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2 z(t) = −2et; then dy/dt = 4y − 6et with y(0) = 5 gives y(t) = 3e4t + 2et as in Problem 1.
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 y′

y′′

 =

0 1

4 5

  y

y′

. Then λ = 1
2
(5±

√
41).

4

6 −2

2 1

 has λ1 = 5, x 1 =

2

1

, λ2 = 2, x 2 =

1

2

; rabbits r(t) = 20e5t + 10e2t,

w(t) = 10e5t + 20e2t. The ratio of rabbits to wolves approaches 20/10; e5t dominates.

5 d(v + w)/dt = dv/dt + dw/dt = (w − v) + (v − w) = 0, so the total v + w is constant. A =−1 1

1 −1

 has λ1 = 0 and λ2 = −2 with x 1 =

1

1

 and x 2 =

 1

−1

;
v(1) = 20 + 10e−2

w(1) = 20− 10e−2
.

6 λ1 = 0 and λ2 = 2. Now v(t) = 20 + 10e2t →∞ as t →∞.

7 eAt = I + t

0 1

0 0

 + zeros =

1 t

0 1

.

8 A =

 0 1

−9 6

 has trace 6, det 9, λ = 3 and 3 with only one independent eigenvector (1, 3).

9 my′′ + by′ + ky = 0 is

m 0

0 1

 y′

y

′ =

−b −k

1 0

 y′
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.

10 When A is skew-symmetric, ‖u(t)‖ = ‖eAtu(0)‖ = ‖u(0)‖. So eAt is an orthogonal matrix.
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0

 = 1
2
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2
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. Then u(t) = 1
2
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 1

−i

 =

cos t

sin t

.

12 y(t) = cos t starts at y(0) = 1 and y′(0) = 0.

13 up = A−1b = 4 and u(t) = ce2t + 4; up =

4

2

 and u(t) = c1e
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0
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.

14 Substituting u = ectv gives cectv = Aectv − ectb or (A − cI)v = b or v = (A − cI)−1b =

particular solution. If c is an eigenvalue then A− cI is not invertible.

15

1 0

0 −1

,

1 0

0 1

,

 1 1

−1 1

. In each case eAt blows up.

16 d/dt(eAt) = A + A2t + 1
2
A3t2 + 1

6
A4t3 + · · · = A(I + At + 1

2
A2t2 + 1

6
A3t3 + · · · ) = AeAt.

17 eBt = I + Bt =

1 −t

0 1

. Derivative =
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0 0

 = B.

18 The solution at time t + T is also eA(t+T )u(0). Thus eAt times eAT equals eA(t+T ).
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 et 0

0 1

 1 1
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 =

et et − 1
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.

20 If A2 = A then eAt = I+At+ 1
2
At2+ 1

6
At3+· · · = I+(et−1)A =
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.

21 eA =
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.
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