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Robust Multiuser Detection for Multicarrier
CDMA Systems

Rensheng Wang, Member, IEEE, Hongbin Li, Member, IEEE, and Tao Li

Abstract—Multiuser detection (MUD) for code-division mul-
tiple-access (CDMA) systems usually relies on some a priori
channel estimates, which are obtained either blindly or by using
training sequences, and the covariance matrix of the received
signal, usually replaced by the sample covariance matrix. How-
ever, such prior estimates are often affected by errors that are
typically ignored in subsequent detection. In this paper, we present
robust channel estimation and MUD techniques for multicarrier
(MC) CDMA by explicitly taking into account such estimation
errors. The proposed techniques are obtained by optimizing
the worst case performance over two bounded uncertainty sets
pertaining to the two types of estimation errors. We show that
although the estimation errors associated with the prior channel
estimate and the sample covariance matrix are generally not
bounded, it is beneficial to optimize the worst case performance
over properly chosen bounded uncertainty sets determined by a
parameter called bounding probability. At a slightly higher com-
putational complexity, our proposed robust detectors are shown
to yield improved performance over the standard detectors that
ignore the prior estimation errors.

Index Terms—Multicarrier code-division multiple access (MC-
CDMA), multiuser detection (MUD), robust channel estimation,
robust MUD.

1. INTRODUCTION

ULTICARRIER (MC) code-division multiple-access

(CDMA), a popular multiple-access scheme for broad-
band transmission [1], [2], has received much research interest
recently. So far, numerous multiuser detection (MUD) schemes
for MC-CDMA have been proposed (see [3]-[6] and references
therein). While these MUD schemes may be derived from
different principles, they usually rely on some prior estimate of
the channel, obtained by either a blind or a training-sequence
assisted channel estimation algorithm. However, channel esti-
mation are usually affected by errors and most of existing MUD
schemes are known to be sensitive to such errors. Moreover, for
effective interference suppression, many MUD schemes also
require an estimate of the covariance matrix of the received
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signal, which is typically the sample covariance matrix. The
sample covariance matrix converges slowly, resulting in a poor
estimate of the true covariance matrix when the number of
samples of the received signal is relatively low [7], [8].

In this paper, we develop robust multiuser detection schemes
that explicitly account for both channel and covariance matrix
estimation errors. Our schemes build on recent developments in
robust adaptive beamforming (RAB) [9]-[13], which can suc-
cessfully deal with uncertainty in the antenna steering vector.
Although RAB in the form of diagonal loading has been known
for more than two decades in the array processing community
(see [9] and [14]), it was unclear how to choose the diagonal
loading factor precisely and relate it to the amount of uncertainty
of the steering vector. The problem was studied in several recent
studies that involve optimizing the worst case performance over
a bounded ambiguity set determined by the amount of uncer-
tainty on the steering vector [15]-[19]. It was shown the diag-
onal loading can be computed exactly by a interior point method
[18] or a Newton search over a one-dimensional (1-D) bounded
set [15], [16], among other approaches.

While the uncertainty on the steering vector in array pro-
cessing is usually bounded, this is not the case in our problem,
where the prior channel estimation errors and the sample
covariance matrix estimation errors are unbounded. Even so,
it turns out beneficial to optimize the worst case performance
over a properly chosen bounded uncertainty set. By using
the Chebyshev inequality [20], we show that, in either case
involving channel estimation error or covariance matrix esti-
mation error, a bounded uncertainty set can be determined by a
parameter referred to as the Chebyshev bounding probability.
By choosing the Chebyshev bounding probability sufficiently
large (e.g., > 0.9), we neglect the small-probability event that
the estimation error exceeds the chosen bounded set. This is be-
cause in that case the prior estimation is so poor and our robust
schemes are not expected to help (in fact, few methods will
succeed when the initial estimates are very poor). Hence, our
strategy is to try to achieve robustness against small-to-medium
prior estimation errors. This makes our work distinct from
earlier RAB studies.

