EXAMPLE 7: EIGENVALUE PROBLEM EXAMPLE
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4) State variables:! ¢, ! 55, ! 1, ! s (Four SVOs here!)

5) Solve for the state equations for each variable
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Wow, that was one of our easier examples of solving for the first order state
equations!Who said that this OEigenvalue ProblemO was complicated? Although
this is the first problem where weave four firstorder state equations, so maybe
that will be part of the challeng®loving orE

Recall that in a past exame we wrote thdirst order equations in matrix form.
We can repeat that process hereE
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However, it will bemore usefuko write these equations in secondrder form.

We will do this in terms of the velocities of the masses. (Recall that as in the
previous example where we did this, we may need-torite some of th@revious

state variables in terms atceptable state variables for the second order system;
here thevelocities of the masses.)
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We can now write thesesecond order equations in matrix formas



The next step is to solve our problem analytically. Recaéirwive did this before

for the case of &ingle secondorder state equation, we found tblearacteristic
equation But now we have to solve two coupled second odiféerential
equations simultaneouslyhis is in the form othe classicakigenvalue probem.

In the past examples, weOve used the Method of Undetermined Coefficients (i.e the
OGuess MethodO) to determine the analytical solution. We can proceed with this
procedure here, with some minor modifications to account for the fact that we are
now trying to guess the solution to multiple equations simultaneously.

To simplify the notation here, we will write our 2x2 matrix system above in the
following shorthand form:

% = [A]y

where[A] = !'! | matrix,andv,,, andv, are! x! matrices such that
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The notation may look complicated but donOt let it confuse you. We want to find
v (t) bthis is sinply the velocities of each of the two masses as a function of time.
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To continue with the Method of Undetermined Coefficients, we ne€GoessO a
solution. But since we need to OGuessO two simultaneous spiionil guess:
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Keep in mindthat!,, is a2x1 vector, since we need to guess the two solutions

simultaneusly. (In past examples weOve guessed a solution in the férm
where A was a constant. We need a more Ocomplicated® guess here for a more
complicated problem.Repeating the previous process, we can then differentiate
our guess to find:
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O A!_!e!"

Ll () ! AZ!_ie :

If our OguessO solution workeen we need to plug it back into our original
equation

Original equaibn: U = [! v
Substituting: !Zﬂe’“’! [A]! e"
Cancelling exponential term !Zﬂ = [A]!_i
Subtracting over: (A [y, ! 0

wherel is the identity matrix (with ones on the diagonals, necessary to introduce so
that we are subtracting 2x2 matrige$his last expression is referred to as the
eigenvalue problem.



The eigenvalue problem is quitelevantin all fields of scienceand engineering.

(In addition to this Mechanical System, eigenvalue problems are also found in:
studies of predateprey biological systems used to study extinction pattaffes;
Games simulations to estimateoop casualties; andn imagebased Facial
Remgnition systems, to name a few examples.) Because of this the eignenvalue
problem is written in many different waysften depending on the field (or sub0
field); for examplerather tharO#0 peopmemetimes use O$O086But dthough
written in different forms, whatthe eigenvalue problernean®is the same,
which we can express in words as:

GGiven a matrix [A], can we findcalar quantitie; and vectors ;

thatsatsfy (i.e. solve)this eigenvalugoroblemO

More terminologythe!; are schars and are referred to as #igenvalueswhile v,

are vectors and are referred to asdigenvectorsor modeshapesEigenvalues are
related to the natural frequencies of the system. Each eigenvalue has a distinct
(different) mode shape.

OK, now back to our analytical solutioRecall that our eigenvalue problem was
of the form

[A]! 2[1Dw, ! 0

This equation can only be solved if the following two conditiondatb met:
1) det([A]! A%[!]) =!, andthen

2) if appropriatey; are selected.

(recall thatdetis the determinant of the system as you have talked about previously
in calculus).Going back to our origingbroblem,recall that ourA matrix (which

was determined based on how the springs andsesasiere connected in the
system)wasfound to be:
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To makeour discussioreasier, letOsssume the following values four system
parameters:

Substituting these values into dumatrix we find that

=l

and thus

[A] =2 [1]! r5;” —21P]

The first of our two conditions to find a solution is that the determinant of
[A] —!"[I] = 0. Assuming yourecall how to take the determinant of a 2x2 matrix,
for what value of # is this determinant equal to zero?

