EXAMPLE 1: Spring-damper system

k
W

spring  damper

g
2

—2> [ ]

1) Constitutive Laws: fr = kx, fa = bvy

2) Geometric Continuity: Vs + vy,

3) Free Body Diagram (relate forces in system): fie—o—sf

Y. E, = ma (assume positive to right) A

—fs + f4 = 0 (because massless connection)

4) Identify State Variables: x. (only one spring for this example)

5) Solve for the State Equations

xg' =7

derivative of state variable
I} fa fs kxs
X =Y. =Py =E——=———= ——
S S d b b b

k : :
X = (— E) x;, <« correct form with acceptable terms on right

Thus we have determined the state equation describing the behavior of
the system over time. If the system was disturbed, the state equation(s)

provides the state of the system as a function of time.



State equation for Example 1: x,' = (— S) X

This equation can be solved analytically or numerically. To find the
analytical solution, use the Method of Undetermined Coefficients (i.e.
the ‘Guess Method’). To start:

assume  x,(t) = Ae™t is a solution, then...

x,'(t) = rde™

If this “guess” 1s correct, then it must satisfy the state equation:

) K
X = —;xs
K
et = £l
r=- k/ p | < this must be true for our guess to work

Thus our solution to the state equation is

k
x,(t) = Ae b' | « general solution

Here ‘A’ is a constant that can only be determined from the initial
conditions (i.e. the perturbation). There is one unknown; thus we need
one 1nitial condition.

In math terminology... we have solved for the general solution of DEQ.
If we have the initial conditions, we can solve for the particular solution.




Assume that the initial elongation of the spring is x, (¥=0) =2. What is
the particular solution?

k
-t

x;(t) = Ae™ b

if at =0, x,=2, then
2 = Ae 5 = A(D)

A=2

k
-t

x;(t) = 2e b | <« Particular solution

The Differential Equation can also be solved numerically using

techniques covered in MA221. Perhaps the easiest approach is the Euler
Method.

The Euler Method can be referred to as a *“ predictor method”. If we
know the state of a system at time ‘t’, and we know the rate of how the
system 1s changing at ‘t’, we can predict the state of the system at a
small increment in time At in the future.

Or, more mathematically, if [g]n 1s the current state, and [g’]n 1s the rate

of change of the system at the current time, then the state of the system
at a future time [x] 1S ...
—n+1

x],.,, = [x], + [x'],,, @D



Do NOT let the symbols and the notation confuse you! State in plain
English what this equation is telling you!

As a simple example, consider the case of a professor sprinting across
the lecture room (at world-class speed). If you know where I am at the
current time, and know my velocity (speed and direction), can you
predict where I will be in i1s? If you can, congratulations... you just used
the Euler Method!

But be careful ... this method is an approximation. If my speed is a

constant over the interval At, then the solution is exact. But if my
velocity is changing over the interval At, and you are using my velocity
at the beginning of the interval, then this is clearly an approximation!
Want a better approximation? Use a smaller time step!

Now let’s return to our original state equation,

v = (~7) )

k
Note that here we will assume that we don’t know x,(t) = 2e b". If we

already know the analytical solution, why also solve it numerically?
(ANSWER: We would not need to!)

For simplicity, let’s assume k=10 and b=2, at that at =0, x,=2. Thus:
X' = —5x;

To implement the Euler Method, we can develop and complete the chart
below (see appropriate excel file on ME345 Course website).

Plotted are the numerical approximation for two different time steps
(At=0.1s, At=0.01s) and the exact solution. The smaller time step almost
perfectly matches the exact solution.
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