Driven by the advances in RAB, robust detection and esti-
mation for wireless communications is receiving more atten-
tion. It is interesting to note that a similar approach [21], which
was brought to our attention by one reviewer, was considered
for robust linear detection in multiuser multiple-input multiple-
output (MIMO) systems. The Chebyshev inequality was em-
ployed there to simplify a probability constrained optimization-
based receiver, which requires nonlinear programming, to one
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that requires only second-order programming, which is compu-
tationally much simpler. Although the problems addressed are
different, the idea behind [21] and our work is to ensure the
probability that the design constraint is violated is small. In [22],
robust blind MUD was considered for synchronous CDMA sys-
tems to deal with user signature mismatch. Different from our
approach, it was assumed that the mismatch is bounded with
a known upper bound. Other recent relevant studies in wireless
communications can be found in the references of [21] and [22].

Our robust channel estimation and MUD schemes are first
developed based on batch processing. We also extend them for
adaptive implementations. We show that in the latter case, the
uncertainty set pertaining to the estimation error contributed
by the sample covariance matrix is no longer fixed and should
decrease as more and more symbols are received. As such,
time-varying covariance estimation errors are employed in our
adaptive implementations. To allow variable uncertainty set in
adaptive implementation is another unique feature of our work.

To exemplify the usefulness of our robust design, we con-
sider a class of standard linear MUD receivers, including the
minimum variance (MV) detector (e.g., [23]-[25]) assuming
knowledge of only one user’s spreading code and training,!
and the zero-forcing MV (ZF-MV) detector [26], [27] with
spreading codes and training of multiple users. In the latter case,
we consider two scenarios with or without residual unmodeled
interference [e.g., intercell interference (ICI)]. We discuss
robust versions of these detectors obtained from our robust
design. We compare the performance of these MUD detectors
driven by training-based channel estimates and our robust
channel estimates. Numerical results show that our proposed
robust schemes yield significant performance improvements
over the standard detectors that ignore the prior channel and
sample covariance matrix estimation errors.

The rest of the paper is organized as follows. In Section II,
we introduce the MC-CDMA data model and formulate the
problem of interest. In Section III, we first review a class of
linear MUD receivers. Then, we examine estimation errors in
the initial channel estimate and the sample covariance matrix. In
Section IV, we develop our robust channel and MUD schemes.
Adaptive implementations are discussed in Section V, followed
by numerical results in Section VI. Finally, we draw conclusions
in Section VIIL.

A. Notation

Vectors (matrices) are denoted by boldface lower (upper) case
letters; all vectors are column vectors; (-)*, ()7, and (-)¥ de-
note the conjugate, transpose, and conjugate transpose, respec-
tively; || - || denotes the Frobenius norm; Iy, denotes the L x L
identity matrix; diag{-} denotes a diagonal matrix; and finally,
tr{-} denotes the trace a matrix.

II. DATA MODEL AND PROBLEM FORMULATION

Consider a baseband MC-CDMA (uplink) system with P
subcarriers and K active users. For the kth user, each transmit

'While the MV principle can be employed for blind channel estimation, we
assume that the channel estimation is initially obtained by training (and refined
by our robust techniques).

symbol is modulated by a P x 1 preassigned spreading code cj,
(frequency domain spreading). After a P-point inverse discrete
Fourier transform (IDFT) and parallel-to-serial (P/S) conver-
sion, a cyclic prefix (CP) is inserted between successive symbols
to avoid inter-symbol interference. Then, the signal is sent out,
passing through an Lx 1 fading channel gy, which lumps to-
gether the transmit/receiver filters and the physical channel. At
the receiver, the received signal is first serial-to-parallel (S/P)
converted, followed by CP removal and discrete Fourier trans-
form (DFT). We assume that the propagation delay spread is
within the duration of the CP so that the output of the DFT
processor during the mth symbol interval can be expressed as