(1 5—2A)(=! —1)—4
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(121 6)A +1)=0
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By conventim, we call the smadist value the O first@igenvalue,the second
smallest value the second eigenvalue, etc.

These are the only possible eigenvalues that allow the necessary determinant to be
equal to zeroSo weOve found part of our solution. The nextistéo solve for the
appropriate eigenvectors (mode shapes).

If we usetheseeigenvalues, what values ofdo we need®e will do this on a

caseby-case basis, by substituting the eigenvalues that we just found back into our
eigenvalue problem formulation as illustrated below.
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Note: WeOll use the notatioij to denote the elements of the eigenvector, whegpresents the
eigenvalue (in this case, we are looking using the value for theifyestivalue) ang represents
the row that the component refers to: this here we want to detertlia@ad \12



Note that hesetwo equationgas represented by the matrix problem abare)
NOT independent! There sninfinite number of combinations af ;and! ;,'that

will work! For example, all of these combinations work (try them if you donOt
believe me!):
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They all work! That is fine. Whats MORE IMPORTANT than the values of the
eigenvalues is the relative magnitude between the two, which tells us the Odirection®
of the vector (as opposed to the magnitude of the vedtogll of the possible
solutions above, note that,vs exactly two tnes that of v b that is what is
important.We will see later belowhy which values you choose do&trmatter;
ultimately you will get the same solution.

OK, so ifit doesnOt matter exactly which correct combination of the components of
the eigenvector & choosehow do we find one that works? Here is the easiest (i.e.
best) wayset! ;; ! 1, then find out which values of , works.Doing this for the
above problem yoaan show that

et ()

Note: In some fields, such asathematics, théact that there can be more than one suitable
answerfor the eigenvectois disconcerting. One way to overcome this hurdle isotonalizethe

vector such that itOs magnitude is equal to one. (In this way everyone will find the same exact
eigenvector even if they picked different initial eigenvalu&s.)normalize,one can divide by

the square of the sum of the componexit$( 22=v1), such that

11 \/I—
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So what does this eigenvectoean and how is it related to the eigenvalue that it
corresponds to? If you think of the eigenvalue as a frequency, then the eigenvector
tells us themode shapé¢hat corresponds tthat frequency. In this case, it tells us
that at this frequency the velocities of the two masses are related by a factor of =2;
l.e. that the velocity of the second mass is 2x that of the first mass (note that they
will always be in the same directiori;dne is going in the OnegativeO direction as
defined in the problem then the other will be going in the same direction).

To recap, weOyest found the eigenvalue that corresponds to the first eigenvector.
We need to repeat the process for the remaingenealues as outlined below.

Case2!, ! ++/11

We will skip some of the detailsereand leave it to you to go through the process
to find the appropriate eigenvectbatis associated with the second eigenvalue.

L=+ =
@ 1-2'1D, ! 0

l_! !2(_!) | 2—2(! 6)] {3. }z {IO}
=0
!_zz{:il}! {! !/2}

Note thatin this case the velocities are in opposite directions; if one mass is
moving to the right,ie other will be moving to the left (and vice versa).



So to recap we have found that

Casel ! =4#i, vlz{l}
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These are related  ©O€igenvectorsO

to the natural Omode shapesO
frequencies! . ,
Onormal modesC

OK, so weOve found all the efyalues and eigenvectors in the problérkey

element of this solution was tiAematrix, which was comprised of various system
parameters (spring constants, masses) and whose arrangement was dependent on
how the elements were organized in the real systenother words, by changing

the values we assumed for the spring constants and the masses we would find
different eigenvalues and different eigenvectoBuj how do theseeigenvalues

and eigenvectonelate to the solution for our problem at hand?

Recdl that we startedthis process by using the Method of Undetermined
Coefficients andby assuming thatut solution was of the form

v (t)! v!* &this was our OguessO

Substituting the values that we found, and remembering from alculgs class
that adding solutions to a differential equation gives us an expression d@lsias
solution to the differential equation, we can write

v'_(t) ! {lz}' it | {! !1/2}! I Vel



Long (Cool?)Note: The aboveform, while @rrect, is notin itself very useful. Howeveryou
may recall from calculusthat we can rewrite this expression in termssof and cosby using
what is known ag&ulerOs Formula for Complex Analysigyes, that Euler)which is given as

1" = cosx + isin!

