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Fast Inverse-Free Sparse Bayesian Learning via
Relaxed Evidence Lower Bound Maximization

Huiping Duan, Linxiao Yang, Jun Fang, and Hongbin Li

Abstract—Sparse Beyesian learning is a popular approach for
sparse signal recovery, and has demonstrated superior perfor-
mance in a series of experiments. Nevertheless, the sparse Bayesian
learning algorithm involves a matrix inverse at each iteration.
Its associated computational complexity grows significantly with
the problem size, which hinders its application to many practical
problems even with moderately large datasets. To address this is-
sue, in this letter, we develop a fast inverse-free sparse Bayesian
learning method. Specifically, by invoking a fundamental property
for smooth functions, we obtain a relaxed evidence lower bound
(relaxed-ELBO) that is computationally more amiable than the
conventional ELBO used by sparse Bayesian learning. A varia-
tional expectation-maximization (EM) scheme is then employed to
maximize the relaxed-ELBO, which leads to a computationally ef-
ficient inverse-free sparse Bayesian learning algorithm. Simulation
results show that the proposed algorithm has a fast convergence
rate and achieves lower reconstruction errors than other state-of-
the-art fast sparse recovery methods in the presence of noise.

Index Terms—Compressed sensing, inverse-free sparse Bayesian
learning (SBL), relaxed evidence lower bound (relaxed-ELBO).

I. INTRODUCTION

COMPRESSED sensing is a recently emerged technique
for signal sampling and data acquisition, which enables to

recover sparse signals from undersampled linear measurements
y = Ax + w (1)

where A ∈ RM ×N is the sampling matrix with M � N , x
denotes an N -dimensional sparse signal, and w denotes the
additive noise. Such a problem has been extensively studied and
a variety of algorithms, e.g., the orthogonal matching pursuit
algorithm [1], the basis pursuit (BP) method [2], and the iterative
reweighted �1 and �2 algorithms [3], were proposed. Besides
these methods, another important class of compressed sensing
techniques that have received significant attention are Bayesian
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methods, among which sparse Bayesian learning (SBL) [4], [5],
[8] is considered as one of the most popular compressed sensing
methods. SBL was found to outperform the greedy methods
and the BP method in a series of experiments, e.g., [6] and [7].
Despite its superior performance, a major drawback of the SBL
method is that it requires to compute an inverse of an M × M
matrix at each iteration, and thus has a cubic complexity in terms
of the problem size. This high computational cost prohibits its
application to many practical problems. To address this issue, a
fast SBL scheme was proposed in [9] to alleviate this drawback.
The key idea is to perform the type-II maximum likelihood
estimation in a sequential manner, i.e., maximizing the marginal
likelihood function with respect to a single sparsity parameter
αn at each time, assuming other sparsity parameters are fixed.
In [10], the idea of sequential maximization was adapted to
the variational Bayesian framework, where authors considered
the maximization of the variational lower bound with respect
to a single factor q(αn ). Besides the above efforts, recently the
approximate message passing (AMP) [11] and generalized AMP
(GAMP) [12] techniques were developed in a message-passing-
based framework to compute approximate marginal posteriors
with a very low complexity, and have been successfully applied
to solve compressed sensing problems, e.g., [13] and [14].

In this letter, we develop an inverse-free SBL method that
has a very low computational complexity. The rationale behind
our proposed method is to find a relaxed evidence lower bound
(relaxed-ELBO) that can help circumvent the matrix inverse op-
eration. A variational expectation-maximization (EM) scheme
is developed to maximize the relaxed-ELBO, which leads to a
computationally efficient inverse-free SBL algorithm. Note that
our algorithm development is similar to [8], with the key dif-
ference that the ELBO is replaced by a relaxed-ELBO, which
results in an inverse-free algorithm.

II. OVERVIEW OF VARIATIONAL INFERENCE

We first provide a review of the variational Bayesian infer-
ence. Let θ � {θ1 , . . . ,θI } denote the hidden variables in the
hierarchical model. The objective of Bayesian inference is to
find the posterior distribution of the latent variables given the ob-
served data, i.e., p(θ|y). The computation of p(θ|y), however,
is usually intractable. To address this difficulty, in variational
inference, the posterior distribution p(θ|y) is approximated by
a variational distribution q(θ) that has a factorized form as [15]

q(θ) =
I∏

i=1

qi(θi). (2)