(e.g., [28])

K
y(m) = di(m)\/P.CiFgy + e(m) (1)
k=1

where Py, and di(m) denote user k’s transmission power and
data symbol, respectively, Cy, = diag{cy} with c denoting
user k’s spreading code, F € CP*! denotes the DFT ma-
trix with the k/th element given by (1/v/P)e=727(k=1)(I=1)/P
and e(m) is the disturbance containing the additive channel
noise and possibly unmodeled interference (e.g., ICI). Since the
transmission power P, and channel impulse response gy, cannot
be separated from one another in channel estimation, they are
treated as a combined channel vector hy, = /P,gy. Then, (1)
can be rewritten as

K
y(m) = dp(m)CyFhy + e(m).
k=1

We consider MUD schemes that require the channel state in-
formation (CSI) hy, for multiuser interference (MUI) suppres-
sion. The true CSI can never be known exactly and has to be
replaced by some channel estimate hy, which is inevitably sub-
ject to estimation error. The problem of interest is to develop
robust linear MUD schemes by taking into account imperfect
channel estimate hy, along with the other type of imperfection
occurred in the estimation of the covariance matrix of y(m),
which is often needed in many MUD schemes.

III. PRELIMINARIES

To facilitate our discussion of the proposed robust MUD
scheme in Section IV, we first briefly review a class of linear
MUD receivers that utilize the ZF constraint or MV criterion
or a combination of both, as well as training-based channel
estimation with the least-squares (LS) criterion. Then, we
analyze the estimation error of the LS based channel estimator
and that of the sample covariance matrix. These analyses can
help us determine the boundaries of the uncertainty sets in our
robust MUD receiver design in Section IV.

A. Linear Multiuser Detection

Lets, = CyFh, € CPXY fork =1, ..., K, S =
[s1, ..., sg].andd(m) £ [dy(m), ..., dg(m)]T. Theny(m)
can be rewritten in a compact form

y(m) = Sd(m) + e(m).
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The ZF detector, which assumes the signature vectors
s1, ..., Sk are known at the receiver, is given by [29]

Wzr = S(S88)~!

which detects all K users simultaneously. The ZF detector ig-
nores any possible residual interference in e(m) (e.g., ICI or
unmodeled interference). To account for such residual interfer-
ence, we can use ZF-MV criterion (e.g., [26], [30])

WZF_MV:argn&ntr{WHRyWL st.WHS =1 (2)
_Rp-1 Hp-1g\—-1
=R, 'S(S"R,'S) 3

where R, = E{y(m)y* (m)} denotes the covariance matrix
of y(m) and in obtaining the second equality, we used a standard
constrained quadratic optimization result (e.g., [31, p. 283]).
The ZF constraint in (2) ensures that each row of W passes
one user with unit gain but completely suppress (with zero gain)
the other K — 1 interfering users. Meanwhile, the MV crite-
rion in (2) further cancels the residual/unmodeled interference
in e(m).

The ZF-MYV receiver reduces to the MV or minimum output
energy (MOE) detector [23]-[25] if K = 1, i.e., only a single
user, say user 1, is detected

WMV = R;lsl(S{{Rglsl)_l. (4)
We note thatif s; and R, are known exactly, wyy is the same
as the optimum linear minimum mean-squared error (MMSE)
detector [23], [24]; meanwhile, a similar ZF-MV approach was
used in [27] for deriving group blind MUD schemes.
The minimum output power of the ZF-MV detector is

V £ {(SR,'S)" !} (5)

which can be verified by substituting (3) into the cost function in
(2). The minimum output (5) will be used in our robust receiver
design in Section IV.

