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Abstract—We consider adaptive transmit and receive beampat-
tern design for array radar systems. While adaptive processing is
primarily employed for only receive beamforming in conventional
design, we propose a fully adaptive approach involving jointly
selecting the transmit correlation matrix and receive beamformer
by maximizing the signal-to-interference-plus-noise ratio (SINR).
The motivation of utilizing adaptive processing at the transmitter
is that with imprecise knowledge of the interference (e.g., due to
limited training data), only relying on adaptive receive beam-
forming may be inadequate for effective interference cancellation,
whereas joint adaptive transmit and receive beamforming can
afford a stronger ability to handle the interference. Simulations
are provided to demonstrate the performance of the proposed
joint beamforming approach.

Index Terms—Adaptive processing, interference cancellation,
receive beamforming, transmit beamforming.

I. INTRODUCTION

PTIMAL linear beamformers [1]-[3] employ linear

weights to optimize the receive beamformer response
based on the statistics of the data. Specifically, the covariance
matrix of the disturbance signal (i.e., interferences and noise)
is used to place nulls in the directions of interfering sources
to maximize the signal-to-interference-plus-noise ratio (SINR)
at the output of the beamformer. In practice, data statistics
are often unknown and may change with time. To cope with
the problem, adaptive algorithms are used to obtain weights
that converge to the statistically optimal solution. An adaptive
beamformer requires training data to estimate the unknown
disturbance covariance matrix. However, the challenge is that
training data are often limited in many practical scenarios,
which may cause significant performance loss due to lack of
sufficient training data that are needed to form a reliable covari-
ance matrix estimate. In an effort to improve the performance
under these conditions, we propose to use training data not only
for adaptive reception as traditional beamformers do, but also
to adaptively control the transmit beampattern for radiation.
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Transmit beampattern and waveform design for array radars
has been of interest recently [4]-[10]. However, most existing
studies do not consider adaptive processing for radiation.
Matched-illumination design was employed for transmit beam-
forming in [4], [5], where the signal correlation matrix is
optimized to ensure the transmission power is directed to a
range of desired angles, whereas interference mitigation was
not explicitly considered. Alternative designs were studied
in [6]-[8] by maximizing the output SINR, thus taking into
account interference mitigation. However, the limitation is
that these approaches assume full prior knowledge of the
disturbance covariance matrix and, hence, are non-adaptive.
Meanwhile, [9] and [ 10] examine radar phase code design under
several constraints, e.g., constraints on a similarity to known
radar codes, the peak-to-average power ratio, and estimation
accuracy, etc. Their designs are also non-adaptive.

We consider herein jointly adaptive transmit and receive
beamforming in the presence of interferences. A closed-form
expression of the transmit beamforming correlation matrix is
obtained by maximizing a lower bound of the output SINR
at the receiver. Our solutions of the transmit beamforming
correlation matrix and the associated receive beamformer
require some knowledge (i.e., locations and strengths) of the
interferences, which are adaptively estimated from the training
data. The advantage of employing adaptive processing at both
the transmitter and receiver in the presence of interferences
with uncertainties is demonstrated by numerical results.

II. PROBLEM FORMULATION

Consider a narrowband system with A, transmit and M,
receive antennas. Let s,,(n) denote the signal transmitted by
the m th antenna, and ¢ the location of a scatterer. The base-
band signal at a specific scatterer location can be described as
af’(9)s(n),n = 1,---, N, where s(n) = [s1(n) - sp, (n)]"
and a;(#) denotes the A, x 1 transmit steering vector con-
taining phase shifts determined by the look angle #. For a uni-
form linear array (ULA) with a half-wavelength separation be-
tween two adjacent array elements, the steering vector is given
by at(e) — [1 ej?rsing ej(AMtfl)ﬂ' sin(&)]T.

Suppose there is a target located at angle 6y along with K
interferences located at 8; = [f1---0k], O # Ho for k =
1,---, K. Then, the received signal is given by [11]

y(n) = aoay(fo)af (fo)s(n) + ¢(n) + e(n)

where o denotes the target amplitude, a,(f) € CM-*1
the receive steering vector similarly defined as a.(6),
¢(n) the interferences which can be expressed as ¢(n) =
iy aral(8p)al (0c)s(n), and e(n) the nosie with zero
mean and covariance matrix O',%Lwr. Assume the complex
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amplitudes . are uncorrelated with zero mean and variance
o7. The covariance matrix of the disturbance (interferences
plus noise) is

K
Ry =Y oal(6x)a)’ () Reay(6r)a) (1) + ol
k=1

K
£ org(bp)az(6r)al (6x) + ool (D
k=1

where R, = F{s(n)s(n)} denotes the signal correlation ma-
trix to be designed, and g(6x) = a¥ (6, )R.a;(#},) the transmit
beamforming gain at direction ;. At the receiver side, a linear
beamformer w € C*~*! is applied to y(n) for interference
mitigation, yielding the output z(n) = w'y(n). The problem
of interest is to jointly optimize R for transmit beamforming
and w for receive beamforming.

