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Abstract— This paper investigates the outage probability of
a wireless system with linear constrained minimum variance
(LCMV) beamforming using a uniform linear array beamformer.
LCMV beamforming is able to perfectly cancel a number of
dominant interferers while other interferers remain. A simpli-
fied beamforming model is used to derive closed-form outage
probability expressions considering the impact of LCMV beam
patterns on various interferers. Fading statistics of Rayleigh,
Rician, and Nakagami are used to characterize the desired signal,
whereas interferers are assumed to be subject to Rayleigh fading.
One important aspect of this paper is the consideration of the
directions of arrivals (DOA) of the dominant interferers and the
exact beam patterns in the outage performance evaluations of
LCMV beamforming systems. Numerical results of the outage
probability are presented to illustrate the impact of DOA’s of
the dominant interferers and the impact of different fading
scenarios. The paper also presents performance comparison
between LCMV beamforming and conventional beamforming
considering different interference scenarios (DOA’s of dominant
interferers).

Index Terms— LCMV beamforming, Nakagami fading, outage
probability, Rayleigh fading, Rician fading.

I. INTRODUCTION

ANTENNA array techniques are based on utilizing mul-
tiple antenna elements to achieve performance and ca-

pacity enhancement without the need for additional power
or spectrum [1]. There are two categories of antenna array
techniques which are diversity and beamforming. Diversity
and beamforming differ in the spacing requirement among
antenna elements. Diversity techniques use a number of an-
tennas which are separated far apart from each other [2]. This
approach was first developed for a receiver side and, lately, it
has been used at a transmitter side. Transmit antenna diversity
and receive antenna diversity can also be implemented at the
same time. Space-time coding, a popular technique nowadays,
is developed based on transmit diversity [3]. The second
category of antenna array techniques is beamforming. This
technique uses several antenna elements which are placed very
close to each other to form an antenna beam [4], [5]. The
beam can be steered and focus most signal energy toward
a desired direction. In the same time it reduces interference
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in other directions. Many research results for future wireless
systems using antenna arrays have been reported [1]–[3], [5]–
[8]. In this paper we focus on the beamforming techniques
while evaluating wireless system outage probabilities.

Beamforming can be implemented through conventional
beamforming, minimum variance distortionless response
(MVDR) beamforming, or linear constrained minimum vari-
ance (LCMV) beamforming [4]. The MVDR beamforming is
also known as optimum beamforming. The LCMV beamform-
ing is developed from MVDR beamforming with additional
linear constraints to improve its robustness [4]. In imple-
menting conventional beamforming, the antenna mainlobe is
steered toward a desired signal. In MVDR beamforming, an
antenna pattern is formed to maximize the output signal-to-
interference-plus-noise ratio while maintaining a constant gain
in the direction of the desired signal [9]. The MVDR beam-
forming is sensitive to direction-of-arrival (DOA) estimation
errors and its performance decreases significantly when an
interferer is inside the mainlobe [4]. The LCMV beamforming
can be implemented by placing nulls in the directions of inter-
ferers when multiple interferers are considered [4], [10]–[12].
To cancel/null all the interferers using LCMV beamforming,
the number of antenna elements is required to exceed the
number of nulls by one [5]. In a practical beamforming system
the number of interferers can be larger than the number of
antenna elements and there will be some residual interferers in
the wireless system [5]. In this paper we study the performance
of a wireless system that deploys a LCMV beamformer with
the number of interferers more than the number of antenna
elements.

The outage probability is an important performance measure
for wireless systems [13], [14]. Performance in terms of the
outage probability has been investigated for systems using
antenna diversity techniques and, in [15], [16], and [17], sev-
eral diversity combining schemes and various fading scenarios
are considered. A generalized moment-generation-function
(MGF) method was proposed to calculate the outage prob-
ability for diversity systems in [18]. The outage probability of
wireless systems with beamforming has also been investigated
[10]–[12], [19]. Conventional beamforming is examined in
[19] and outage probability expressions for Rayleigh, Rician,
or Nakagami faded signal and Rayleigh faded interferers are
derived. LCMV beamforming scenarios are studied in [10]–
[12]. The LCMV beamformer perfectly cancels L strongest
interferers while all other interferers remain, where L is
determined by the number of antenna elements. In the outage
performance evaluations presented in [10]–[12], the effect of
the LCMV beamforming is characterized by reducing the
total number of interferers by L (L strongest interferers).
It is noted that the LCMV beam pattern impact on the
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Fig. 1. A uniform linear array (ULA).

remaining interferers is ignored. A full characterization of
the LCMV beamforming impact should have two basic el-
ements, (1) the elimination of L strongest interferers and (2)
power level scaling (attenuation or increase) of the remaining
interferers depending on the beam pattern. However, outage
performance evaluations with those considerations have not
been conducted. This paper differs from previous research,
including [10]–[12], in several aspects. First, the beam pattern
of a LCMV beamformer is considered in the derivation of
the outage probability expressions. Second, the LCMV beam
pattern is determined considering the directions of L strongest
interferers. Third, the residual interferers are assumed to be
uniformly distributed in all directions and a simplified beam-
forming model is used to quantify the interference impact. In
the following sections, closed-form outage probabilities will
be derived for scenarios with a Rayleigh, Rician, or Nakagami
faded signal and Rayleigh faded interferers.

