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Outage Probabilities of Wireless Systems With
Imperfect Beamforming
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Abstract—This paper investigates the outage probability of a
wireless system with conventional beamforming using a uniform
linear array beamformer. The focus is to examine the impact
of beamforming impairments, such as direction-of-arrival (DOA)
estimation errors, signal spatial spreads, antenna array pertur-
bation, and mutual coupling. Fading statistics of Rayleigh, Ri-
cian, and Nakagami are used to characterize the desired signal,
whereas interferers are assumed to be subject to Rayleigh fading.
A simplified beamforming model is used in deriving closed-form
outage probability expressions. Numerical results illustrate the
increase of outage probabilities in the presence of DOA estimation
errors, signal spatial spreads, and antenna perturbation. However,
negligible outage performance impact is observed due to mutual
coupling.

Index Terms—Array perturbation, beamforming, direction-
of-arrival (DOA) estimation errors, mutual coupling, Nakagami
fading, outage probability, Rayleigh fading, Rician fading, signal
spatial spreads.

I. INTRODUCTION

ANTENNA array techniques are based on utilizing multiple
antenna elements to achieve performance and capacity

enhancement without the need for additional power or spectrum
[1]. There are two categories of antenna array techniques:
diversity and beamforming. Diversity and beamforming differ
in the spacing requirement among antenna elements. Diversity
techniques use a number of antennas that are separated far apart
from each other [2]. This approach was first developed for the
receiver side, and lately, it has been used at the transmitter
side. Transmit antenna diversity and receive antenna diversity
can also be implemented at the same time. Space-time coding,
which is a popular technique nowadays, is developed based
on transmit diversity [3]. The second category of antenna
array techniques is beamforming. This technique uses several
antenna elements that are placed very close to each other to
form an antenna beam [4], [5]. The beam can be steered to
focus most signal energy toward a desired direction. At the
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same time, it reduces interference in other directions. There
has been extensive research in beamforming for future wireless
systems [6]–[8]. In this paper, beamforming techniques will be
investigated.

Beamforming can be implemented through conventional
beamforming, minimum-variance distortionless response
(MVDR) beamforming, or linear constrained minimum-
variance (LCMV) beamforming [4]. The MVDR beamforming
is also known as “optimum beamforming.” The LCMV
beamforming is developed from MVDR beamforming with
additional linear constraints to improve its robustness [4].
In implementing conventional beamforming, the antenna
mainlobe is steered toward a desired signal. In MVDR
beamforming, an antenna pattern is formed to maximize the
output signal-to-interference-plus-noise ratio (SINR) while
maintaining a constant gain in the direction of the desired signal
[9]. The MVDR beamforming is sensitive to direction-of-
arrival (DOA) estimation errors, and its performance decreases
significantly when an interferer is inside the mainlobe [4]. The
LCMV beamforming can be implemented by placing nulls
in the directions of the interferers when multiple interferers
are considered [4], [10]–[12]. One limitation of the LCMV
beamforming is that the number of antenna elements has to
exceed the number of nulls by one [5]. In this paper, we focus
on the conventional beamforming in investigating the outage
probability performance of wireless systems.

The outage probability is an important performance measure
for wireless systems. Performance in terms of the outage proba-
bility has been investigated for systems using antenna diversity
techniques, and in [13] and [14], several diversity-combining
schemes and various fading scenarios are considered.
A generalized moment-generation-function (MGF) method
was proposed to calculate the outage probability for the diver-
sity systems in [15]. The outage probability of wireless systems
with beamforming has also been investigated [10]–[12]. In [10],
the interferers are assumed to be Rayleigh faded, and the fading
statistics of the desired signal follows a Rayleigh, Rician, or
Nakagami distribution. In [11], the desired signal is subject
to Rician fading, and the interferers are subject to Nakagami
fading. In a recent paper [12], closed-form outage probability
expressions are derived for scenarios where both the desired
signal and the interferers are subject to Rayleigh, Rician, or
Nakagami fading.

All these beamforming related studies [10]–[12] assume that
an LCMV beamformer is used. The LCMV beamformer can
perfectly cancel the NI strongest interferers and while all other
interferers remain, where NI is determined by the number of
antenna elements. This paper differs from previous research in
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Fig. 1. ULA.

two aspects: First, the beam pattern of a conventional beam-
former is used in the derivation of the outage probability ex-
pressions. Second, rather than assuming perfect beamforming,
impairments in beamforming, such as DOA estimation errors,
spatial spreads, array perturbation, and mutual coupling, are
considered in outage performance evaluations. In the succeed-
ing sections, closed-form outage probabilities will be derived
for scenarios with a Rayleigh, Rician, or Nakagami signal and
Rayleigh interferers.

The remainder of this paper is organized as follows: The
system model is given in Section II. A simplified beamforming
model is also introduced in this section. Outage probability
expressions are derived in Section III, considering ideal beam-
forming. The impact of beamforming impairments is investi-
gated in Section IV. Numerical results are given in Section V,
and finally, conclusions are drawn in Section VI.

II. SYSTEM MODEL

A. Beamforming

While few antenna elements could be installed at a mobile
station, large antenna arrays can be implemented at a base
station. At a base station, receive beamforming for each desired
signal could be implemented independently without affecting
the performance of the other links [16]–[18]. A uniform linear
array (ULA) in a two-dimensional environment is considered
and shown in Fig. 1. The distance d between the antenna
elements is assumed to be 0.5λ, where λ is the carrier wave-
length, and θ is an arrival angle of incident waves. In the
ULA system, a combining network connects an array of low-
gain antenna elements and could generate an ideal antenna
pattern [17], [19] of

G(ψ, θ) =
∣∣∣∣ sin(0.5Mπ (sin θ − sinψ))M sin (0.5π(sin θ − sinψ))

∣∣∣∣
2

(1)

whereM is the number of antenna elements, and ψ is a scan an-
gle. The beam could be steered to a desired direction by varying
ψ. In the remainder of this paper, we will use the antenna pattern
specified in (1) to evaluate the outage probability of systems
with receive beamforming in reverse-link transmissions.