Variational inference finds q(θ) by minimizing the Kullback–
Leibler (KL) divergence from the variational distribution q(θ)
to the posterior distribution p(θ|y). The KL divergence mini-
mization is equivalent to maximizing the evidence lower bound
(ELBO), a lower bound on the logarithm of the marginal
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probability of the observed data ln p(y). To see this, note that the
marginal probability of the observed data can be decomposed
into two terms

ln p(y) = L(q) + KL(q||p) (3)

where

L(q) =
∫

q(θ) ln
p(y,θ)
q(θ)

dθ (4)

and

KL(q||p) = −
∫

q(θ) ln
p(θ|y)
q(θ)

dθ (5)

where KL(q||p) is the KL divergence between p(θ|y) and q(θ),
and L(q) is the ELBO. Since KL(q||p) ≥ 0, it follows that L(q)
is a rigorous lower bound on ln p(y). Moreover, notice that the
left-hand side of (3) is independent of q(θ). Therefore, maxi-
mizing L(q) is equivalent to minimizing KL(q||p), and thus the
posterior distribution p(θ|y) can be approximated by the vari-
ational distribution q(θ) through maximizing L(q). The ELBO
maximization can be conducted in an alternating fashion for
each latent variable, which leads to [15]

qi(θi) =
exp(〈ln p(y,θ)〉k �=i)∫
exp(〈ln p(y,θ)〉k �=i)dθi

(6)

where 〈·〉k �=i denotes an expectation with respect to the distri-
butions qk (θk ) for all k �= i.

III. INVERSE-FREE SBL

In the variational sparse Bayesian learning framework, x is
assigned a two-layer hierarchical prior. In the first layer, x is
assigned a Gaussian prior distribution characterized by α, i.e.,

p(x|α) =
N∏

n=1

p(xn |αn ) =
N∏

n=1

N (xn |0, α−1
n ) (7)

where α � {αn} are nonnegative hyperparameters controlling
the sparsity of the signal x. The second layer specifies Gamma
distributions as hyperpriors over the hyperparameters {αn}, i.e.,

p(α) =
N∏

n=1

Gamma(αn |a, b) =
N∏

n=1

Γ−1(a)baαa−1
n e−bαn

where Γ(a) =
∫ ∞

0 ta−1e−tdt is the Gamma function. Also, w is
assumed to follow a Gaussian distribution with zero mean and
covariance matrix (1/γ)I . To learn γ, a Gamma hyperprior is
placed over γ, i.e.,

p(γ) = Gamma(γ|c, d) = Γ(c)−1dcγc−1e−dγ . (8)

Let θ � {x,α, γ} denote the hidden variables in the above
hierarchical model, and let the variational distribution be ex-
pressed as q(θ) = qx(x)qα (α)qγ (γ). Maximizing the ELBO
yields a procedure that involves updates of the approximate
posterior distributions for hidden variables x, α, and γ in an
alternating fashion [4], [5]. Specifically, qx(x) is updated ac-
cording to a Gaussian distribution with its mean and covariance
matrix given, respectively, by

μ = γΦAT y (9)

Φ = (γAT A + D)−1 (10)

where D is a diagonal matrix with its nth diagonal element
equal to 〈αn 〉. We see that the update of the posterior distribution
qx(x) involves computing an N × N matrix inverse, which can
be converted to an M × M matrix inverse by resorting to the
Woodbury identity. Thus, the variational SBL algorithm has a

computational complexity scaling as O(M 3), which makes the
application of the SBL method to large datasets impractical.

To address this issue, we propose to maximize a relaxed
ELBO, i.e., a lower bound on L(q). Note that the ELBO for
SBL can be expressed as

L(q) =
∫

q(θ) ln
p(y,θ)
q(θ)

dθ

=
∫

q(θ) ln
p(y|x, γ)p(x|α)p(α)p(γ)

q(θ)
dθ. (11)

To obtain a relaxed ELBO, we recall the following well known
and fundamental property for a smooth function [16]. Note that
this property also plays a critical role in developing the fast
first-order algorithm in [16].

Lemma 1: Let f : Rn → R be a continuously differentiable
function with Lipschitz continuous gradient and Lipschitz con-
stant T (f). Then, for any T ≥ T (f), we have

f(u) ≤ f(v) + (u − v)T ∇f(v) +
T

2
‖u − v‖2

2 (12)

for any u,v ∈ Rn .
Invoking Lemma 1, a lower bound on p(y|x, γ) can be ob-

tained as

p(y|x, γ) =
γN/2
√

2π
exp

(
−γ

2
‖y − Ax‖2

2

)

≥ γN/2
√

2π
exp

(
−γ

2
g(x,z)

)
� F (y,x,z, γ) (13)

where

g(x,z)�‖y−Az‖2
2 + 2(x−z)T AT (Az−y) +

T

2
‖x − z‖2

2 .

(14)

Clearly, the inequality in (13) holds for any z, and the inequality
becomes equality when x = z.

Combining (11) and (13), a relaxed ELBO can eventually be
obtained as

L(q) ≥ L̃(q,z) =
∫

q(θ) ln
G(y,θ,z)

q(θ)
dθ (15)

where
G(y,θ,z) � F (y,x,z, γ)p(x|α)p(α)p(γ).

