


where h(q2) is a smooth monotonic function which maps
(−R, R) onto (−∞, +∞) with the first derivative (with
respect to q2) strictly larger than a positive real number and
such that h(0) = 0, then

ż2 = v�
1Lg1z2 + u2Lg2z2 + bv�

1Lg3z2 = v�
1Lg1z2, (5)

where Lgizj is Lie derivative of zj along gi. Hereafter L
means Lie derivative in this paper.

Introducing
z3 = Lg1z2 − α3,

if Lg1z2 were the actual control input, one had z3 ≡ 0 and
Lg1z2 ≡ α3. Let Lyapunov function

V2 =
1
2
z2

2 ,

to make
V̇2 = −k2z

2
2v�

1 ,

we choose
α3 = −k2z2, (6)

where constant k2(> 0) is a design parameter.
Since Lg1z2 is not the control, z3 �≡ 0. So

V̇2 = −k2z
2
2v�

1 + z2z3v
�
1 .

The second term z2z3v
�
1 will be cancelled at the next step.

The closed-loop system (5) with (6) is

ż2 = −k2z2v
�
1 + z3v

�
1 . (7)

And

ż3 = v�
1L2

g1
z2 − k2

2z2v
�
1 + k2z3v

�
1 + bv�

1Lg3Lg1z2. (8)

Step 2: Introducing z4 = L2
g1

z2−α4, let Lyapunov function

V3 =
1
2

(z2
2 + z2

3) +
1
2
γŠ 1

1 (̂b − b)2,

where constant γ1(> 0) is a design parameter, then

V̇3 = −k2z
2
2v�

1 + z3(z4 + z2 − k2
2z2 + k2z3 + b̂Lg3Lg1z2

+α4)v�
1 + γŠ 1

1 (̂b − b)(˙̂
b − γ1v

�
1z3Lg3Lg1z2).

If L2
g1

z2 were the actual control input, one had z4 ≡ 0. To
make

V̇3 = −k2z
2
2v�

1 − k3z
2
3v�

1 ,

we would choose
˙̂
b = ζ1,

α4 = −(k2 + k3)z3 − (1 − k2
2)z2 − b̂Lg3Lg1z2, (9)

where
ζ1 = γ1v

�
1z3Lg3Lg1z2,

constant k3(> 0) is a design parameter.
Since L2

g1
z2 is not the control, z4 �≡ 0 and we do not use

˙̂
b = ζ1 as an update law in the control. Then

V̇3 = −k2z
2
2v�

1 − k3z
2
3v�

1 + z3z4v
�
1 + γŠ 1

1 (̂b − b)(˙̂
b − ζ1).

The third term z3z4v
�
1 will be cancelled at the next step. The

closed-loop system (8) with (9) is

ż3 = −k3z3v
�
1 + z4v

�
1 − z2v

�
1 + (b − b̂)v�

1Lg3Lg1z2.

And

ż4 = v�
1L3

g1
z2 + (k2 + k3)z4v

�
1 − (k2k3 + k2

3 − 1

+k2
2)z3v

�
1 − (2k2 − k3

2 + k3)z2v
�
1 + ˙̂

bLg3Lg1z2

+b̂v�
1Lg1Lg3Lg1z2 + (k2 + k3)(b − b̂)v�

1Lg3Lg1z2

+b̂bv�
1L2

g3
Lg1z2 + bv�

1Lg3L
2
g1

z2 + b̂u2Lg2Lg3Lg1z2.