B. Introduction of Simplified and Accurate
Beamforming Model

The complexity considering the exact beam pattern can be
high, especially for performance evaluation under beamforming

impairments such as DOA estimation errors, due to multiple
integrals. A simple Bernoulli model, in which a signal is
considered to be within a mainlobe (G = 1) or out of the
mainlobe (G = 0), and the half-power beamwidth is defined
as the beamwidth, is introduced in [20]. This model is easy to
use, but it neglects the impact of sidelobes and the effect of any
specific beam patterns. Spagnolini [21] provides a beamform-
ing model with a triangular pattern to characterize the mainlobe
of a beam. In [22], an accurate, yet simple, beamforming model
is developed to account the impact of sidelobes and the real
beam patterns. In examining interference, this model simplifies
the beam pattern to a flat mainlobe and a flat sidelobe. There
are two parameters associated with the model: mainlobe width
B (normalized by 2π) and sidelobe gain α. The two parameters
are determined based on a given beam pattern as

α =
E
[
G2(ψ, θ)

]
− E [G(ψ, θ)]

E [G(ψ, θ)]− 1 (2)

and

B =
E
[
G2(ψ, θ)

]
− E2 [G(ψ, θ)])

E [G2(ψ, θ)] + 1− 2E [G(ψ, θ)] (3)

where E[G(ψ, θ)] and E[G2(ψ, θ)] are the antenna gain and
square of the antenna gain, respectively, averaged with respect
to the uniformly distributed random variables ψ and θ in the
region from 0 to 2π. In this simplified beamforming model,
there are two beam patterns: One is an exact beam pattern
that is used to evaluate the desired signal [Fig. 2(a)], and the
other is a simplified beam pattern for the interferers [Fig. 2(b)].
When the beamforming impairments are considered, α and B
will be adjusted to reflect the impact of the impairments. We
will also show in Sections III-D and V that outage probability
evaluations using actual beam patterns agree very well with
those based on the simplified beamforming model.

C. Outage Probability

In interference-limited wireless systems, adequate signal-to-
interference ratio (SIR) is essential for successful communi-
cations [23], [24]. Therefore, the outage probability, which is
defined as the probability of failing to achieve a SIR ratio
sufficiently to give satisfactory reception, is an appropriate
measure to evaluate the performance of the wireless system.
Mathematically, the outage probability Pout is defined as

Pout =

γth∫
0

pγ(γ)dγ (4)

where γ is the instantaneous SIR, and γth is the required
threshold. γ is related to x and y, where x is the power of the
desired signal and y is the interference power. In this paper,
we consider that the desired signal follows a Rayleigh, Rician,
or Nakagami fading, and each interferer follows a Rayleigh
distribution.

There are other performance criterions such as bit error
rates and symbol error rates in evaluating wireless system
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Fig. 2. Simplified model for beamforming with an arrival angle of θ = 30◦.
(a) Signal model. (b) Interference model.

performance. These performance measures and results are re-
lated to specific modulation schemes. Therefore, in this paper,
we focus on the outage probability evaluation for beamforming
systems.

III. DERIVATION OF OUTAGE PROBABILITY, CONSIDERING

PERFECT BEAMFORMING

In this section, the outage probability will be derived, con-
sidering perfect beamforming. We will start with a simple case

with only one interferer. We will next investigate a scenario
with multiple interferers, considering actual beam patterns.
Finally, the simplified beamforming model will be used to
examine the multiple-interferer scenario.

A. Outage Probability Under a Single Interferer

We first analyze a simple case where there is one interferer.
The desired signal is subject to Rayleigh fading, and its power
x follows an exponential distribution given by

px(x) =
1
X
exp
(
− x
X

)
, x � 0 (5)

where X is the mean of x, X = E[x]. The interferer is also
assumed to be Rayleigh faded, and its power y follows an
exponential distribution with mean Y given by

py(y) =
1
Y
exp
(
− y
Y

)
, y � 0. (6)

Let γ = x/y denote the SIR. The probability density function
(pdf) of the SIR can be found as

pγ(γ) =

∞∫
0

ypx(γy)py(y)dy =
X
Y(

X
Y + γ

)2 . (7)

Considering an interference-limited system, the outage proba-
bility is

Pout =

γth∫
0

pγ(γ)dγ = 1−
1

γthY
X + 1

. (8)

When beamforming is used, the mean power of the interferer
will be Y G(ψ, θ). Therefore, the outage probability becomes

Pout(ψ, θ) = 1−
1

γthY G(ψ,θ)
X + 1

=1− 1
γthY |sin(0.5Mπ(sin θ−sinψ))|2
X|M sin(0.5π(sin θ−sinψ))|2 + 1

. (9)

Notice that the mean power of the desired signal is still X
since perfect beamforming is assumed (the mainlobe is steered
toward the desired signal), and the normalized antenna gain is 1.
Defined a normalized “average” SIR