The remainder of this paper is organized as follows. The
system model is given in Section II. Outage probability ex-
pressions are derived in Section III. A simplified beamforming
model is also introduced in this section. Numerical results are
given in Section IV and, finally, conclusions are drawn in
Section V.

II. SYSTEM MODEL

A. Beamforming

While few antenna elements could be implemented at a
mobile station, large antenna arrays can be installed at a
base station. At a base station, receive beamforming for each
desired signal can be implemented independently without
affecting the performance of other links [20]–[22]. A uniform
linear array (ULA) in a two-dimensional environment is
considered and shown in Fig. 1. The distance d between the
antenna elements is assumed to be 0.5λ, where λ is the carrier
wavelength, and θ is an arrival angle of incident waves. In the
ULA system, a combining network connects an array of low
gain antenna elements and generates an antenna pattern [4],

G = |WHV(ψ)|2 (1)

where ψ is a scan angle, WH , a 1 ×M vector, is a weight
vector for antenna elements, M is the number of antenna
elements, and V(ψ), an M × 1 vector, is an array manifold
vector

V(ψ) =
[
e−j(

M−1
2 )π cos(ψ) e−j(

M−1
2 −1)π cos(ψ)

... ej(
M−1

2 )π cos(ψ)
]T (2)

The beam could be steered to a desired direction by varying
ψ. For conventional beamforming, the weight factor is

Wc =
1
M

V(θ) (3)

and the beam pattern can be simplified as [21], [23],

G(ψ, θ) =
∣∣∣∣ sin(0.5Mπ(cos θ − cosψ))
M sin(0.5π(cos θ − cosψ))

∣∣∣∣
2

(4)

If LCMV beamforming is considered, the weight factor is
expressed as [4],

WH
LCMV = gH

[
CHS−1

n C
]−1

CHS−1
n

(5)

where Sn is a noise spectral matrix which characterize both
noise and interference, C is an M ×Mc matrix, and gH is a
1 ×Mc vector. Considering Mc linear constraints for LCMV
beamforming, the constraint equation is

WH
LCMVC = gH (6)

The LCMV beamforming in [10]–[12] assumes null con-
straints. When the number of interferers is larger than the
number of antenna elements, the maximum number of nulls
that the LCMV beamformer can generate is M − 1, and the
number of constraints Mc = M . Thus we have

CLCMV = [V(θ) V(θ1) V(θ2) ... V(θM−1)] (7)

and
gHLCMV = [1 0 0 ... 0] (8)

where θi is the arrival angle of interferer i. Notice that the
antenna gain toward the desired signal has been normalized
to one. Insert (7) and (8) into (5) and the LCMV beam pattern
can be written as

G(ψ, θ, θ1, θ2, ..., θM−1) = |gHLCMVC−1
LCMVV(ψ)|2 (9)

In the remaining of this paper, we will use the antenna pattern
specified in (9) to evaluate the outage probability of systems
with LCMV beamforming.

B. Fading Model

The fading statistics of the desired signal and interferers
can be different[24], [25]. In this paper we assume the
desired signal is subject to Rayleigh, Rician, or Nakagami
fading, whereas interferers are assumed to be independently
Rayleigh faded with the same mean power. Rayleigh fading
is commonly used to describe the wireless communication
channel. The probability density function (pdf) of Rayleigh
faded signal power, x, is

px(x) =
1
X

exp
(
− x

X

)
, x � 0 (10)

where X is the mean power. When there is a line-of-sight
between the desired signal and the base station, the desired
signal follows a Rician distribution, and its power, x, follows
the pdf

px(x) =
(1 +Kd)e−Kd

X
exp

(
− (1 +Kd)x

X

)

×I0

(
2

√
Kd(1 +Kd)x

X

) (11)
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where Kd is a Rician factor which ranges from 0 to ∞ and
I0(·) is the zero-th order modified Bessel function of the first
kind. The Rician fading degenerates to Rayleigh fading when
Kd = 0. Another suitable statistics to characterize a wireless
channel is Nakagami fading,

px(x) =
md

mdxmd−1

XmdΓ(md)
exp

(
−md

X
x
)

(12)

where Γ(·) is the Gamma function and md is a parameter
of Nakagami fading. 1/md is the amount of fading which is
defined as the ratio of the variance to the square of the mean
received energy. By setting md = 1, the Nakagami fading (12)
reduces to Rayleigh fading.