The relaxed ELBO can be further expressed as

L̃(q,z) =
∫

q(θ) ln
G(y,θ,z)

q(θ)
dθ

=
∫

q(θ) ln
G(y,θ,z)h(z)

q(θ)h(z)
dθ

=
∫

q(θ) ln
G̃(y,θ,z)

q(θ)
dθ − ln h(z) (16)

where G̃(y,θ,z) � G(y,θ,z)h(z), h(z) is a normalizing term
to make G̃(y,θ,z) a rigorous distribution, and h(z) is given by

h(z) � 1∫
G(y,θ,z)dθdy

. (17)

Recall q(θ) = qx(x)qα (α)qγ (γ). Our objective is to maxi-
mize the relaxed ELBO L̃(q,z) with respect to qx(x), qα (α),
qγ (γ), as well as with respect to the parameter z. This naturally
leads to a variational EM algorithm. In the E-step, the poste-
rior distribution approximations are computed in an alternating
fashion for each hidden variable, with other variables fixed. In
the M-step, L̃(q,z) is maximized with respect to z, given q(θ)
fixed. Details of the Bayesian inference are provided below.
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A. E-Step

1) Update of qx(x): Recalling (6) and ignoring those terms
that are independent of x, the approximate posterior distribution
qx(x) can be computed by

ln qx(x) ∝ 〈ln G̃(y,θ,z)〉qα (α),qγ (γ )

∝ 〈ln F (y,x,z, γ) + ln p(x|α)〉qα (α),qγ (γ )

∝ −xT

(
T 〈γ〉

2
I + Λ

)
x +

〈γ〉xT (2AT (Az − y) − Tz) (18)

in which Λ � diag(〈α1〉, . . . , 〈αN 〉), 〈αn 〉 denotes the expec-
tation of αn with respect to qα (α). Clearly, qx(x) follows a
Gaussian distribution with its mean and covariance matrix given,
respectively, as

μ = 〈γ〉Σ
(

AT Az − AT y − T

2
z

)
(19)

Σ =
(

T 〈γ〉
2

I + Λ
)−1

. (20)

2) Update of qα (α): The approximate posterior qα (α) can
be obtained as

ln qα (α) ∝ 〈ln G̃(y,θ,z)〉qx (x)

∝ 〈ln p(x|α) + ln p(α)〉qx (x)

∝
N∑

n=1

{(
a − 1

2

)
lnαn −

( 〈x2
n 〉
2

+ b

)
αn

}
(21)

where 〈x2
n 〉 denotes the expectation of x2

n with respect to qx(x).
Hence, α has a form of a product of Gamma distributions

qα (α) =
N∏

n=1

Gamma(αn ; ã, b̃n ) (22)

in which the parameters ã and b̃n are, respectively, given as

ã = a +
1
2

b̃n = b +
1
2
〈x2

n 〉. (23)

3) Update of qγ (γ): Similarly, variational optimization of
qγ (γ) yields

ln qγ (γ) ∝ 〈ln G̃(y,θ,z)〉qx (x)

∝ 〈ln F (y,x,z, γ) + ln p(γ)〉qx (x)

∝
(

c − 1 +
M

2

)
ln γ −

(
1
2
〈g(x,z)〉 + d

)
γ.

(24)

Thus, γ follows a Gamma distribution

qγ (γ) = Gamma(γ; c̃, d̃) (25)

with the parameters c̃ and d̃ given as

c̃ = c +
M

2

d̃ = d +
1
2
〈g(x,z)〉. (26)

In summary, the E-step involves update of the posterior ap-
proximations for hidden variables x, α, and γ. Some of the

expectations and moments used during the update are summa-
rized as

〈αn 〉 =
ã

b̃n

〈γ〉 =
c̃

d̃
〈x2

n 〉 = μ2
n + Σn,n

〈g(x,z)〉 = ‖y − Az‖2
2 + 2(μ − z)T AT (Az − y)

+
T

2
(‖μ − z‖2

2 + Tr(Σ)) (27)

where μn denotes the nth element of μ and Σn,n represents the
nth diagonal element of Σ.

B. M-Step

Substituting q(θ;zold) into L̃(q,z), an estimate of z can be
found via the following optimization

znew = arg max
z

〈ln G(y,θ,z)〉q(θ;zold) � Q(z|zold). (28)

Taking the derivative of Q(z|zold) with respect to z yields

∂Q(z|zold)
∂z

= 〈(TI − 2AT A)(z − x)〉q(θ;zold) . (29)

Setting the derivative to zero gives the solution
z = μ (30)

which follows from the fact that T > T (f) = 2λmax(AT A)
and TI − 2AT A is a positive-definite matrix, where λmax(X)
denotes the largest eigenvalue of matrix X .