SIR =
X

γthY
(10)

the outage probability becomes

Pout(ψ, θ) = 1−
1

G(ψ,θ)
SIR + 1

=1− 1
|sin(0.5Mπ(sin θ−sinψ))|2

SIR|M sin(0.5π(sin θ−sinψ))|2 + 1
(11)

where ψ and θ are two random variables uniformly distributed
within 0 and 2π. Therefore, the average outage probability
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using an actual beam pattern is calculated as

Pout =

2π∫
0

2π∫
0

Pout(ψ, θ)
4π2

dψdθ

=

2π∫
0

2π∫
0

1− 1
|sin(0.5Mπ(sin θ−sinψ))|2

SIR|M sin(0.5π(sin θ−sinψ))|2 +1

4π2
dψdθ. (12)

Equation (12) can be numerically evaluated. We can also use the
simplified model (Section II-B) to account the impact of beam-
forming [22] in calculating the outage probability. According
to the simplified model, if an interferer falls into the mainlobe
of the beam, using (11), the system outage probability is given
by the following by setting G(ψ, θ) to 1:

Pout(mainlobe) = 1− 1
1

SIR + 1
(13)

and if the interferer falls in the sidelobe, the system outage
probability is

Pout(sidelobe) = 1− 1
α

SIR + 1
. (14)

Since the probability of an interferer falling in the mainlobe is
B, the average outage probability using the simplified model
becomes

Pout =BPout(mainlobe) + (1−B)Pout(sidelobe)

=B
(
1− 1

1
SIR + 1

)
+(1−B)

(
1− 1

α
SIR + 1

)
. (15)

B. Outage Probability Under Multiple Interferers: Using an
Actual Beam Pattern

In Section III-A, we examined a simple single-interferer case
using two evaluation approaches: First, we considered an actual
beam pattern in calculating the outage probability (12), and
then, a simplified model is used in (15). We now investigate
cases with multiple interferers. In this subsection, we derive
the outage probability using actual beam patterns. Evaluations
using the simplified beamforming model will be presented in
Section III-C.

If we assume that all the interferers are uniformly distributed
geographically, the probability that any two interferers i and
j have exactly the same arrival angle is equal to zero. There-
fore, interferers i and j are considered to have different mean
signal power levels Y G(ψi, θ) and Y G(ψj , θ). In other words,
the mean powers of all the interferers are mutually different.
In [23], the outage probability of microcellular mobile sys-
tems is derived, and two interference scenarios are considered:
One is with the same mean power for all interferers, and the
other is with mutually different mean powers. If both desired
signal and interferers are subject to Rayleigh fading and their

mean powers are mutually different, the pdf of the SIR can be
found as (7), [23]

pγ(γ) =
N∑
i=1

bi
(γ + bi)2

N∏
j=1,j �=i

bj
bj − bi

(16)

in which N is the number of interferers, and

bi =
X

G(ψi, θ)Y
. (17)

Therefore, the conditional outage probability is

Pout(ψ1, ψ2, . . . , ψN , θ)

=

γth∫
0


 N∑
i=1

bi
(γ + bi)2

N∏
j=1,j �=i

bj
bj − bi


 dγ

=
N∑
i=1

(
1− 1

1 + γth
bi

)
N∏

j=1,j �=i

bj
bj − bi

=
N∑
i=1

(
1− 1

1 + G(ψi,θ)
SIR

)
N∏

j=1,j �=i


 1

1− G(ψj ,θ)
G(ψi,θ)


. (18)

Considering that all the interferers are uniformly distributed in
all directions, we integrate the conditional outage probability
(18) and get the average outage probability as

Pout =

2π∫
0

2π∫
0

· · ·
2π∫
0

2π∫
0

Pout(ψ1, ψ2, . . . , ψN , θ)
(2π)N+1

× dψ1dψ2 · · · dψNdθ

=

2π∫
0

2π∫
0

· · ·
2π∫
0

2π∫
0

1
(2π)N+1

×


 N∑
i=1

(
1− 1

1 + G(ψi,θ)
SIR

)
N∏

j=1,j �=i


 1

1− G(ψj ,θ)
G(ψi,θ)






× dψ1dψ2 · · · dψNdθ. (19)

Equation (19) can be numerically calculated, considering actual
beam patterns, to evaluate the outage probability of wireless
systems with beamforming. However, due to the complexity
of the actual beamforming patterns, no closed-form results can
be derived from (19), and the multiple integrals remain. This
prohibits obtaining numerical results for most systems with a
reasonable number of interferers. In the following section, a
simplified beamforming model will be used to derive closed-
form solutions.

C. Outage Probability Under Multiple Interferers: Using the
Simplified Beamforming Model

We now evaluate the outage probability under multiple inter-
ferers using the simplified model. Nm interferers are assumed
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to be within the mainlobe and Ns interferers within the side-
lobe. All these interferers are assumed to be Rayleigh faded and
have the same mean power, which follows (6). The total power
of the Nm interferers ym follows a chi-square distribution

pym(ym) =
yNm−1
m

(Nm − 1)!Y Nm exp
(
−ym
Y

)
(20)

and its MGF is

Mym(s) =

∞∫
0

pym(ym)e
symdym =

1
(1− sY )Nm . (21)

Similarly, the total power of Ns interferers ys follows a chi-
square distribution

pys(ys) =
yNs−1
s

(Ns − 1)!(αY )Ns
exp
(
− ys
αY

)
(22)

and its MGF is

Mys(s) =

∞∫
0

pys(ys)e
sysdys =

1
(1− sαY )Ns . (23)

The total power of Nm +Ns interferers y is the sum of ym
and ys. The pdf of y is a convolution of (20) and (22), and its
corresponding MGF is

My(s) =Mym(s) ·Mys(s) =
1

(1− sY )Nm(1− sαY )Ns .
(24)

Equation (24) can be rewritten as

My(s) =
Nm∑
k=1

Ck
(1− sY )k +

Ns∑
l=1

Dl
(1− sαY )l (25)

where coefficients Ck and Dl are

Ck = (1− α)−(Ns+k−1)αk−1 (Ns + k − 2)!
(k − 1)!(Ns − 1)!