There are NI interferers, which are assumed to follow
identical independent Rayleigh fading. The pdf of interferer i’s
power, yi, is pyi(yi) = 1

Y exp
(− yi

Y

)
, yi � 0, where Y is the

mean power. The LCMV beamforming is able to cancel out
L (L=M − 1) strongest interferers. We need to calculate the
pdf of the residual interferers. As there are NI interferers with
power levels, y1, y2, ..., yNI , we sort the interferers according
to their power levels and obtain y(NI) ≥ y(NI−1) ≥ ... ≥
y(2) ≥ y(1) > 0. After nulling L strongest interferers, we
have N (N = NI − L) remaining interferers and their joint
pdf is given by [10]

py(1),y(2),...,y(N)(y(1), y(2), ..., y(N)) =
NI !

(NI −N)!Y N

× exp

[
− 1
Y

(
N∑
n=1

y(n) + (NI −N)y(N)

)] (13)

C. Outage Probability

In interference limited wireless systems, adequate signal-to-
interference ratio (SIR) is essential for successful communi-
cations [24], [25]. Therefore, the outage probability, defined
as the probability of failing to achieve a SIR sufficiently
large to achieve satisfactory reception, is an appropriate mea-
sure to characterize the performance of the wireless system.
Mathematically the outage probability, Pout, is defined as
Pout =

∫ γth

0 pγ(γ)dγ, in which γ is an instantaneous SIR, γth
is a required threshold. γ is related to x and y, where x is the
power of a desired signal and y is the total interference power.
In this paper, we consider that the desired signal follows
Rayleigh, Rician, or Nakagami fading, and each interferer
follows a Rayleigh distribution.

There are other performance criterions such as bit error rates
and symbol error rates to quantify wireless system perfor-
mance. These performance measures and results are related
to specific modulation schemes and transceiver structures.
Therefore in this paper we focus on the outage probability
evaluation for beamforming systems.

III. DERIVATION OF OUTAGE PROBABILITY

In this section, the outage probability will be derived. We
will start with deriving a general outage probability expression
using the exact LCMV beam patterns for both signal and
interferers. We will then introduce a simplified beamforming
model, which is used to derive closed-form outage probability
expressions.

A. Outage Probability Evaluation Using Exact LCMV Beam
Pattern

A LCMV beamformer with M antenna elements can put
nulls in the directions of the M − 1 (L) strongest interferers.
The received power from a residual interferer is scaled (at-
tenuated or increased) by a factor determined by its direction,
which is G(ψi, θ, θ1, θ2, ..., θM−1) as in (9), where ψi is the
DOA of ith residual interferer. The instantaneous total power
of residual interferers is then

y =
N∑
i=1

G(ψi, θ, θ1, θ2, ..., θM−1)y(i) (14)

In previous sections the pdf of signal power x has been given
by (10)-(12) and the joint pdf of residual interference power
has been given in (13). The SIR, γ, in LCMV beamforming
is expressed as

γ =
x∑N

i=1G(ψi, θ, θ1, θ2, ..., θM−1)y(i)
(15)

and the conditional outage probability for given directions of
residual interferers is

Pout(ψ1, ψ2, ..., ψN )

= Pr

[
x∑N

i=1G(ψi, θ, θ1, θ2, ..., θM−1)y(i)
< γth

]

=
∫ γth

0

∫ ∞

0

ypx(γy)
d

dy

{∫ y

0

∫ ŷN−1

0

...

∫ ŷ1

0

NI !
(NI −N)!Y N

exp

[
− 1
Y

(
N∑
n=1

y(n) + (NI −N)y(N)

)]

dy(1)... dy(N−1)dy(N)

}
dydγ

(16)
where ŷj = min[(y −∑N

i=j+1 G(ψi)y(i)), y(j+1)]. As shown
in Appendix A, we are able to derive and obtain expressions
for the conditional outage probability. If the signal is subject
to Rayleigh fading, following (A-20) and [24], [25], we have

Pout(ψ1, ψ2, ..., ψN ) =
N∑
i=1

Ai

[
1 −

(
1 +

1
SIR× Ci

)−1
]

(17)
in which

Ai =
N∏

j=1,j �=i

(
1 − Ci

Cj

)−1

(18)

and

Ci =
NI − i+ 1∑N

k=iG(ψk, θ, θ1, θ2, ..., θM−1)
(19)

and SIR is a normalized signal to interference ratio, and
SIR = X

Y γth
.