III. PROPOSED APPROACH

A. Transmit and Receive Beamforming Design

Consider the receive beamformer output SINR given by

H % o T
swhak(bg)a; (fo)Rsar(bp)al (6o)w
p(W7RS) = 0[) : WHR(]W °

We take a max-SINR approach which is frequently used for
radar design (e.g., [12])), by maximizing (2) jointly with respect
to (w.r.t.) w and R,, subject to constraints on the transmit power
and positive semi-definitiveness of R:

2

max p(w.Ry), sttr{R;} <p, R; = 0. 3)

To solve (3), we first solve w in terms of a given R, as fol-
lows

whar(fo)af (6o)Rsar(fo)al (fo)w

4
max WER,w @)

The solution is given by (see Appendix A for a proof)
w = TRJla;'f(Ho) (5

where 7 # () is an arbitrary constant, and the associated max-
imum value of (4), denoted by A4, is

M(R,) = all (0)Rsai(fo)al (60)R, "ar(fo).  (6)

The remaining step is to find R, to maximize the output
SINR:

max A(Rg), sttr{Rs} <p Rs; = 0. @)

A main difficulty of (7) is that the objective function involves
a non-diagonal matrix inverse. To circumvent this difficulty, we
propose to maximize a lower bound of the objective function
(7) (see Appendix B for derivation of the lower bound)

M? t{R,B(60)}
AL >
tr{R,C} + M, 02

®)
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where B, () £ a,(80)al’(6y), B,(8y) = a*(6p)al (6y), and

.
C 2% aiabe)a) (9:)B.(o)as (Ox)al (6x).  (9)
k=1

Thus, we have the following new optimization problem:

N tr{R;B:(fp)}
max - =
®. tr{R,C} + M,02’

st.tr{Rs} <p, R = 0. (10)

This is a constrained fractional semidefinite programming
(SDP) problem whose solution can be obtained by solving its
equivalent SDP via the so-called Charnes-Cooper transforma-
tion [13]. Specifically, since the denominator of the fractional
SDP is strictly positive [see (21)], we can define Q = ¢R.,
where ¢ > 0 is a scaling parameter which makes tr{¢R,C} +
qM,.02 = 1. Hence, multiplying by ¢ the numerator and the de-
nominator of the objective function in (10), we obtain the equiv-
alent SDP problem as

max tr{QB:(fy)}
Q.q
st. tr{QC} =1 gM,0?

tr{Q} = qp
Qx-0, ¢>0 (11)

The optimal solution (Qs, ¢, ) of (11) can be found by using
standard convex optimization software. In turn, the solution of
(10) can be obtained as R, = q%Q*.

In fact, a closed-form solution to (10) can be derived as shown
next. Let the eigenvalue decomposition (EVD) of R be R, =
UTU# where T contains the eigenvalues { 'ym}Mt 1 on its di-

m=

agonal. The optimization problem can be rewritten as

M,
s.t. Z Ym <P, Ym 2 0.

m=1

tr{T U B,(6)U}
max :
I tr{TUHCU} + M, 02’

12
Let n, denote the optimum value of the objective functclon).
Then, for any eigen-pair I' and U
tr{TUB,(6,)U}
tr{TUACU} + M,a2 =

The problem is to construct U, and I, which satisfy the con-
straints in (12) as well as the relation
tr{T, UZ (B.(6y) — 4.C) U, } = M,02n,. (13)
Let Cy 2 C + M;—UZIM,,. It is shown in Appendix C that
N = af(@o)Calat(Ho) and R, = pvvf with

v = C;ay(80) [al (60)Cy au(60)] 2. (14)

The optimal R, is a rank-one matrix, which is consistent
with numerical results obtained by the SDP approach.