(26)

and

Dl = αNm(α− 1)−(Nm+l−1) (Nm + l − 2)!
(l − 1)!(Nm − 1)! . (27)

From the closed-form MGF of y, we get its pdf as

py(y) =
Nm∑
k=1

Ck
yk−1

(k − 1)!Y k exp
(
− y
Y

)

+
Ns∑
l=1

Dl
yl−1

(l − 1)!(αY )l
exp
(
− y

αY

)
. (28)

Inserting (28) into (7), the pdf of SIR can be expressed as
follows:

pγ(γ) =

∞∫
0

ypx(γy)
Nm∑
k=1

Ck
yk−1

(k − 1)!Y k exp
(
− y
Y

)

+ ypx(γy)
Ns∑
l=1

Dl
yl−1

(l − 1)!(αY )l
exp
(
− y

αY

)
dy

=
Nm∑
k=1

Ck

∞∫
0

ypx(γy)
yk−1

(k − 1)!Y k exp
(
− y
Y

)
dy

+
Ns∑
l=1

Dl

∞∫
0

ypx(γy)
yl−1

(l − 1)!(αY )l exp
(
− y

αY

)
dy.

(29)

Comparing (29) with (7) and (20), we obtain

pγ(γ) =
Nm∑
k=1

Ckpγ|k,Y (γ|k, Y ) +
Ns∑
l=1

Dlpγ|l,αY (γ|l, αY )

(30)

where

pγ|k,Y (γ|k, Y ) =
∞∫

0

ypx(γy)
yk−1

(k − 1)!Y k exp
(
− y
Y

)
dy

(31)

and

pγ|l,αY (γ|l, αY )=
∞∫

0

ypx(γy)
yl−1

(l − 1)!(αY )l
exp
(
− y

αY

)
dy.

(32)

Notice that pγ|k,Y (γ|k, Y ) and pγ|l,αY (γ|l, αY ) are the pdf of
the SIR under k Rayleigh-faded interferers, each with mean
power Y , and l Rayleigh-faded interferers, each with mean
power αY , respectively. Therefore, using the simplified beam-
forming model, the outage probability under multiple interfer-
ers can be derived by integrating the pdf expressed in (30)

Pout(Nm, Ns) =

γth∫
0

pγ(γ)dγ

=
Nm∑
k=1

CkPout|k,Y +
Ns∑
l=1

DlPout|l,αY (33)

where Pout|k,Y and Pout|l,αY are the outage probabilities under
k and l Rayleigh-faded interferers each with mean power Y and
αY , respectively. So far, in the derivations in this section, we
have assumed Rayleigh-faded interferers. The distribution of
the desired signal is not specified. In the following subsection,
we derive the exact outage probability expressions where the
desired signal is subject to Rayleigh, Rician, or Nakagami
fading.
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1) Desired Signal: Rayleigh Fading: Following (33) and
[24], we are able to get a closed-form outage probability
expression when there are Nm interferers within the mainlobe
and Ns interferers within the sidelobe, as given by

Pout(Nm, Ns) =
Nm∑
k=1

Ck

(
1− 1(

1 + 1
SIR

)k
)

+
Ns∑
l=1

Dl

(
1− 1(

1 + α
SIR

)l
)
. (34)

The expression can be simplified for special cases. ForNs = 0,
we have

Pout(Nm, 0) = 1−
1(

1 + 1
SIR

)Nm (35)

and for Nm = 0, we have

Pout(0, Ns) = 1−
1(

1 + α
SIR

)Ns . (36)

2) Desired Signal: Rician Fading: The envelope of the de-
sired signal follows a Rician distribution, and its corresponding
power has a noncentral chi-square distribution with two degrees
of freedom

px(x) =
(1 +Kd)e−Kd

X

× exp
(
− (1 +Kd)x

X

)
I0

(
2

√
Kd(1 +Kd)x

X

)
(37)

whereKd is a Rician-fading parameter that ranges from 0 to ∞
and I0(·) is the modified Bessel function of the first kind and
order zero. Following (33) and [24], we get the closed-form
outage probability

Pout(Nm, Ns)

=
Nm∑
k=1

Ck exp

(
− Kd

1 + Kd+1
SIR

)(
1

1 + SIR
Kd+1

)

×
k−1∑
n=0

(
1

1 + (Kd+1)
SIR

)n n∑
j=0

(
n

n− j

)
1
j!

(
Kd

1 + SIR
(Kd+1)

)n

+
Ns∑
l=1

Dl exp

(
− Kd

1 + α(Kd+1)
SIR

)(
1

1 + SIR
α(Kd+1)

)

×
l−1∑
n=0

(
1

1 + α(Kd+1)
SIR

)n

×
n∑
j=0

(
n

n− j

)
1
j!

(
Kd

1 + SIR
α(Kd+1)

)n
. (38)

The expression is simplified for special cases. For Ns = 0,
we have

Pout(Nm, 0) = exp

(
− Kd

1 + Kd+1
SIR

)(
1

1 + SIR
Kd+1

)

×
Nm−1∑
n=0

(
1

1 + (Kd+1)
SIR

)n n∑
j=0

(
n

n− j

)
1
j!