B. Channel Estimation

While the above MUD detectors are based on different
principles and prior knowledge, they all rely on the CSI
Suppose M training symbols are available. We stack y(m) as

y = [yT(1), ..., yT(M)]T. Then
d1(1)C F dg(1)CgF h; e(l)
y= : ; Sl
dl(M)le dK(M)CK]: hK e(M)
£Ah+e

where we assume that we have the training information of all K
users and, therefore, A is known. The LS estimate of h is given
by

h=(A"A)'AMy. (6)

Note that, if there is no residual interference in e(m), the LS
channel estimate in (6) is equivalent to the optimum maximum-
likelihood (ML) estimate [32].

The channel estimation error of (6) is

A~

Ah=h—-h=(A7A)"'A e, (7)

Suppose e contains white Gaussian noise with E{ee’} = ¢21.
While this assumption is not satisfied in the presence of residual
interference, this is a simple and suitable assumption if the sta-
tistical property of the residual interference is unknown. Fol-
lowing the assumption, Ah is zero-mean Gaussian (conditioned
on the training symbols) with covariance matrix

cov{Ah} = c?(AFA)~!, ®)

Let A = (AHA) and A;; the (ij)th L x L sub-
matrix of A A; = FILC,C;FYM_| di(m)d;(m),
i,7 = 1,...,K. For independent and identically dis-
tributed (i.i.d.) training symbols, the sample cross-correlation
vy 2 (M)YM i (m)d;(m) = O(M=2), i # .
which means that r;; approaches zero (which is the statis-
tical cross-correlation) at rate M —1/2 a5 M increases. Hence,
for large M, A = M(Igxr + O(M~Y/2)) and, in turn,
A7 = (1/M)Igp, + O(M~3/2) [33, p. 58] (i.e., inverse of a
perturbed matrix). Substituting A™" (i.e., (AT A)~1) into (8),
for large M, we have

2
cov{Ah} =~ UMIKL. (8a)
Recall that h = [h], ..., hT]T. We can further infer that
o2
cov{Ah;} = —1I . 9)

M

Let us denote 5 = ||Ahy]|?. Clearly, 3 is x? distributed with
2L degrees of freedom [34], whose mean 113 and variance o%
are given by ’

us = E{f} = %02, U?, = var{f} =~ %04. (10)
The above calculation is used to choose the size of the uncer-
tainty set. Simulation results in Section VI show that the per-
formance of the proposed approach is insensitive to the choice.
Hence, an estimate of cov{ Ah} suffices. Note approximation is
not needed for orthogonal training. Although for nonorthogonal
training and small M, the above approximation may be inaccu-
rate, it still offers a guideline regarding how to set the ambiguity
set. Nonorthogonal training and relatively small M are used in
our computer simulation. Our results show significant perfor-
mance improvement can still be obtained with the proposed ap-
proach in such cases.

C. Covariance Matrix Estimation

Note that R, is used in the ZF-MV (3) and MV (4) detectors
for interference suppression. In reality, the true covariance ma-
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trix R, is not available and usually substituted by the sample
covariance matrix

(1)

=
I
<
NE
=
2
<
g
=

m=1

While Ry is the ML estimate of R, the above linear mul-
tiuser detectors suffer from small M, due to the well-known
convergence problem. We next characterize the estimation er-
rors in Ry. In particular, we consider estimation error -y 2
IR, — R, || Let R, (i, j) and R,(i, ) be the (i, j)th element
of R, and R, respectively. Then

v = EP:EP: [Ry(b 7)

i=1 j=1

Fyio)] [Rli ) = Ry )]

is a sum of P? random variables. As shown in Appendix I, the
mean and variance of v are given by

=B = 10 (Ry)

2
of =var{y} = T5IIRy |I*. (12)
We will use the above statistics of -y for robust MUD design in
Section IV.

IV. ROBUST MULTIUSER DETECTION

In this section, we will develop a class of robust MUD
schemes by taking into account the estimation errors in h and
Ry. Our schemes optimize the worst case performance over
bounded sets of the above estimation errors. First, we discuss
how to bound the above estimation errors.