Step 3: Introducing ũ2 = u2 − α5, let Lyapunov function

V4 =
1
2

(z2
2 + z2

3 + z2
4) +

1
2
γŠ 1

1 (̂b − b)2,

then

V̇4 = −k2z
2
2v�

1 − k3z
2
3v�

1 + z4[z3v
�
1 + v�

1L3
g1

z2 + (k2
+k3)z4v

�
1 − (k2k3 + k2

3 − 1 + k2
2)z3v

�
1 − (2k2

−k3
2 + k3)z2v

�
1 + ˙̂

bLg3Lg1z2 + b̂v�
1Lg1Lg3Lg1z2

+b̂2v�
1L2

g3
Lg1z2 + b̂v�

1Lg3L
2
g1

z2 + b̂(ũ2

+α5)Lg2Lg3Lg1z2] + γŠ 1
1 (̂b − b)(˙̂

b
−γ1(z3v

�
1Lg3Lg1z2 + z4[(k2 + k3)v�

1Lg3Lg1z2

+b̂v�
1L2

g3
Lg1z2 + v�

1Lg3L
2
g1

z2])).

If u2 were the actual control input, one had ũ2 ≡ 0. The
update law of b̂ is chosen as

˙̂
b =

⎧⎪⎨
⎪⎩

ζ2 − δ1(̂b − b0),
if b̂ ∈ (bl, bu), or b̂ = bl, ζ2 ≥ 0,

or b̂ = bu, ζ2 ≤ 0;
−δ1(̂b − b0), if b̂ = bl, ζ2 < 0, or b̂ = bu, ζ2 > 0

(10)
where bl = 1/lmax and bu = 1/lmin, constants δ1(> 0) and
b0(∈ (bl, bu)) are design parameters, and ζ2 is defined by

ζ2 = ζ1+γ1z4v
�
1 [(k2+k3)Lg3Lg1z2+b̂L2

g3
Lg1z2+Lg3L

2
g1

z2].

The virtual control α5 is chosen as

α5 = [−k4z4v
�
1 − z3v

�
1 − v�

1L3
g1

z2 − (k2 + k3)z4v
�
1

+(k2k3 + k2
3 − 1 + k2

2)z3v
�
1 + (2k2 − k3

2 + k3)z2v
�
1

+Π − b̂v�
1Lg1Lg3Lg1z2 − b̂2v�

1L2
g3

Lg1z2

−b̂v�
1Lg3L

2
g1

z2]/(̂bLg2Lg3Lg1z2)

where

Π = −(
√

1 + ζ2
2 + δ1

√
1 + (̂b − b0)2)Lg3Lg1z2×

tanh(z4(
√

1 + ζ2
2 + δ1

√
1 + (̂b − b0)2)Lg3Lg1z2)/δ2),

constants k4(> 0) and δ2(> 0) are design parameters. α5 is
the third stabilizing function. Then

V̇4 ≤ −k2z
2
2v�

1 − k3z
2
3v�

1 − k4z
2
4v�

1 −
γŠ 1

1 δ1

2
(̂b − b)2

−
γŠ 1

1 δ1

2
(̂b − b0)2 +

γŠ 1
1 δ1

2
(b − b0)2 + ρδ2,

where ρ satisfies ρ = eŠ (ρ+1)(i.e., ρ = 0.2785) [14].
Remark 2:By the relation between z and q, boundedness

of z2, z3 and z4 guarantees that q2 ∈ (−R, R), q3 ∈



zi(2 ≤ i ≤ 4), ũ, (̂b − b), and (ĉ − c) are uniformly bounded
and exponentially converge to a small ball. The radius of the
ball can be adjusted by the design parameters γi(1 ≤ i ≤ 2),
δ1, b0, c0, and δ2.

With the aid of the state transformation and Theorem 1,
one has the following result.

Theorem 2:With the controller (13) and the update laws
b̂ and ĉ defined in (10) and (14), respectively, if |q2(0)| <
R, |q3(0)| �= π/2, |q4(0)| �= π/2, and v�

1(t) ≥ εv > 0,
then qi(2 ≤ i ≤ 4), (v1 − v�

1), (̂b − b), and (ĉ − c) are
uniformly bounded and converge to a small ball containing
the origin. The radius of the ball can be adjusted by the design
parameters.