(
Kd

1 + SIR
(Kd+1)

)n

(39)

and for Nm = 0, we have

Pout(0, Ns) = exp

(
− Kd

1 + α(Kd+1)
SIR

)(
1

1 + SIR
α(Kd+1)

)

×
Ns−1∑
n=0

(
1

1 + α(Kd+1)
SIR

)n n∑
j=0

(
n

n− j

)
1
j!

(
Kd

1 + SIR
α(Kd+1)

)n
.

(40)

3) Desired Signal: Nakagami Fading: The envelope of the
desired signal follows a Nakagami distribution, and its corre-
sponding power has a Gamma distribution

px(x) =
mmdd x

md−1

XmdΓ(md)
exp
(
−md
X
x
)

(41)

where Γ(·) is the Gamma function, and md is a parameter
of Nakagami fading. 1/md is the amount of fading, which is
defined as the ratio of variance to the square of the mean of the
received energy. Following (33) and [23], we get the closed-
form outage probability

Pout(Nm, Ns)

=
Nm∑
k=1

Ck
Γ(md + k)
mdΓ(k)Γ(md)

(md
SIR

)−md
× 2F1

(
md + k,md, 1 +md,−

md
SIR

)

+
Ns∑
l=1

Dl
Γ(md + l)
mdΓ(l)Γ(md)

(mdα
SIR

)−md
× 2F1

(
md + l,md, 1 +md,−

mdα

SIR

)
(42)

where 2F1(., ., ., .) is the Gauss hypergeometric function de-
fined in [25]

2F1(a, b, c, z) =
Γ(c)

Γ(a)Γ(b)

∞∑
n=0

Γ(a+ n)Γ(b+ n)
Γ(c+ n)

· z
n

n!
.

(43)
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Fig. 3. Accuracy of the simplified beamforming model. The number of
antenna elements is M = 4.

The outage probability expression is simplified for special
cases. For Ns = 0, we have

Pout(Nm, 0) =
Γ(md +Nm)
mdΓ(Nm)Γ(md)

(md
SIR

)−md
×2F1

(
md +Nm,md, 1 +md,−

md
SIR

)
(44)

and for Nm = 0, we have

Pout(0, Ns) =
Γ(md +Ns)
mdΓ(Ns)Γ(md)

(mdα
SIR

)−md
×2F1

(
md +Ns,md, 1 +md,−

mdα

SIR

)
. (45)

So far, we have considered three different fading scenarios
for the desired signal. The conditional outage probabilities for
the given Nm and Ns have been derived. Considering that
N interferers N = Nm +Ns are uniformly distributed in all
directions, the average outage probability using the simplified
beamforming model is

Pout =
N∑

Nm=0

(
N

Nm

)
BNm(1−B)N−NmPout(Nm, N −Nm).

(46)

The preceding expression gives the outage probability of a
wireless system with beamforming, where α and B are deter-
mined based on actual beam patterns.

D. Accuracy of the Simplified Model

We use (19) (multiple integrals) and (46) (an expression
derived based on a simplified beamforming model) to calculate
the outage probabilities of wireless systems with beamforming.
The numerical results are shown in Fig. 3. It can be seen
that the evaluation results using the simplified model match

those using the actual beam pattern very well. Notice that in
Fig. 3, only one, two, or three interferers are considered. The
results for a larger number of interferers are not obtained due
to the computational complexity of multiple integrals in the
case of considering actual beam patterns (19). However, it is
easy to obtain the results for cases with larger numbers of
interferers using the simplified model. This also indicates the
need to develop and use the simplified beamforming model. The
accuracy of the simplified beamforming model is investigated
in the Appendix, which concludes that the model becomes more
accurate at higher SIR.

IV. CONSIDERATION OF BEAMFORMING IMPAIRMENTS

In the previous sections, closed-form outage probability ex-
pressions for wireless systems with beamforming have been de-
rived using a simplified beamforming model. These analytical
results are based on perfect beamforming conditions. However,
a variety of impairments exist in practical beamforming systems
[22], [26]–[29]. In [22], the impairments of beamforming,
including DOA estimation errors, spatial spreads, array pertur-
bation, and mutual coupling, are analyzed. All the impairments
will affect the shape of beam patterns or antenna gains. Notice
that in the simplified beamforming model, only α and B need
to be modified according to the change of beam patterns.
The outage probability expression (46) is still valid. For each
beamforming impairment, α and B are uniquely determined
based on the shape-changed beam pattern, and their values will
be reevaluated. Equation (46) will then be used to calculate
the outage probability. In the next four subsections, we will
investigate the impacts of each beamforming impairment on the
outage probability of wireless systems.

A. DOA Estimation Error

In the implementation of beamforming, DOA, which is used
to steer the beams toward the desired signals, is usually ob-
tained through estimation algorithms [4], [17]. Any error in
estimating the arrival angles will cause the antenna array to
point away from the desired signal and will lead to a reduction
of the received power of the desired signal. In this section,
the impact of DOA mismatch on the beamforming parameters
(α and B) is analyzed. The estimated arrival angles θ̂ for
the desired signal and ψ̂ for interferers can be characterized
as random variables with a uniform distribution or normal
distribution [4]. The pdf of θ̂ is expressed as

f(θ̂) =




1
2
√

3� ,−
√
3� ≤ (θ̂ − θ) ≤

√
3�, uniform

1√
2π� exp

{
− (θ̂−θ)2

2�2

}
, normal

(47)

where θ is the accurate arrival angle, and �2 represents the
variance of the estimation errors for uniform or normal distribu-
tions. ψ̂ has similar pdf expressions as (47). Following (2), (3),
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TABLE I
COMPUTATIONAL PARAMETERS α AND B FOR EXAMINING DOA

