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Chapter 3

e 3.1 (1) The term |z| is not continuously differentiable at z = 0, but it is globally Lipschitz. The term
z? is continuously differentiable, but its partial derivative is not globally bounded. Thus f = z2 + |z] is
not continuously differentiable at z = 0. It is continuously differentiable on a domain that does not include
z = 0. It is locally Lipschitz, hence continuous, but not globally Lipschitz.

(2) The term sgn(z) is discontinuous at z = 0. Thus, f(z) = z + sgn(z) does not have any of the four
properties in a domain that contains z = 0.

(3) f(z) = sin(x) sgn(z) is globally Lipschitz. This can be seen as follows. .If both z and y are nonnegative,
we have

1f(z) - f()| = |sin(z) - sin(y)| < |z - y|
fz>0andy <0, vyehave

[f() = f(y)| = [sin(z} + sin(y)| = |2sin(}(z + ) cos(2(z — )| < |z — o]

Other cases can be dealt with similarly to conclude that |f(z) — fW) < |z —y| for all z,y. It follows
that f is both locally Lipschitz and continuous. It is not continuously differentiable at z = 0 because
im0+ f'(z) = +1 while lim;_,q_ fz) =-1.

(4) f(z) = —z + asinz is continuously differentiable. Hence, it is locally Lipschitz and continuous. % =
—1+acosz is globally bounded. Hence, it is globally Lipschitz.

(5) f(2) = —z + 2|z| is not continuously differentiable. It is globally Lipschitz because both z and |z} are
so. Hence, it is locally Lipschitz.

(6) f(z) = tan(z) is continuously differentiable in the open interval —7/2 < z < 7/2. Hence, it is locally
Lipschitz and continuous in the same interval. Its derivative sec? (z) is not globally bounded; hence, it is not
globally Lipschitz.

(7) The function tanh(y) is continuously differentiable and its derivative 1 /cosh?(y) is globally bounded;
hence it is globally Lipschitz. Clearly, the linear function y is both continuously differentiable and globally
Lipschitz. Hence, f has all four properties.

(8) f is not continuously differentiable due to the term lz2] in fi. Check the Lipschitz property component
by component. f; is globally Lipschitz as can be easily checked. f; is continuously differentiable, but its

. partial derivatives are not globally bounded. Hence f2 is locally Lipschitz but not globally so. Since both f;

and f, are locally Lipschitz, so is f. Since f is locally Lipschitz, it is continuous. f is not globally Lipschitz
since f2 is not so. h




e 3.4 The function f can be written as f(z) = g(z)Kzh(¢(z)) where

+ fy>p>0
h(¢) = { and ¥(z) = g(z)||K=||
) fy<p

Wi

The norm function ||Kz}} is Lipschitz since

Il - 1Kyl | < 1Kz ~ Kyll < 1K} Iz - yll

e 3.6 (a)

¢ :
z(t) = =zo+ | f(r,z(r)) dr

to't .
lz®l < Jleoll + / 1f(r2(r))]] dr
g < flzoll + /to[k1+k2nz<f>m dr

lzoll + kx (¢ ~ o) + 2 /t (o)l dr
o
By Gronwall-Bellman inequality
izl < llzoll + ka1 (2 — to) + /:[II-’L‘oII + k(s — to)k2e*207%) ds
0
Integrating by parts, we obtain
izt < llzoll explka(t — to)] + %{explkz(t —t)l -1}, Vit

(b) The upper bound on ||z(t)}] is finite for every finite ¢. It tends to oo as t — oco. Hence the solution of
the system cannot have a finite escape time.
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