Proof: By Theorem 1, zi(2 ≤ i ≤ 4), ũ, (̂b − b), and
(ĉ−c) are uniformly bounded and exponentially converge to a
small ball. By calculation, it can be proved that qi(2 ≤ i ≤ 4)
and (v1 −v�

1) are uniformly bounded and converge to a small
ball.

B. Discussions

If |q2(0)| < R, in order to make q2 ∈ (−R, R) all the
time, z2 = h(q2) is introduced in Step 1. With the condition
imposed on h(q2), if z2 is bounded, q2 ∈ (−R, R). Therefore,
the definition of point Q is unique and d is well defined in
the control. If R < ∞, one choice of h(q2) is

h(q2) =
2R

π
tan(

πq2

2R
).

Specially, if curv(s) = 0, one can choose h(q2) = q2. If
|q3(0)| < π/2 and |q4(0)| < π/2, the proposed controller will
make |q3| < π/2 and |q4| < π/2 all the time. If |q2(0)| ≥ R
or |q3(0)| = π/2 or |q4(0)| = π/2, one can first use an
open-loop control law to make the robot move into the region
that the proposed controller can be applied, then apply the
proposed controller.

Unknown parameters b(= 1/l) and c(= 1/r) are updated
by the adaptive laws (10) and (14), respectively. They guar-
antee that b̂ ∈ [bl, bu] and ĉ ∈ [cl, cu].

The control parameters are ki(2 ≤ i ≤ 4), Kp, γi(1 ≤ i ≤
2), δ1, δ2, b0, and c0. Large values of ki(2 ≤ i ≤ 4) and Kp
make qi(2 ≤ i ≤ 4) and (v1 − v�

1) converge quickly to the
small ball. Small values of γŠ 1

i δ1(1 ≤ i ≤ 2) and δ1 make
the radius of the ball small. Parameters b0 and also affect the
radius of the small ball. If b0 and c0 are close to b and c,
respectively, the tracking error will be small. Therefore, in
order to make qi(2 ≤ i ≤ 4) and (v1 − v�

1) converge quickly
to the origin, one can make ki(1 ≤ i ≤ 4), Kp, γi(1 ≤ i ≤ 2)
large and δ1 small.

V. SIMULATION

In order to verify the validity of the proposed controller,
Simulations were done with MATLAB. We assume the mobile
robot has the following real parameters: m = 1, I = 1, l =
1.3, r = 0.4 where m is the mass of the robot, I is the
inertia moment around point P. In the simulation, m, I , l and
r are not known. However, we know lmin = 0.8, lmax = 1.4,

rmin = 0.2 and rmax = 0.6. During the control, the given
path is assume to be a circle with radius 5m and v�

1 = 3m/s.
The initial conditions q(0) = [0, 1, −0.7328, −0.041]T and
v(0) = [0, 0]T . With the proposed control law, we choose
the control parameters as follows. k1 = 1, k2 = 1, k3 = 1,
k4 = 1, kp = diag[1, 1], δ1 = 0.1, δ2 = 0.1, γ1 = 1, γ2 = 1,
b0 = 0.91, c0 = 2, b̂(0) = 0.91 and ĉ(0) = 2. Figs. 2, 3
and 4 show the responses of d, θ and (v1 − v�

1). From the
results, it is shown that d, θ and (v1 −v�

1) converge to a small
ball containing the origin. Figs. 5 and 6 show the responses
of b̂ and ĉ. It is shown that they are bounded. Especially, b̂
and ĉ do not go through zero. Fig. 7 show the desired path
and the real path in X-Y plane. The control inputs calculated
from the control law are bounded and not large. They can be
realized by typical mobile actuators. These simulation results
show that the proposed controller is effective.

VI. CONCLUSION

In this paper, the tracking control of a nonholonomic
wheeled robot with parameter uncertainty and non-parameter
uncertainty was considered. A robust adaptive controller was
proposed with the aid of adaptive backstepping and robust
control techniques. Simulation results demonstrated the ef-
fectiveness of the proposed controllers.
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Fig. 2. Response of d.
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Fig. 3. Response of θ.