ESTIMATION ERRORS. � IS THE STANDARD DEVIATION.
�max IS DEFINED IN (50)

and [22], the equations used to calculate the two parameters
α and B are

α =
Eψ,θ,ψ̂,θ̂

[
G2(ψ̂(ψ),θ)
G2(θ̂(θ),θ)

]
− Eψ,θ,ψ̂,θ̂(θ)

[
G(ψ̂(ψ),θ)
G(θ̂(θ),θ)

]

Eψ,θ,ψ̂,θ̂(θ)

[
G(ψ̂(ψ),θ)
G(θ̂(θ),θ)

]
− 1

(48)

and

B =
Eψ,θ,ψ̂,θ̂(θ)

[
G2(ψ̂(ψ),θ)
G2(θ̂(θ),θ)

]
−E2

ψ,θ,ψ̂,θ̂(θ)

[
G(ψ̂(ψ),θ)
G(θ̂(θ),θ)

]

Eψ,θ,ψ̂,θ̂(θ)

[
G2(ψ̂(ψ),θ)
G2(θ̂(θ),θ)

]
+ 1−2Eψ,θ,ψ̂,θ̂(θ)

[
G(ψ̂(ψ),θ)
G(θ̂(θ),θ)

]
(49)

where Eψ,θ,ψ̂,θ̂[·] denotes the expectation with respect to all the

related random variables ψ, θ, ψ̂, and θ̂. The two parameters
α and B in a variety of DOA estimation error situations are
given in Table I. A special case is ideal beamforming (∆ =
0), which is also listed in the table. Standard deviation ∆ is
normalized by ∆max, where ∆max is the standard deviation of
a DOA estimation error that is uniformly distributed from null
to null when θ is equal to 0◦ (toward the broadside direction).
Using (1),∆max can be found to be

∆max =
arcsin(2/M)√

3
. (50)

B. Spatial Spreads

The obstacles around a transmitter (mobile station), such
as buildings, reflect the transmitted waves and result in mul-
tiple paths with different arrival angles at a base station (an-
gle spread). A propagation model to characterize the angle
spread was reviewed in [30]. Recently, angle spreads have
been measured and reported in [26] and [27]. For rural en-
vironments, angular spreads between 1◦ and 5◦ have been
observed [26]; for urban and hilly terrain environments, con-

TABLE II
COMPUTATIONAL PARAMETERS α AND B FOR EXAMINING SPATIAL

SPREADS. δ IS THE STANDARD DEVIATION

siderably larger angular spreads that are as large as 20◦ have
been found [27]. The angle spreads not only reduce the re-
ceived signal power as the DOA estimation becomes random
in the interval of arrival angles but also cause DOA esti-
mation uncertainty. Assume that the spatial spread follows a
uniform or normal distribution and that the estimated arrival
angle follows the same distribution, the expected received
signal is averaged, considering both the arrival angle estima-
tions and the spatial spreads. Following (2), (3), and [22],
we obtain

α=
Eψ̂,θ̂,θ,ψs,θs

[
G2(ψ̂(ψs),θ(θs))
G2(θ̂(θ),θ(θs))

]
−Eψ̂,θ̂,θ,ψs,θs

[
G(ψ̂(ψs),θ(θs))
G(θ̂(θ),θ(θs))

]

Eψ̂,θ̂,θ,ψs,θs

[
G(ψ̂(ψs),θ(θs))
G(θ̂(θ),θ(θs))

]
−1

(51)

and

B =


Eψ̂,θ̂,θ,ψs,θs


G2

(
ψ̂(ψs), θ(θs)

)
G2
(
θ̂(θ), θ(θs)

)



−E2
ψ̂,θ̂,θ,ψs,θs


G
(
ψ̂(ψs), θ(θs)

)
G
(
θ̂(θ), θ(θs)

)





×


Eψ̂,θ̂,θ,ψs,θs


G2

(
ψ̂(ψs), θ(θs)

)
G2
(
θ̂(θ), θ(θs)

)

+ 1

−2Eψ̂,θ̂,θ,ψs,θs


G
(
ψ̂(ψs), θ(θs)

)
G
(
θ̂(θ), θ(θs)

)





−1

(52)

where Eψ̂,θ̂,θ,ψs,θs [·] is the expectation with respect to all the

related random variables ψ̂, θ̂, θ, ψs, and θs. ψs is the mean
value of ψ, and θs is the mean value of θ̂ and θ. The values of
α and B have been calculated and listed in Table II.

C. Array Perturbation

Even with perfect DOA estimations, array perturbations due
to the position errors of antenna elements, which may be caused
by wind, can also result in mismatches between exact DOAs
and the directions of mainlobes [4]. A method to analyze the
effect of array perturbation in beamforming was presented in
[22]. An odd number of antenna elements M = 2C + 1 is



LI et al.: OUTAGE PROBABILITIES OF WIRELESS SYSTEMS WITH IMPERFECT BEAMFORMING 1511

TABLE III
COMPUTATIONAL PARAMETERS α AND B FOR EXAMINING ARRAY

PERTURBATION. σp IS THE STANDARD DEVIATION

assumed, and the position of the bth element is (xb, yb) =
(0, bλ/2) in the absence of perturbation. The position errors
due to array perturbation are modeled as random variables with
a normal distribution. Let pb = xb/λ, qb = yb/λ, we have the
beam pattern (in strength) [4]