If the signal is subject to Rician fading,

Pout(ψ1, ψ2, ..., ψN ) =
N∑
i=1

Ai exp

(
− Kd

1 + Kd+1
SIR×Ci

)

×
(

1 +
SIR× Ci
Kd + 1

)−1
(20)
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For Nakagami faded signal,

Pout(ψ1, ψ2, ..., ψN ) =
N∑
i=1

Ai
Γ(md + 1)
mdΓ(md)

(
md

SIR× Ci

)−md

× 2F1

(
md + 1,md, 1 +md,− md

SIR× Ci

)
(21)

where 2F1(., ., ., .) is the Gauss hypergeometric function de-
fined in [26],

2F1(a, b, c, z) =
Γ(c)

Γ(a)Γ(b)

∞∑
n=0

Γ(a+ n)Γ(b+ n)
Γ(c+ n)

· z
n

n!
(22)

Considering that the residual interferers are uniformly distrib-
uted in all directions, [0, 2π), the average outage probability
can be expressed through multiple integrals

Pout =
∫ 2π

0

...

∫ 2π

0

1
(2π)N

Pout(ψ1, ψ2, ..., ψN )dψ1...dψN

(23)
in which Pout(ψ1, ψ2, ..., ψN ) is given in (17), (20), and (21)
for different fading signal scenarios. Notice that (23) gives
the exact outage probability expression as it takes full consid-
erations of LCMV beam pattern (G(ψk, θ, θ1, θ2, ..., θM−1),
k = 1, 2, ..., N ). Numerical evaluations of (23) is possible
when N is small and results for cases with N = 1, 2, and 3 are
presented in Section IV. However, for larger N , the evaluation
of (23) becomes cumbersome or infeasible. In the following
section a simplified beamforming model will be introduced
and used to derive closed-form outage probability solutions.
The accuracy of the simplified model will be addressed in
Section IV.

B. Introduction of Simplified and Accurate Beamforming
Model

The complexity in considering the exact beam pattern can
be high, especially for performance evaluation under multi-
ple residual interferers due to multiple integrals. A simple
Bernoulli model is studied in [27] in which a signal is
considered to be either within a mainlobe (G = 1) or out of the
mainlobe (G = 0) and the half-power beamwidth is defined
as the beamwidth. This model is easy to use, but it neglects
the impact of sidelobes and the effect of any specific beam
patterns. Reference [28] provides a beamforming model with
a triangular pattern to characterize the mainlobe of a beam. In
[29], an accurate, yet simple, beamforming model is developed
to account the impact of sidelobes and the exact beam patterns.
In dealing with interference, this model simplifies the beam
pattern to a flat mainlobe and a flat sidelobe. There are
two parameters, mainlobe width B (normalized by 2π) and
the sidelobe gain α, associated with the model. The two
parameters are determined based on a given beam pattern as

α =
E
[
G2(ψ, θ, θ1, ..., θM−1)

]− E [G(ψ, θ, θ1, ..., θM−1)]
E [G(ψ, θ, θ1, ..., θM−1)] − 1

(24)
and

B =
E
�
G2(ψ, θ, θ1, ..., θM−1)

�− E2 [G(ψ, θ, θ1, ..., θM−1)])

E [G2(ψ, θ, θ1, ..., θM−1)] + 1 − 2E [G(ψ, θ, θ1, ..., θM−1)]
(25)
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Fig. 2. A simplified model for beamforming, desired signal arrival angle
θ = 90◦ (a) Signal model, (b) Interference model.

where E [G(ψ, θ, θ1, ..., θM−1)] and
E
[
G2(ψ, θ, θ1, ..., θM−1)

]
are the antenna gain and square of

the antenna gain averaged with respect to random variables,
ψ, θ, θ1, ... , and θM−1. It is important to point out that,
in this simplified beamforming model, two beam patterns
are considered and utilized. One is an exact beam pattern
which is used to evaluate a desired signal (Fig. 2 (a)) and
the other is a simplified beam pattern for interferers (Fig. 2
(b)). A conventional beamforming is also plotted in Fig. 2 for
comparison. More detailed discussions of the beam patterns
(Fig. 2) will be given in Section IV.

C. Outage Probability Evaluation Using the Simplified Beam-
forming Model

In this section, the outage probability of a wireless system
using LCMV beamforming will be derived, and closed-form
expressions are given utilizing the simplified beamforming
model. The residual interferers are assumed to be uniformly
distributed in the directions of arrivals [0, 2π). Considering
the simplified beamforming model, the probability that the
ith residual interferer falls within the beam mainlobe is B



IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 6, NO. 10, OCTOBER 2007 3519

and interference power is y(i), while the probability that the
interferer is in the sidelobe is 1 − B and its interference
power is α×y(i). Let li be a Bernoulli random variable which
indicates whether the ith residual interferer is in the mainlobe
or sidelobe.{

Pr[li = 1] = B, ith residual interferer is in mainlobe

Pr[li = 0] = 1 − B, ith residual interferer is in sidelobe
(26)