A. Bounding Channel Estimation Error

Although 3 = ||Ahg]|? is x? distributed and, therefore, not
bounded, by the Chebyshev inequality, the unbounded channel
estimation error is bounded in probability

o5
Ps(|8 = ppl > ) < (13)

where g and oﬁ denote the mean and variance, respectively,
of 8, which are given in (10), and é3 is any positive number.
The right-hand side of (13) can be made very small by choosing
a large 63. We will ignore the unbounded channel estimation
error, which is a small-probability event for sufficiently large
03, and consider a bounded set

2

o
Ps(B < g +65) > 1 — 5—%@ (14)
Let ¢4 = p3 4 63 denote a chosen boundary of 3. Then
7
Polabul < ) 21 - 5 (15)

where Ps(||Ahg||> <€) is henceforth referred to as the
Chebyshev bounding probability. Although we can choose a
sufficiently large ¢; to make the Chebyshev bounding proba-
bility Pg approach 1, it is not worth seeking robustness when
the channel estimation error is too large (see Section I). Hence,
our strategy is to improve detection robustness against small to
moderate channel estimation errors. For a chosen Chebyshev
bounding probability Pg (say, P3 = 0.9), we can determine
the corresponding boundary €, by setting the two sides of (15)
equal. In particular, we have

2

ag
ek = pp + || — 5 (16)
(1—Pp)
In light of (10), we can rewrite €, as
1 L
=— | L S 17
€k M( + (1—P;;)>U (17)

B. Bounding Covariance Matrix Estimation Error

Likewise, we can bound covariance matrix estimation error
v = ||Ry — R,||? by the Chebyshev inequality

Py(ly = py[ > 04) < (18)

<Ql3 | qu

where f1, and 03/ denote the mean and variance, respectively, of
7, which are given by (12), and 6, is a positive number. Again,
we can ignore the unbounded small-probability event (for suffi-
ciently large ¢.,) and consider a bounded set

g,
P(ySpy+8) 21— 5.
2

19)

It will be more convenient to work with the estimation error /7y
instead of v. To thisend, letn = /., + 0., denote the boundary
for 4. Then

2

a3
Ry||§77)>1__~

PR, - 5

(20)
For a given Chebyshev bounding probability P, we set the two
sides of (20) equal in order to determine the boundary 7, which
is given by

2
T @1

Py A 77—~
T a=Ry

"7:

In light of (12), we have
V2R,

n= \/—\/ {Ry}+ \/7P

C. Robust Channel Estimation and MUD

(22)

The ZF-MYV detector in (3) is sensitive to 51gna1 mismatch due
to errors in S (equivalently, h) and errors in R Next, we de-
velop a class of robust ZF-MF detectors by accounting for such
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imperfect prior estimation. We consider channel estimation by
maximizing the following multichannel output power [cf. (5)]:

V(h) = tr{[S"(h)R, 'S(h)] "'} (23)
subject to certain constraints (to be specified). The idea is after
interference suppression [enforced by the ZF-MV criterion in
(2)], we should maximize the output power to avoid signal can-
cellation (e.g., [24]).

It turns out computationally involved to use (23), which is
highly nonlinear in h (due to the outer matrix inversion). In-
stead, we utilize an upper bound of V' (h) obtained in a similar
manner as in [30] by using the Schwartz inequality

K? =tr?(I)
u? {8 ()R, S()] /2[5 ()R, *S() %)

<tr {[$7 ()R, ()] " e {7 (W)R;S(h)]}
(24)

which yields

tr { [SH(h)Rgls(h)]*l} > K> (25)

~ tr{SH(h)R;'S(h)}’

Following a similar proof in [30], we can show that
the above bound is asymptotically tight for high signal-
to-noise ratio (SNR). Therefore, rather than maxi-
mizing  tr{ [SH(h)RfS(h)]fl}, we can minimize
tr {S¥(h)R,*S(h)}. Our channel estimate is obtained by
considering the following constrained optimization:

STy L H -1
{Ry, h} = argﬁflﬁf tr {S”(h)R, 'S(h)}

s.t.|Jh—h|? <eand |R, — R, || <7 (26)
where € = Z,Ile €. In plain English, we seek to optimize the
cost function over two spherical constrained sets centered on
the initial estimates with radius determined by their statistical
uncertainty. Our updated estimates optimize the best worst case
performance over the two uncertainty sets.