A =
C∑

b=−C
exp {−j2π [(pb cos θ + qb sin θ)− 0.5b sinψ]}

(53)

where pb and qb are independent with E[pb] = 0 and E[qb] =
0.5b, respectively, and Var[pb] = Var[qb] = (σp/λ)2, where
σ2
p is the variance of the position errors normalized by λ2. Using

p and q to represent [p−C · · · p0 · · · pC ] and [q−C · · · q0 · · · qC ],
respectively, the antenna gain is

G(ψ, θ,p,q)

=
|AA∗|
M2

=
1
M
+

1
M2

×
C∑

a=−C

∑
a�=b

exp {−j2π [((pa−pb)cos θ+(qa−qb) sin θ)

− 0.5(a−b) sinψ]} . (54)

We thus obtain

α =
Eψ,θ,p,q

[
G2(ψ,θ,p,q)
G2(θ,θ,p,q)

]
− Eψ,θ,p,q

[
G(ψ,θ,p,q)
G(θ,θ,p,q)

]
Eψ,θ,p,q

[
G(ψ,θ,p,q)
G(θ,θ,p,q)

]
− 1

(55)

and

B =
Eψ,θ,p,q

[
G2(ψ,θ,p,q)
G2(θ,θ,p,q)

]
− E2

ψ,θ,p,q

[
G(ψ,θ,p,q)
G(θ,θ,p,q)

]
Eψ,θ,p,q

[
G2(ψ,θ,p,q)
G2(θ,θ,p,q)

]
+ 1− 2Eψ,θ,p,q

[
G(ψ,θ,p,q)
G(θ,θ,p,q)

]
(56)

where Eψ,θ,p,q[·] is the expectation with respect to all the
related random variables ψ, θ, p, and q. The two parameters
α and B of the simplified beamforming model with different
array perturbation variances are given in Table III.

TABLE IV
COMPUTATIONAL PARAMETERS α AND B EXAMINING

FOR MUTUAL COUPLING

D. Mutual Coupling

In addition to DOA estimation errors and array perturbation,
the existence of mutual coupling between antenna elements
also leads to changes in beam patterns [28], [29]. It can
affect the estimation of the arrival angles, which results in
the disturbance of the weighting vector in beamforming. The
corresponding change in the beam pattern could lead to a
degradation in system capacity [28]. Considering thin half-
wavelength dipoles, mutual coupling (between the ith and jth
elements) is characterized by a mutual coupling impedance
matrix [29], [31]

Ci,j = (ZT + ZA)(Zi,j + ZT I)−1 (57)

where ZA is the antenna impedance, ZT is the terminating
impedance, I denotes an identity matrix, and Zi,j is the mutual
impedance matrix. Assuming that the arrival angles are esti-
mated correctly, the beam pattern is

A =
C∑

m=−C
exp{jmπ sinψ0}

C∑
n=−C

Cm,n exp{−jπn sin θ}

(58)

and the normalized beamforming gain is

G(ψ, θ) =
|AA∗|
M2

. (59)

The two parameters of the simplified model α and B can be
found as

α =
Eψ,θ

[
G2(ψ,θ)
G2(θ,θ)

]
− Eψ,θ

[
G(ψ,θ)
G(θ,θ)

]
Eψ,θ

[
G(ψ,θ)
G(θ,θ)

]
− 1

(60)

and

B =
Eψ,θ

[
G2(ψ,θ)
G2(θ,θ)

]
− E2

ψ,θ

[
G(ψ,θ)
G(θ,θ)

]
Eψ,θ

[
G2(ψ,θ)
G2(θ,θ)

]
+ 1− 2Eψ,θ

[
G(ψ,θ)
G(θ,θ)

] (61)

respectively, where Eψ,θ[·] is the expectation with re-
spect to the related random variables ψ and θ, which
are modeled as uniform random variables in [0, 2π). The
two parameters α and B of the simplified beamforming
model with mutual coupling are computed and given in
Table IV.
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Fig. 4. Outage probability of wireless systems with beamforming under
multiple interferers. The number of antenna elements is M = 8.

Fig. 5. Outage probability of wireless systems with beamforming. Eight
antenna elements and eight interferers are considered. The impact of Rician
fading is shown (Desired signal: Rician fading. Interferers: Rayleigh fading).

V. NUMERICAL RESULTS

This section presents numerical evaluations of the outage
probability Pout versus the normalized SIR, and the results
are plotted in Figs. 3–10. The desired signal and interference
signals are assumed to follow Rayleigh distributions in most
of the evaluations. Scenarios with Rician- or Nakagami-faded
signals are examined in Figs. 5 and 6.

Fig. 3 has been discussed in Section III-D. Fig. 4 plots
the outage probability with respect to different numbers of
interferers. The number of antenna elements is assumed to
be 8 in this figure. The simplified model is used for the
numerical evaluation. The approach with actual beam pat-
terns is not used due to extremely high calculation complex-
ity in (19) when the number of interferers is more than 3.
It is observed in Fig. 4 that the outage probability deteri-

Fig. 6. Outage probability of wireless systems with beamforming. Eight
antenna elements and eight interferers are considered. The impact of Nak-
agami fading is shown (Desired signal: Nakagami fading. Interferers: Rayleigh
fading).

Fig. 7. Outage probability of wireless systems with beamforming with DOA
estimation errors. Eight antenna elements and ten interferers are considered. ∆
is the standard deviation of the uniformly distributed DOA estimation errors
∆max = 8.4◦.

orates approximately 3 dB while the number of interferers
is doubled.