Now the conditional total interference power is

y =
N∑
i=1

(
liy(i) + (1 − li)αy(i)

)
(27)

The SIR, γ, using the simplified beamforming model, is
expressed as

γ =
x∑N

i=1

(
liy(i) + (1 − li)αy(i)

) (28)

The pdf of signal power x is given is (10)-(12) and the joint
pdf of y(i) is given in (13). The conditional outage probability
is

Pout(l1, l2, ..., lN )

= Pr

[
x∑N

i=1

(
liy(i) + (1 − li)αy(i)

) < γth

]

=
∫ γth

0

∫ ∞

0

ypx(γy)
d

dy

{∫ y

0

∫ ÿN−1

0

...

∫ ÿ1

0

NI !
(NI −N)!Y N

exp

[
− 1
Y

(
N∑
n=1

y(n) + (NI −N)y(N)

)]

dy(1)...dy(N−1)dy(N)

}
dydγ

(29)
where ÿj = min[(y − (lj+1y(j+1) + (1 −
lj+1)αy(j+1))), y(j+1)]. As shown in Appendix B, (29)
can be simplified considering various fading scenarios. If
the signal is subject to Rayleigh fading, following (B-8) and
[25], we are able to obtain

Pout(l1, l2, ..., lN ) =
J∑
j=1

Nj∑
i=1

Aji

×
(

1 −
(

1 +
1

SIR×D(j)

)−i) (30)

where J , Nj , Aji, and D(j) are given in Appendix B.
If the desired signal is subject to Rician fading, following

(B-8) and [25], the outage probability is

P out(l1, l2, ..., lN ) =
J∑
j=1

Nj∑
i=1

Aji exp

(
− Kd

1 + Kd+1
SIR×D(j)

)

×
(

1 +
SIR×D(j)

Kd + 1

)−1
(
i−1∑
n=0

(
1 +

(Kd + 1)
SIR×D(j)

)−n

×
n∑
j=0

(
n

n− j

)
1
j!

⎛
⎝ Kd

1 + SIR×D(j)

(Kd+1)

⎞
⎠
n⎞
⎠

(31)

For a Nakagami faded signal, following (B-8) and [24], the
outage probability is

Pout(l1, l2, ..., lN ) =

J�
j=1

Nj�
i=1

AjiΓ(md + i)

mdΓ(i)Γ(md)

�
md

SIR ·D(j)

�−md

× 2F1

�
md + i,md, 1 +md,− md

SIR×D(j)

�

(32)
Considering that li is a Bernoulli random variable with
parameter B, the average outage probability can be finally
expressed as

Pout =
1∑

l1=0

...

1∑
lN=0

(
N∏
i=1

Bli(1 −B)1−li
)
Pout(l1, l2, ..., lN )

(33)
where Pout(l1, l2, ..., lN ) is given in (30), (31), and (32). No-
tice that the above average outage probability result obtained
based on the simplified beamforming model is a closed-form
expression (for easy numerical computation), as opposed to
the multiple integral expression, (23), without the use of the
simplified model.

IV. NUMERICAL RESULTS

The exact beam patterns of the beamformers with a desired
signal at the broadside direction (θ=90o) are plotted in Fig. 2
(a). Two LCMV beamforming scenarios and one conventional
beamforming scenario using 4 antenna-element beamformers
are compared. All of the three beam patterns maintain a
constant gain of 0 dB in the direction of the desired signal.
The conventional beamforming steers the mainlobe toward the
desired signal and mitigates each interferer by a factor (an-
tenna gain) which depends on its direction. For LCMV beam-
forming, we first consider a scenario with three interferers at
30o, 50o, and 130o. While three nulls are placed toward those
directions, all other interferers, if any, are subject to various
attenuations depending on their directions. Another LCMV
beamforming scenario considered includes three interferers at
30o, 50o, and 95o. Due to the fact that one of the interferers
(95o) is very close to the desired signal (90o), the obtained
beam pattern has an undesired feature of a high-gain sidelobe.
This phenomenon is also observed in [4]. Although three
nulls are generated (30o, 50o, and 95o), any other potential
interferers could degrade the system performance significantly
due to increased received interference power. The simplified
beamforming models corresponding to the exact beam patterns
are plotted in Fig. 2 (b). For the first LCMV beamforming
scenario (30o, 50o, and 130o), we obtain a beam pattern with
a narrow mainlobe and a low sidelobe. In the second LCMV
beamforming scenario (30o, 50o, and 95o), one of interferers is
very close to the desired signal and the obtained beam pattern
results in a very wide mainlobe and a very high sidelobe.