B. Adaptive Estimation

Our method requires to know interference locations 8
and strengths o7. We discuss here how to adaptively esti-
mated these parameters from training signals. Specifically,
training signals are obtained by sending a selected waveform
so(n),n=1,..., N, to probe the environment when the target
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is absent (prior to target sensing). For simplicity, we use or-
thogonal waveforms. Let Yo = [yo(1)---yo(N)] € CM-x¥
contains the corresponding received signal which can be ex-
pressed as
7
Y, = Z akaj(ek)af{(ak)so + Eq
k=1

where Sg = [so(1)---so(N)] € CM>*N and By =
[e(1)---¢(N)] € CMr-*N_ Given the training data Yy, a
multitude of methods (see [14]) can be used to obtain the inter-
ference location estimates #;. (we use the MUSIC algorithm in
Section IV). From (15),

(s)

K
YS! = > arar(Br)al (1) + EOS(])L
k=1

(16)

where Sg denotes the pseudo inverse of Sy, or, equivalently,

K
vee(YoSH) = 3 anlal () ® a (64)] + vee(EqS])
k=1

where vec(-) stacks the columns of a matrix and ® denotes
the Kronecker product. Then, the least-squares estimate of « is
given by

&= (AT A,,) AT vec(YoS])

where A, 2 [af(61) @ a¥(fy), -, af(fx) @ a*(k)]. In
addition, the variance of the amplitude of the interference can
be simply estimated as &} = 6.

Finally, we use the estimates ;. and 67 in (14). The resulting
signal correlation matrix can be written as f{s* = p\?‘\?H , and
its associate receive beamformer is

w =R, *a’(6y) (17)
where Ry is computed as in (1). In Section IV, beampattern is
used to compare different adaptive beamforming schemes. We
consider the joint transmit-receive beampattern given by

P(6) = [al (O)Racar(0)] [WHar(e)”  (19)

which includes the contribution from transmit beam-
forming all(#)R,.a;(#) and receive beamforming
|wHa%(f)|>. We also set the non-zero scalar 7 in (17)
as 7 £ [al(60)R, a%(00)] M [af (Bo)Ryea(69)] 7% to
normalize the beampattern (18) such that the gain at the
target direction is one (to facilitate comparison). Note the
normalization does not change the shape of the beampattern.

IV. NUMERICAL RESULTS

We present numerical results to demonstrate the merits of
the proposed beamforming scheme. We compare it with the
phased-array (PA) scheme that points to the target location 6
at transmission. The transmit correlation matrix of the PA is
R, ps = mat(ﬁo)af (80)[5], whereas the receive beam-
forming vector is similarly given by (5), except that its distur-
bance covariance matrix R4 depends on R, pa . Moreover, for
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Fig. 1. Mean output SNR and joint transmit and receive beampattern.

adaptive interference cancellation, the PA scheme also requires
knowledge of the interferences in order to compute R;. Here,
R,; for the PA system is estimated in a similar approach as de-
scribed in Section III-B.

Consider a system where the transmitter and receiver share
a ULA of M; = M, = M = 6 elements with half-wave-
length inter-element separation. The total transmit power is set
to p = M, a target is located at 0.1 and five interferences are at
(—0.38,—-0.1,0.15,0.31,0.46) in normalized spatial frequency
f £ (sin#)/2. The overall power for the interferences is 1 and
the noise variance is o2 = 0.01. The target power is either
o2 = 1 or varied over a range of values as specified. We con-
sider a training-limited scenario where the number of training
data used for adaptive estimation is N = M = 6.

Fig. 1 depicts the mean of the output SINR for the proposed
and the PA schemes based on adaptive estimation. The output
SINR for the proposed scheme with known interferences is
also shown as a benchmark. We note that the proposed scheme
has a similar SINR with known or adaptive estimated inter-
ferences. Moreover, it outperforms the PA scheme by 4.3 dB.
The joint beampatterns of the two adaptive approaches are
also shown in Fig. 1. It can be seen that the proposed adap-
tive design is able to suppress all the five interferences, while
the PA scheme cannot effectively mitigate the interferences at
(—0.38,0.46). Therefore, our proposed adaptive approach has
a stronger ability to handle the interferences in the training-lim-
ited situation.
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V. CONCLUSIONS

We have proposed a jointly adaptive transmit and re-
ceive beamforming for array radars. The transmit and receive
beampattern is obtained by jointly designing the transmit beam-
forming correlation matrix and receive beamforming vector
in terms of maximizing the output SINR. Numerical results
show that by applying adaptive processing for both radiation
and receiving in a training-limited situation, we can achieve
a better beampattern, a stronger ability to handle interference,
and a higher output SINR.