Figs. 5 and 6 show the outage probabilities of wireless
communication systems, in which the desired signal follows
Rician or Nakagami fading. Eight interferers and a beamformer
with eight antenna elements are considered. For two special
cases, Kd = 0 in Fig. 5 and md = 1 in Fig. 6, the Rician and
Nakagami fadings degenerate into Rayleigh fading and match
the Rayleigh fading results plotted in Fig. 4.

Fig. 7 shows the impact of DOA estimation errors. The
simplified beamforming model and Table I are used for nu-
merical evaluation. A scenario with eight antenna elements and
ten interferers is considered. The DOA estimation errors are
assumed to follow a uniform distribution, and∆ is the standard
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Fig. 8. Outage probability of wireless systems with beamforming with spatial
spreads. Eight antenna elements and ten interferers are considered. δ is the
standard deviation of the uniformly distributed spatial spreads.

Fig. 9. Outage probability of wireless systems with beamforming with array
perturbation. Seven antenna elements and ten interferers are considered. (Array
position error: Normal distribution. Standard deviation σp).

deviation. As shown in Fig. 7, the outage probability does not
change much while the DOA estimation errors are within half
of the null-to-null beamwidth (∆ ≤ 0.5∆max). For a case with
a larger DOA error (∆ = 0.75∆max), a noticeable increase of
the outage probability is seen.

Fig. 8 illustrates the spatial spread impact on beamforming.
Equation (46) and Table II are used in the numerical calcula-
tions. Eight antenna elements and ten interferers are assumed in
the evaluation. It is seen that the outage probability deteriorates
with increasing spatial spreads, and a SIR loss of approximately
1.3 dB is observed when the standard deviation δ of the spatial
spreads is 6◦.

The impact of array perturbation is examined in Fig. 9. Seven
antenna elements (an odd number of antenna elements) and ten
interferers are assumed. Equation (46) and Table III are used

Fig. 10. Outage probability of wireless systems with beamforming with
mutual coupling. Ten interferers are considered.

in the numerical calculations. The outage probability increases
with increasing array perturbation. The σp in the figure is the
standard deviation of the position errors normalized by λ. With
a 1% outage probability, an SIR loss of approximately 2.5 dB
is seen when σp is equal to 0.2.

Finally, Fig. 10 illustrates the mutual coupling effects in two
beamforming scenarios, one with three antenna elements and
the other with eight antenna elements, and ten interferers are
assumed. Equation (46) and Table IV are used in the numerical
calculations, and a negligible performance change is seen due
to mutual coupling. This is due to the fact that the distance
between adjacent antenna elements is λ/2, which is large
enough to diminish any noticeable mutual coupling.

VI. CONCLUSION

This paper analyzes the outage probabilities of a wireless
system with conventional beamforming. The fading statistics
of the desired signal is assumed to be Rayleigh, Rician, or
Nakagami, while the interferers are subject to Rayleigh fad-
ing. Closed-form expressions are derived based on a simpli-
fied beamforming model. Several beamforming impairments,
including DOA estimation errors, spatial spreads, antenna array
perturbation, and mutual coupling, are examined, and their
impacts on the outage probabilities are evaluated. While outage
performance degradation is observed due to DOA estimation
errors, spatial spreads, and array perturbation, it is noticed that
the impact of mutual coupling is negligible.

APPENDIX

The accuracy of the simplified beamforming model is inves-
tigated in this Appendix. As shown in Fig. 3, the simplified
beamforming model becomes more accurate at higher SIR.
This phenomenon can be explained by comparing the outage
probability results, which are based on actual beamforming
patterns and the simplified model. Only a single-interferer case
is analyzed for illustration. The outage probability with an
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actual beamforming pattern is given in (12). It can be rewritten
using Taylor series as

Pout =

2π∫
0

2π∫
0

Pout(ψ, θ)
4π2

dψdθ

=

2π∫
0

2π∫
0

1− 1
G(ψ,θ)

SIR +1

4π2
dψdθ

=

2π∫
0

2π∫
0

(∑∞
i=1

(
G(ψ,θ)

SIR

)i
(−1)i+1

)
4π2

dψdθ

=
∞∑
i=1

2π∫
0

2π∫
0

((
G(ψ,θ)

SIR

)i
(−1)i+1

)
4π2

dψdθ

=
∞∑
i=1

(
E
[
Gi(ψ, θ)

]
SIRi

(−1)i+1

)
. (A-1)

Similarly, the outage probability based on the simplified beam-
forming model (15) can be rewritten as

Pout =B
(
1− 1

1
SIR + 1

)
+ (1−B)

(
1− 1

α
SIR + 1

)

=
∞∑
i=1

((
B + (1−B)αi

) (−1)i+1

SIRi

)
. (A-2)

The difference between (A-1) and (A-2) is

e =
∞∑
i=1

(
E
[
Gi(ψ, θ)

]
SIRi

(−1)i+1

)

−
∞∑
i=1

((
B + (1−B)αi

) (−1)i+1

SIRi

)

=
∞∑
i=3

((
E
[
Gi(ψ, θ)

]
−B − (1−B)αi

) (−1)i+1

SIRi

)

=O
(
1

SIR3

)
. (A-3)

In the preceding derivation, the properties of the simplified
model

E [G(ψ, θ)] = B + (1−B)α (A-4)

and

E
[
G2(ψ, θ)

]
= B + (1−B)α2 (A-5)

have been utilized. Equations (A-4) and (A-5) can be derived
from (2) and (3). We thus see from (A-3) that the outage prob-
ability error e that is introduced by the simplified beamforming
model is inversely proportional to the cubic of average SIR.
Therefore, the simplified beamforming model becomes more
accurate at higher SIR.
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