If one goes back to the Euler Formula, when x = ' fager Formula gives us™! 1 =1,
which is known as the Euler Identity. The Euler Identity, which is comprised of five of the most
fundamental mathematical constants (0, J, 'andi), has been referred to by different sources
as the Most beautiful theorem in mathema€cand thegteatest equation ever (Wikipedia)

Thus wsing the Euler Formula for Complex Analysis, sanrewrite our solution
as:

U (2) ! {|1} (a "# t! | 1"#¢) +{_ !1/| }(a! I"#+/61 + b, sinV6!)

where! 1, !, a;, b, are constantgvhich depend on initial/boundagonditionsof
the problem. Does it make sense that there are four such constastsiedaise
initially there weret statevariables, which led to four® order state equations; this
is all connected.

In mathematical terms, the equation above isgéeeral solutionFor a particular
problem, we can use known initial/boundary conditions to solve fopdngcular
solution

In the solution above there are twmdes(which correspond to the OcasesO that we
looked at before). The first mode has a frequency of 1 and a mode shape
(eigenvector) of [1;2]. The second mode has a frequengy ahd a mode shape
(eigenvector) of [10.5].



MODE 1 {'1}| (t) ¥ Velocities are the same sign

¥ They are moving Oin unisqitCthe same direction),
although mass 2 moving twice astfas mass 1

1
MODE 2 1, ¢! (\/6!) ¥ Velocities are the opposite sig
11/,

¥Massesare moving in opposite directions,
with mass 2 speed 50% that of mass 1.

Under very specific conditions (i.e. initial conditions), the system could move in a
way such that the behavior was purely Mode 1, which would result in a very
smooth singoidal behavior at a frequency of 1. Likewise, under a different set of
initial conditions we could achieve pure Mode 2 behavior, such that the behavior

was again sinusoidal but at a different (and higher) frequency/6oés
demonstrated below.



In the figures above be sure to notice the following: 1) frequency of Mode 2 is
higher that Mode 1; 2) in Mode 1 behavior, when the velocity of one mass is
positive, the other is also positive (and vice versa); 3) in Mode 2 behavior, when
one velocity is great than zero, the other velocity is negative (i.e. moving in the
negative direction) and vice versa; and 4) the [1;2] and.A]; Eigenvectors are
demonstrated.

Now, if we do NOT have just the right set of initial conditions, then the behavior
of the systm will not demonstrate the behavior of just one mode or another mode,
but will instead be a&uperpositionof the two modes (anplist these two modes,
only). Even for the simple example above, this sort of behaviorl@ak quite
chaotic, as shown below:



This is a key finding.Even thouglthe behavior of the system abaygpearsto be

guite chaotic (or crazy, ugly, messy, etc, depending on your word chuoiee),
know thatthe velocity of each mass in the system and they can be written in terms
of just the e@envalues and eigenvectoMoreover,we know thatgiven the right

initial conditions, we can cause the system to operate in a particular mode (with a
corresponding a particular frequency).

To complete the discussion, letOs give ourselves a set of initial conditions
practicefinding the particular solution. Here weOll assume we know the initial
conditions:

v (! 1) =1 Lt 0) =1

v (t=1)=1 1 '(t) 0) =1775

Note: What do these initial conditions mean? How Idoone take the system that we are
working with and impose these very specific initial condgion



Rewritingthe general solution we found for the velocities of the masses as
!
!_m(!) = {Il} (a "# t! b !"#t)! {_ ! /l }(' | cosV! t! | o I'# \/gt)
we can easily take the derivative with respect to time, which gives us:
1
v () ={|1}(—!! sin! + b, cos!)! {, !/ }\/'_(' a, sin V6! + b COS\/!—!)
2 [ L2/

We have four unknowns{, b, a, , b,), SO we need four independent equations,
which we can find by using the initial conditions at t=0. At t=0,

