Ax = b has at most one particular solution. 

lel	 The olution x" with all free variable' zero is the shorte t solution (mini­
mum len!!th IIxll). ind a 2 by 2 counterexample. 

(u)	 [f A is invertible there is no solution XII in the nullspace. 

14	 uppo e column 5 of U ha' no pivot. Then Xs is a variable. The zero 
vector (i ) (i not) the only solution to Ax = O. [I' Ax = b has a solution, then 
it has olutions. 