The accuracy of the simplified beamforming model is ex-
amined with results shown in Fig. 3. The outage probabilities
using the exact beam pattern are given by (23) (multiple
integrals) and those using the simplified beamforming model
are given by (33) (closed-form). Both desired signal and
interferers are assumed to be subject to Rayleigh fading while
the desired signal is at 90o and three dominant interferers are
at 30o, 50o, and 130o. It is seen that the evaluation results
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Fig. 3. Accuracy of the simplified beamforming model, M=4. Desired signal:
Rayleigh fading and at 90o, interferers are Rayleigh faded and three dominant
interferers are at 30o, 50o, 130o.
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Fig. 4. Comparison of outage probabilities, NI =7, N=4, and M=4. Desired
signal: Rayleigh fading and at 90o, interferers: Rayleigh fading.

using the simplified model match those using the exact beam
pattern very well. The scenarios with the number of residual
interferers ranging from 1 to 3 are considered in Fig. 3. Results
for larger number of residual interferers are not obtained due
to the computational complexity of multiple integrals if the
exact beam pattern is used (Eq. (23)). This also indicates the
need to use the simplified beamforming model.

The outage probabilities with respect to different beam-
forming schemes are plotted in Fig. 4. LCMV beamforming
results evaluated using the simplified beamforming model
(Eq. (33)), conventional beamforming results [19], and LCMV
beamforming results presented in [10]–[12] are compared.
The number of antenna elements is 4 and the number of
total interferers is assumed to be 7. For LCMV beamforming
schemes, 3 strongest interferers are nulled and there are 4
residual interferers remaining. Two interference scenarios with
the directions of the three strongest interferers at (30o, 50o,
130o) and (30o, 50o, 95o) are considered. The desired signal
is at 90o and the corresponding beam patterns are plotted

0 5 10 15 20 25 30
10

−4

10
−3

10
−2

10
−1

10
0

SIR(dB)

O
ut

ag
e 

pr
ob

ab
ili

ty

K
d
=0 (Rayleigh)

K
d
=1

K
d
=2

Fig. 5. Outage probability of a wireless system using LCMV beamforming.
3 strongest interferers are at 30o , 50o, and 130o . NI=7, N=4, and M=4.
Desired signal: Rician fading and 90o, interferers: Rayleigh fading.

in Fig. 2. Both desired signal and interferers are subject to
Rayleigh fading. At 1% outage probability, a 14 dB SIR
difference between two interference scenarios is observed in
Fig. 4 when LCMV beamforming is considered. This indicates
that the outage probability of wireless systems using LCMV
beamforming is strongly depends on the directions of the
strong interferers. The outage probabilities of conventional
beamforming in those two scenarios are also plotted. It is seen
that LCMV beamforming has an approximately 2 dB SIR gain
over conventional beamforming when the dominant interferers
are at (30o, 50o, 130o), while the LCMV beamforming suffers
a 5 dB SIR loss when the dominant interferers are at (30o, 50o,
95o). This illustrates that performance of LCMV beamforming
is better than that of conventional beamforming in situations
where the dominant interferers are not very close to the
desired signal. If an interferer, which is very close to the
desired signal, is nulled by LCMV beamforming, the system
outage performance can degrade significantly and result in
worse performance than that of conventional beamforming.
The outage probability results in [10]–[12] which disregard
the beam pattern information are also plotted in Fig. 4, and
they are unable to model and quantify different interference
scenarios and beam patterns.

Fig. 5 and Fig. 6 show the outage probabilities of a
wireless system in which the desired signal follows Rician or
Nakagami fading. A 4 antenna-element LCMV beamformer
is considered. Total 7 interferers and 4 residual interferers are
assumed. The DOA’s of three strongest interferers are 30o,
50o, and 130o and the desired signal is at 90o. For two special
cases, Kd = 0 in Fig. 5 and md = 1 in Fig. 6, the Rician and
Nakagami fading cases degenerate into Rayleigh fading and
match the Rayleigh fading results plotted in Fig. 4.

V. CONCLUSIONS

This paper analyzes the outage performance of wireless
systems with LCMV beamforming which cancels a number
of dominant interferers. The impact of remaining interferers
are examined considering LCMV beam patterns. The fading
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Fig. 6. Outage probability of a wireless system using LCMV beamforming.
3 strongest interferers are at 30o, 50o , and 130o. NI =7, N=4, and M=4.
Desired signal: Nakagami fading and 90o, interferers: Rayleigh fading.

statistics of the desired signal is assumed to be Rayleigh,
Rician, or Nakagami, while the interferers are subject to
Rayleigh fading. Closed-form outage probability expressions
are derived based on a simplified beamforming model. The
numerical results show that the outage probability of LCMV
beamforming is very sensitive to the directions of the dominant
interferers. Unlike [10]–[12], which disregard the directions
of dominant interferers and the beam pattern impact on
the remaining interferers, the outage performance evaluations
presented in this paper fully consider the interference scenarios
and LCMV beam patterns. LCMV beamforming and conven-
tional beamforming are also compared in terms of outage
performance with considerations of the directions of arrivals
of the dominant interferers.