For clarity, we summarize our proposed algorithm as follows.
1) Given the current estimate of z, update the posterior ap-

proximations qx(x), qα (α), and qγ (γ) according to (19)–
(20), (22), and (25).

2) Update the parameter z according to (30).
3) Continue the above iteration until ‖μ(t) − μ(t−1)‖2 ≤ ε,

where ε is a prescribed tolerance value.
Discussions: For our proposed method, we see that the

update of qx(x) still requires to calculate an N × N matrix
inverse. Nevertheless, the matrix to be inverted [cf., (20)] now
becomes a diagonal matrix. Thus, our proposed method is
free of any matrix inverse operations, and as a consequence,
the computational complexity of our proposed method is
substantially reduced. Note that the update of other hidden
variables α, γ, and the parameter z only involves simple
addition and multiplication operations.

IV. SIMULATION RESULTS

We present simulation results to illustrate the performance
of our proposed inverse-free sparse Bayesian learning method
(referred to as IF-SBL).1 Throughout our experiments, a, b, c,
and d are all set to 10−10 . T is chosen to be slightly larger than the
smallest Lipschitz constant, i.e., T = λmax(2AT A) + 10−10 ,
since simulation results suggest that a smaller value of T leads
to a faster convergence rate. We compare our method with the
fast SBL (referred to as F-SBL) [9], the fast iterative shrinkage-
thresholding algorithm (referred to as FISTA) [16], and an effi-
cient GAMP-based method (referred to as SBL-GAMP) that is a
simplified version of [14] without considering a block structure.
The regularization parameter used in FISTA is carefully selected
to achieve the best performance. Due to the large problem size,
the conventional SBL [4] was not included in our experiments.
Nevertheless, numerical results on small datasets suggest that
its performance is similar to that of the F-SBL.

1Codes for our algorithm are available at http://www.junfang-uestc.net/codes/
IF-SBL.rar
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Fig. 1. (a). Success rates of respective algorithms versus M ; (b). NMSEs of
respective algorithms versus M .

In our simulations, the sparse signal is randomly generated
with its K nonzero entries generated according to a normal
distribution. The measurement matrix A ∈ RM ×N is randomly
generated with its entries independently drawn from a nor-
mal distribution. Fig. 1(a) depicts the recovery success rates
of respective algorithms as a function of M , where N = 5000,
K = 500, and the observation y in (1) contains no measurement
noise. Results are averaged over 103 independent runs. We see
that in the noiseless case, the F-SBL and the SBL-GAMP pro-
vides the best performance. Due to the relaxation made to the
ELBO, the IF-SBL method incurs some performance loss. Nev-
ertheless, our proposed IF-SBL method presents a clear perfor-
mance advantage over the FISTA. Fig. 1(b) shows the normal-
ized mean square errors (NMSEs) of respective algorithms in
the presence of Gaussian noise, where we set the signal-to-noise
ratio (SNR) to 20 dB. From Fig. 1(b), we see that the IF-SBL
method exhibits better robustness against noise and achieves a
lower reconstruction error for a moderate ratio M/N .

In Fig. 2(a), we plot the average run times of respective algo-
rithms as a function of N , where we set M = N/2, K = N/10,
and SNR = 20 dB. In such a setup, all methods can provide reli-
able recovery results. We see that similar to the SBL-GAMP, the
average run time required by the IF-SBL only incurs a slight in-
crease as the dimension of the signal becomes large, whereas the
F-SBL and the FISTA methods suffer from a dramatic increase
in the average run time as N increases. The reason is that the

Fig. 2. (a). Average run times of respective algorithms versus N ; (b). Con-
vergence behavior of respective algorithms.

IF-SBL has a much faster convergence rate than the other two
methods, as observed from Fig. 2(b). In particular, the F-SBL
method starts with an empty support set, and then iteratively
includes new basis to fit the data. This process may take much
longer to converge in the noisy case. From Fig. 2(b), we see
that it takes the F-SBL more than 1000 iterations to converge,
the FISTA about 600 iterations to converge, while the IF-SBL
method converges within only 120 iterations. Also, the F-SBL
method needs to perform a matrix inverse at each iteration. As
the iterative process evolves, the dimension of the matrix to be
inverted becomes larger and larger. Thus, it is no wonder that
the average run time of the F-SBL method increases quickly as
the signal dimension becomes large.

V. CONCLUSION

We developed a fast inverse-free SBL method in this letter.
To circumvent the matrix inverse operation required by the con-
ventional SBL method, we resort to a fundamental property for
smooth functions and obtain a relaxed-ELBO. A variational EM
scheme was then used to maximize the relaxed-ELBO, which
leads to a computationally efficient inverse-free SBL algorithm.
Simulation results showed that the proposed algorithm has a
fast convergence rate and is more robust against noise than
other state-of-the-art fast sparse signal recovery methods.
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