e 1.9 (a) Let z; = ¢1, 72 = ve.
i = ¢ =

T3 = v¢c=

(b) Let z, = iL, T2 = vUC.

Iok cos k¢L 4.51, = k\/I& - ’ii’vc .

i‘)_ =

= zoky/I§ - 23
. _ 1. 1:1:
T2 -— 5 15— 21 R 2

The model of (a) is more familiar since it is the pendulum equation.

¢ 1.10 (a) Let z; = ¢1, T2 = vc.

I = ¢ =vp=vc =T
. . 1, 1. v .
Ty = ‘Uc=620=—c,-['l‘,—‘ﬁ'—‘l,[,]
17, 1
= C [%-L-'tl —M-"—‘?-E-’Bz]

(b) 23 =0 = Lz; +puz} =0 = z; = 0. There is a unique equilibrium point at the origin.

e 1.12 The equation of motion is
Mj= Mg - ky -y~ c29lg]
let zy =yand z5 = 3.

k C1

. . [+)]
1= &2, I2= - pTi- rlfa s szlz‘zl +g

¢ 1.13 (a)
myj = —(ky + k2)y — cj + h(vo — )
where ¢ > 0 is the viscous friction coefficient.
(b) h(v) ~ h(vo) — h'(v0)y.
mj = —(k1 + k2)y — [c+ h'(vo)]y + h(vo)
(c) To obtain negative friction, we want ¢+ h’(vp) < 0. This can be achieved with the friction characteristic

of Figure 1.5(d) if vp is in the range where the slope is negative and the magnitude of the negative slope is
greater than c.




a? d . . .
H= ma-z-(y + Lsinf) = ma(g} + L8 cos8) = m(j + L6 cos§ — L#?sinh)

d d . N . -
V= ma-t—z(L cosf) + mg = maz(—LB sin@) + mg = —mL6sin@ — mL6® cosd + mg
Substituting V and H in the 5—equation yields

16 = VLsin@— HLcosf
—-mL?0(sin 6)® — mL*6*sin 0 cos 6 + mgL sin 6
—~mLij cos @ — mL?6(cos6)? + mL26? sin 6 cos 6
= —mL%0[(sin6)? + (cos6)?] + mgLsin6 — mLijcos 8
= —mL*§ +mgLsind — mLijjcosf
Substituting H in the j-equation yields

Mij=F-m(j+ Lécosf — Lé? sin 8) — ky

(b) )
6 _ mgLsin 8
be) [ (] ] - [ F+mLfsin6 — ky ]
where ; . Lo
= +m mL cos
b) = [ mLcosé m+M ]
det(D(6)) = (I + mL?)(m + M) - m?L? cos? § = A(6)
Hence, -1 1 m-+M —mLcosf
D7) = Xy | -mLcosf  I+ml?
é 1 m+M  —mLcos8 mgLsin§ }
[ i ] = A@) | -mLcos® I+mL? F +mL6?sin 8 — ky
(c)
.'i:l = I2
b = 6 = Kt’e? [(m + M)mgLsing - mL cos6(F +mL§"sin6 - k)]
= Z-(1—)- [(m + M)mgLsinz; — mLcoszi(u + mLzisinz; — k:z:4)]
I
I3 = T4

s = § = K?—e)- [—m2L2g sinf cosd + (I + mL?)(F + mL§®sin — k:c,'/)]
1

-A—(——) [-mszg sinz; cosz; + (I + mL®)(u+ mLzisinz; — kl‘4)]
Iy




¢ 1.16 (a)

F,= mg:_f(zc + Lsinf) = mg-t(:i:c + Lé cosh) = m(i, + L6 cosf — L6 sin6)

Fy= mg%(L cosf) = m%(—LB' sin) = —mLfsin @ — mLé* cos 6

Substituting F; and Fy in the f-equation yields
I = u+FyLsin0-F,Lc030
= u-mL*§(sin6)? — mL?6? sin 6 cos b
—mLi, cos§ — mL26(cos#)® + mL?0? sin6 cos§
= u—mL26[(sin6)? + (cos#)?] — mLz,cosb
= u—mL?) — mL&,.cosf

Substituting F; in the &.-equation yields
Mi, = —mi, — mLfcosf + mLf® sin b — kz.

Thus, .
§1_ u
D) [ Fe ] - [ mLé%sin@ — kz. ]

where
I+mL?® mLcosé }

D(®) = [ mLcos§ m+M

(b)
det(D(8)) = (I + mL?)(m + M) — m*L? cos®§ = A(6)
Hence, .
1 m+M —mLcosf
-1 —
D™ (6) = A(f) [ —mLcosf I+mL? ]

—————— |
[0}_; 1 [ m+M -mLcos6 u
Ze (6) { -mLcosf I+mlL? mL6?siné — kz. }
(c)
I = g
R .
2y = 6 = 20 [(m + M)u ~mL cos@(mL#®sin@ — kxc)]
1

| = @) [(m + M)u — mLcosz)(mLa?sinz; — kz3)] .
T3 = I4
. 1
Ty = E, = )] [—mLu cos@ + (I + mL?)(mLé?sin @ — k:rc)]

1
= 3G [-mLucosz; + (I + mL?)(mLa2sinz; — kz3))

(d) Take u = constant. Setting the derivatives &; = 0, we obtain z, = z, = 0 and

0 = (m+ M)u+mkLz;cosz,
0 = -—-mLucosz; — k(I + mL?)zs

Eliminating r3 between the two equatiohs yields
u[(m + M)(I +mL?) - m?L cos® ;] = u Alz;)=0

Since A(z:) > 0, equilibrium can be maintai
.1 . ’ ain d =
equilibrines set {71 = 25 = 4 0} ed only at u = 0. Then, z3 = 0. Thus, the system has an