APPENDIX A

Let y(NI) ≥ y(NI−1) ≥ ... ≥ y(2) ≥ y(1) > 0 be the order
statistics of the interferers. Among them y(N), ..., y(2), and y(1)
are N residual interferers in the LCMV beamforming system,
and the conditional outage probability for given directions of
residual interferers is expressed as, (16),

Pout(ψ1, ψ2, ..., ψN )

= Pr

[
x∑N

i=1G(ψi, θ, θ1, θ2, ..., θM−1)y(i)
< γth

]

=
∫ γth

0

∫ ∞

0

ypx(γy)
d

dy

{∫ y

0

∫ ŷN−1

0

...

∫ ŷ1

0

NI !
(NI −N)!Y N

exp

[
− 1
Y

(
N∑
n=1

y(n) + (NI −N)y(N)

)]

dy(1)... dy(N−1)dy(N)

}
dydγ

(A-1)
It is not straightforward to get a closed-from expression of
(A-1) because y(i) (i = 1, 2, ..., N ) are not independent. The
difficulty can be overcome through introducing new random

variables, {
z1 = y(1)

zi = y(i) − y(i−1)

(A-2)

The joint pdf of z1, z2, ..., zN is found in [10],

pz1,z2,...,zN (z1, z2, ..., zN) =
N∏
i=1

(
NI − i+ 1

Y

)

× exp
(
−zi(NI − i+ 1)

Y

) (A-3)

This indicates that the zi’s are independent random variables
and the pdf of zi is

pzi(zi) =
(
NI − i+ 1

Y

)
exp

(
−zi(NI − i+ 1)

Y

)
(A-4)

This is an exponential distribution with mean value
Y/(NI − i+ 1). Now the total interference power y =∑N

i=1G(ψi)y(i), which G(ψi) is a short notation for
G(ψi, θ, θ1, ..., θM−1), can be expressed in term of zi as

y =
∑N
i=1 zi ×

(∑N
j=iG(ψj)

)
. Let ri = zi ×

∑N
j=iG(ψj),

i = 1, 2, ..., N , be new random variables, then y =
∑N

i=1 ri.
Due to the independence of zi and notice that

∑N
j=iG(ψj)

are constants, ri’s are independent exponentially distributed
random variables with the following pdf

pri(ri) =

(
NI − i+ 1

Y
∑N
j=iG(ψj)

)
exp

(
− (NI − i+ 1)ri
Y
∑N

j=iG(ψj)

)
(A-5)

The MGF of ri can be shown to be

Mri(s) =

⎡
⎣1 −

Y
(∑N

j=iG(ψj)
)

NI − i+ 1
s

⎤
⎦
−1

(A-6)

and the MGF of y can be expressed as a product of MGF of
ri

My(s) =
N∏
i=1

Mri(s) =
N∏
i=1

⎡
⎣1 −

Y
(∑N

j=iG(ψj)
)

NI − i+ 1
s

⎤
⎦
−1

(A-7)
Using partial fraction expansions, (A-7) is rewritten as

My(s) =
N∑
i=1

Ai

⎡
⎣1 −

Y
(∑N

j=iG(ψj)
)

NI − i+ 1
s

⎤
⎦
−1

(A-8)

in which Ai is a coefficient,

Ai =
N∏

j=1,j �=i

(
1 − Ci

Cj

)−1

(A-9)

and

Ci =
NI − i+ 1∑N
k=iG(ψk)

(A-10)

The above result is valid only if the mean values of ri are
mutually different. That is to say,

Pr{E[rm] = E[rn]} = 0, for any m �= n; 1 ≤ m,n ≤ N
(A-11)
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This can be confirmed through proof by contradiction. Assum-
ing that (A-11) is not true, we have

Pr{E[rm] = E[rn]} �= 0, for some m �= n; 1 ≤ m,n ≤ N
(A-12)

then

Pr

⎧⎨
⎩
Y
(∑N

j=mG(ψj)
)

NI −m+ 1
=
Y
(∑N

j=nG(ψj)
)

NI − n+ 1

⎫⎬
⎭ �= 0,

for some m �= n; 1 ≤ m,n ≤ N
(A-13)

Without loss of generality, we assume m > n, and after some
derivation steps, (A-13) can be rewritten as

Pr

{∑N
j=mG(ψj)∑m−1
j=n G(ψj)

=
(N −m+ 1)

(m− n)

}
�= 0,

for some m �= n; 1 ≤ m,n ≤ N

(A-14)

Let q =
�N

j=m G(ψj)
�m−1

j=n G(ψj)
. It is seen that q is a continuous random

variable due to the fact that G(ψj) is a continuous random
variable. The probability that a continuous random variable
equals a constant value is 0. Therefore, (A-14) is incorrect
and (A-11) is proved by contradiction.