D



Plugging these valudsr (! ;,!,,!,, b;) into the general solution will give us the
particular solution, which can be written as:

L () ! {:;m: 8}' {: }!"#t+{_ !1/! }sin\/!_t

A plot of thevelocities isshown below (it is the same plot that we saw before,
which is a superposition of the two modes):
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Matlab lends itself quite nicely to solving these types of problems (it hasirbuilt
functions to determine the eigenvalues and eigenvectors & thatrix that we
found before) An example Matlab cod#éat can be used for this case is shown
below.
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Eigenvalue problem... solution via Matlab

% This is for the two spring and two mass system

o0 o

oo

% k1 | k2 |
==/ \/\/\=—=| ml  |—————- AVAVACESY m2

% | | | |
clear

clc

close all

% INPUT system parameters (in class, used kl1=3, k2=2, ml=1], m2=1)
k1=3; k2=2; ml=1; m2=1;

% Input initial conditions (assumed initial velocity and accel of masses)
vml_ t0=0; init velocity of ml

vm2_t0=0; init velocity of m2

aml_ t0=3.45; init accel of ml

am2_t0=.775; init accel of m2

o0 0@ oo

oe

[

If want to set specific values for the constants (to get normal mode
% behavior) set this

normal_mode=0; % if set equal to 1, use THESE constants in final solution
%%%%%%%% DO NOT CHANGE ANYTHING BELOW THIS LINE %%%%%%%%

A = [-k1l/ml - k2/ml, k2/ml;

k2/m2, -k2/m2]; ¢this is the A matrix
[e_vectors, e values]=eig(A); $Matlab built-in command
%e_vectors - columns give the eigenvectors
%e_values - diagonals given the eigenvalues
evectl=e_vectors(:,1) $this is one of the eigenvectors
evect2=e_vectors(:,2) $this is the other eigenvector
evall=-e_values(1l,1) $one of the eigenvalues (note: negative here)
eval2=-e_values(2,2) $one of the eigenvalues (note: negative here)

$Following the notation of class, once we have these values we can write
$the velocities of the masses as a function of time (and unknown constants
¢based on the initial conditions).

%To find the accelerations, also need to take the derivatives of these
$velocities (See class notes)

$To solve for unknowns al, a2, bl, b2, use boundary conditions. Will solve
$in matrix form. Note: assuming that all BCs are at t = 0!

temp matrixl=[evectl(l),evect2(1l);evectl(2),evect2(2)];

al a2=inv(temp matrixl)*[vml tO;vm2 tO0];

al=al_a2(1l);

az2=al_a2(2);



temp matrix2=[evectl(1l)*sqgrt(evall),evect2(l)*sqgrt(eval2);evectl(2)*sqrt(eval
1l),evect2(2)*sqgrt(eval2)];

bl b2=inv(temp matrix2)*[aml tO0;am2 tO0];
bl=bl b2(1);
b2=bl b2(2);

%%% BELOW THIS LINE MIGHT WANT TO CHANGE!!!!

if normal mode==

%al=0; bl=0; a2=1; b2=1; $first mode

al=1; bl=1; a2=0; b2=0; %second mode
end
% Now plug these into our equations and can plot versus time (t)
t=0:.1:10;

vml=evectl(l)*(al*cos(sqgrt(evall)*t)+bl*sin(sqgrt(evall)*t)) +
evect2(l)*(a2*cos(sqgrt(eval2)*t)+b2*sin(sqrt(eval2)*t));

vm2=evectl(2)*(al*cos(sqgrt(evall)*t)+bl*sin(sqgrt(evall)*t)) +
evect2(2)*(a2*cos(sqgrt(eval2)*t)+b2*sin(sqgrt(eval2)*t));

$This was the analytical solution FOR PARTICULAR SYSTEM PARAMETERS
vml class=sin(t)+sin(sqrt(6)*t);
vm2_class=2*sin(t)-0.5*sin(sqrt(6)*t);

% PLOT TO COMPARE THE SOLUTIONS ('Class solution' for given BCs)
plot(t,vml,t,vm2,t,vml _class, 'x',t,vm2_class, 'o0")
legend('vml - Matlab', 'vm2 - Matlab', 'vml - Class', 'vm2 - class');



