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Viz) > 322 + 2120 + 22 = 3z7 [ |z
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The marrix of the quadratic form is positive definite. Hence, V(z) is positive definite for all z, and radially

unbounded.

vV = Z19(Z1)T1 + T133 + Toky + 2T0ds
gz ) (z122 — 2% — 2139 ~ 22925 — 2z3) + z2
—9(z1)(2? + 22120 + 2z2) + z3

= —g(z1)27Qz + z2

i

where Q = I i ; ] is positive definite. Since g(z;) > 1 and z7Qz > 0, we have

V < —(a} + 23122 + 223) + 22 = —(22 + 22170 + z3) = —(z; + x,)?

This shows that V is negative semidefinite. We need to apply the invariance principle.

V=0= 05—(-‘51+12)2 = 02(.’121—!‘12)2 = 1+x22=0

z1(t) + 12(t) =0 = ;t;(t)+:t2(t)=_'=0 = zo(t) =0 = z;(t) =0

Gince V(z) is radially unbounded and all the assumptions hold globally, we conclude that the origin is
globally asymptotically stable.

e 4.15 (2) The equilibrium points are the roots of the equations
O=.’L‘2. ‘0=—h1($1)—.’£2—h2(1‘3), 0=.’E2—I3

T2=0 = 23 =0 = hiz;)=0 = =0

Hence, there is a unique equilibrium point at the origin.

(b) Vv(:c) is the sum of nonnegative terms; hence V(z) > 0. To show that it is positive d:e;ﬁnite for all x,

we need to show that V(z) =0 = z = 0. Since yhi(y) > 0 for all y # 0, the integrals [ hi(y) dy and
O” ho(y) dy vanish only at z; = 0 and z3 = 0, respectively. Hence, V(z) is positive definite.

()

V= hl (l’).’L‘z + 12[—}11 (1'1) —Z9 — hz(.’l)g,)] -+ hz(.’rg)(x?_ —_ .’1:3) = —x% — x3h2(z3)
V(z) is negative semidefinite for all z, but not negative definite because V (z) = 0 when z, = z3 = 0 for any
z;. We apply the invariance principle.

Iz(t) =0 and Ig(t) =0 = hl(.’L'l(t)) =0 > Il(t) =0

Hence, the origin is asymptotically stabie.
(d) To show global asymptotic stability we need V(z) to be radially unbounded. This will be the case if the
integrals [ hi(y) dy, ¢ = 1,2, tend to infinity as |z| — cc.
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Take V(z) = az? + bz}, with ¢,b > 0. V(z) is positive definite and radially unbounded.
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V(z) =2 (a— %) T1zy — —
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Taking a = k/2 and b = M/2, we obtain
Viz) = —cyz5 — coZa|T2| <0, Vz

Moreover,

V0= zt)=0 = ;) =0
Using LaSalle’s theorem (Corollary 4.2), we conclude that the origin is globally asymptotically stable.

¢ 4.18 The system has an equilibrium point at y = Mg/k and § = 0. Let z; = y — Mg/k and z, = ¢.