The MGF of total interference y is given by (A-8) and the
pdf of y can be derived by taking inverse Laplace transform,

py(y) =
N∑
i=1

Aipri(y) =
N∑
i=1

Ai

(
NI − i+ 1

Y
∑N

j=iG(ψj)

)

× exp

(
− (NI − i+ 1)

Y
∑N

j=iG(ψj)
y

) (A-15)

Let γ = x/y denote the SIR. The pdf of the SIR can be found
as

pγ(γ) =
∫ ∞

0

ypx(γy)py(y)dy (A-16)

Inserting (A-15) into (A-16) we obtain

pγ(γ) =
N∑
i=1

Aipγ|ri
(γ) (A-17)

where

pγ|ri
(γ) =

∫ ∞

0

ypx(γy)
(

1
ri

)
exp

(
− 1
ri
y

)
dy (A-18)

Notice that pγ|ri
(γ) is the pdf of SIR under one Rayleigh

faded interferer with mean power ri and

ri =
Y
∑N

j=iG(ψj)
(NI − i+ 1)

=
Y

Ci
(A-19)

Using (A-17), we can write the conditional outage probability
as

Pout(ψ1, ψ2, ..., ψN ) =
∫ γth

0

N∑
i=1

Aipγ|ri
(γ)

=
N∑
i=1

Ai

∫ γth

0

pγ|ri
(γ) =

N∑
i=1

AiPout|ri

(A-20)

in which Pout|ri
is the outage probability under one Rayleigh

faded interferer with mean power ri.

APPENDIX B

The conditional outage probability using the simplified
beamforming model is (Eq. (29)),

Pout(l1, l2, ..., lN )

= Pr

[
x∑N

i=1

(
liy(i) + (1 − li)αy(i)

) < γth

]

=
∫ γth

0

∫ ∞

0

ypx(γy)
d

dy

{∫ y

0

∫ ÿN−1

0

...

∫ ÿ1

0

NI !
(NI −N)!Y N

exp

[
− 1
Y

(
N∑
n=1

y(n) + (NI −N)y(N)

)]

dy(1)...dy(N−1)dy(N)

}
dydγ

(B-1)
The total interference power using the simplified beamforming
model is

y =
N∑
j=1

(
ljy(j) + (1 − lj)αy(j)

)
(B-2)

where lj is defined by (26). After some derivation steps (B-
2) can be expressed as y =

∑N
j=1 rj , in which rj = zj ×(∑N

i=j (li + (1 − li)α)
)

and zj is defined in (A-2). Similar to
the derivations as in Appendix A, it can be shown that rj ’s are
independently distributed exponential random variables with
mean power

rj = Y

∑N
k=j (lk + (1 − lk)α)

NI − j + 1
=

Y

Dj
, j = 1, 2, ..., N

(B-3)
where

Dj =
Y

rj
=

NI − j + 1∑N
i=j (li + (1 − li)α)

, j = 1, 2, ..., N (B-4)

The MGF of y can be expressed as a product of MGF of rj .

My(s) =

N�
j=1

Mrj (s) =

N�
j=1

(1 − rjs)
−1 =

J�
j=1

�
1 − r(j)s

�−Nj

(B-5)
Notice that (B-3) represents a vector with N elements, r1=(r1,
r2, ..., rN ). Removing duplicate elements in vector r1, we
obtain a new vector with J elements, r(1)=(r(1), r(2), ...,
r(J)). We also have another vector of J elements, N=(N1,
N2, ..., NJ ) with each element indicating the number of
duplicate elements in the original r1 vector. We clearly have∑J

j=1Nj = N . Similarly, we are able to obtain D(j) from
Dj (Eq. (B-4)). Using partial fraction expansions, (B-5) can
be rewritten as

My(s) =
J∑
j=1

Nj∑
i=1

Aji
(
1 − r(j)s

)−i
(B-6)

where Aji is an coefficient due to partial fraction expansions
and

Aji = Mji

J�
k=1k �=j

(−r(k))
−Nk , j = 1, 2, ..., J ; i = 1, 2, ..., Nj

(B-7)
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in which Mji is the residue value corresponding to 1/r(j)
with order i. Notice that (B-6) has a similar form as (A-
8) and, following the derivations from (A-15) to (A-20), the
conditional outage probability can be found to be

Pout(l1, l2, ..., lN) =
J∑
j=1

Nj∑
i=1

AjiPout|r(j)(i) (B-8)

where Pout|rj
(i) is the outage probability under i independent

Rayleigh faded interferers each with mean power r(j) =
Y/D(j).
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