Appendix A
Proof of (5) and (6)

Define wy = Ri/ *w. The problem (4) becomes
a” (89)R,, > w1

max wfIR;Ea,’f(Qg)af{(Go)Rsat(eo) (19)
wi [[w1®

or equivalently,
max W{{RJ %af(eo)af(Hg)Rsat(Hg)

s.t. ”Wl” =1.

aT ()R, *wy

The maximum of the objective function is the largest eigen-
1 1

value A1 of R, Za’(fo)af’ (6g)Rsas(fo)al (6y)R, *, and the
solution of w is the associated principal eigenvector. Since
a’(fo)af (6y) is a rank one matrix, there is only one non-zero

eigenvalue ofRd ta (Ho)af (80)Rs af(HO) T'(65)R, %, which
is Ay = a (8)Rsa,(do)al (Ao)R;* (90) > 0. The associ-
ated eigenvector w is

W1 = R;Ea,’f(ﬁg)[

In turn, we can write

b=

a, (60)R, 'al(f)]

W—R W]_—’TR 3(90)

where 7 can be any non-zero constant since scaling does not
change the value of (19).
Appendix B

Proof of (8)
Let E = qé ((9()) (0(])R;% and F =

1 1
RZa,(8p)al ()R2. Then we can write (6) as A; = tr(EET).
By the Cauchy-Schwarz inequality, a lower bound is given as

[t(EFH))”  M2af (6,)R.a:(6,)
tr(FFH) a,T(HO)Rda;T(HO)
The lower bound is tight if E = «F, where « is a non-zero
constant. The condition is met if the interference is (approxi-
mately) spectrally white, or R4 o I. Following from (1) and
(9), we can write the denominator of (20)

(20)

1 Z

(HO)Rda (90) = tI(R C) + M O'

and the numerator as

e2y)

MZ2af (00)R.a,(60) = M? tr[R.B.()].

Appendix C
Solution to (12)

A solution to the problem is obtained by construction. Let the
rank of R, be M with M < M,;, and u,, be the eigenvector
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of R, corresponding to the eigenvalue -,,. Then, (13) can be
written as:

M
Z [fY'rrLug (Bt(go) - 77*0) Wy, — b'm]\{ro';zy,n*] =0
m=1

where {bm}m ; are a set of coefficients which

satisfy Zm 1 b, = 1. By selecting b, 2
YmuZ (Bi(0o) — 1.C)u,, /M, o2u,, we have

’Ym,uﬁll (BT(QO) - 7}*0) Wy — bm,MTU;ZLU* = 0
or equivalently,

b M,
u{i |:Bt(90) — N (C + 70-”11\/[,)] Uy, = 0

m

form =1,..., M. Hence, 7, is a non- zero generahzed eigen-

value of {B;(#p), C,, } with C,,, £ C + 3[ o I, and u,,

is the generalized eigenvector corresponding to 7,. That is,

Bt(HO)u'm. = n*C'mum' (22)

Since B: (o) = a;(6g)al’ (6y) is rank-one, it is easy to show
Ne = (0())0 at(ﬁ())
7« obtained for different 1 should be identical, i.e.,

a; (HO)C Ya,(80) — af (60)C;  a(6y) = 0,
Vi led{l,2,...,M}. (23)
Denote the EVD of C as C = U, DUH where the unitary
matrix U, contains the eigenvectors wh1le the diagonal matrix
D contains the eigenvalues. Let j1; = [’J M, U" Jj=1,...,M.
Then, (23) can be expressed as

a’ (U, [(D +u D) - (D4 mI)fl} UHa,(8y) =
’Y - - "/u
b, = 1, we conclude

. In addition, from
b = L Ag
Yo P

which implies & =
st

M
Zm,:l Y =P and Z
such,

M,o?

C,=C+ nIut =Co,m=1,..., M. (24)
p

It remains to determine the rank M of R,,. From (22) and
(24), we have

C, Za(fn)al (85)C, *Ceu,, = mCEum

which indicates that the normahzed form of C u,, is the eigen-
vector of the rank-one matrix C,, * af(ﬁ())at (69)C, * . Hence,
l

we have CU u,, x C, *a(fy) and more specifically, we can
write

|o|>—A

CU u, =C,? at(()o)[at (00)Cy at(ﬁo)]

it follows that all {u,,, } are identical, given by

1
u,,, = Cy lay(fo) [af (f0)Cy *ar(f)] * 2 v.

Moreover, since {u,,} are by definition the eigenvectors of
the semidefinite matrix R ., they must be different. Therefore,
we must have A = 1 and R, is rank-one, given by
H

R = nivv? =pvv
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