The cost function can be simplified as follows:

Vi(h) =tr [S”(h)R, 'S(h)]
=Y h{FTC\R;'C,Fh;. 27)
k=1
Note that h7 F* C,R;1CrFhy > 0, fork =1, ..., K, and

they are independent of each other. Moreover, for a fixed hy, we
have

R, = arg hf F?C R, C . Fhy

_ min
HRy_Ry”S’I

=R, + 71 (28)

which is also independent of different users. Therefore, by sub-
stituting R, into (26), the problem in (26) reduces to K separate
optimization problems

hy = argnﬁin hf}-HCk(Ry + 1)~ CLFhy,
k

st by —hg)?<er, k=1, ..., K. (29
Let ®, £ fHCk(f{y + nI)~1CF. Since the solution of (29)
will evidently occur on the boundary of the uncertainty set (i.e.,
the worst case), then

flk = arg Hﬁin hg@khk, s.t. ||flk — th2 = €k (30)
k

where the inequality constraint has been replaced by a quadratic
equality constraint. The problem in (30) can be solved by using
the Lagrange multiplier, in a manner similar to [15]. Specifi-
cally, Let

Vg(hk, )\) = thékhk + )\[(ﬁk — hk)H(flk — hk) — Ek]. 31

Then, the new channel estimate is obtained by taking the partial
derivative and setting it to zero

OWalhy, A) _ ®,h; + A(hy —h;) =0 (32)
ohy,
which yields
hy = A(® + AI)"'hy, = hy, — (I+ A®; ) 'hy.  (33)
The Lagrange-multiplier A can be calculated by setting
Va(A) 2 [ — he” = T+ 2@, ") 7 hye || = 6. (34)

Let the eigenvalue decomposition (EVD) of ¢I>,:1 be
&' = UUP, a 2 UFhy, = [y, ..., ag]”, and
Iy = diaglp1, ..., pr] with p; > --- > pr. Then, V3(A) can
be rewritten as

. (35)

Since V3(\) is monotonically decreasing, we can determine a
unique solution lie in the upper and lower bounds given by (cf.

(15

hy||— e 211/2 ||hy|| = /ex
mSASnﬁn{[E;1z|a12| } ? ||| \/Ek}_
P1V/€k = PL €k
(36)
Once ) is obtained, our robust channel estimate is given by

h, = (A '@, + 1) 'hy. (37)

In turn, the signature vectors for MUD are updated as follows:

5, =CrF(A 1@, + 1) 'hy,

S =[5, ..., (38)

§K]~
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TABLE 1
SUMMARY OF THE ROBUST AND STANDARD MUD DETECTORS AND COMPLEXITIES

Robust MUD

Standard MUD

1. Compute initial channel estimate flk.

—_

Compute initial channel estimate flk.

Compute R, by (12). = O(MP?) flops

Compute R, by (12). = O(MP?) flops

Compute [R, + 71" = O(P?) flops

Compute R;*. = O(P?®) flops

Eall el

Compute ®, = FAC, [f{y + nI}*lck.’F.
= O(PL) flops

Rl ol

Compute s = CiFhi, k=1, -, K.
= O(KPL) flops

5. Perform the EVD of ®;, = U,I';'U{.
= O(L®) flops

5. Compute W zimv by (3) or wmy by 4).
= O(KP?) flops

6. Solve (35) for A by a Newton search scheme.

7.  Compute hy, by (38) and form S by (39).
= O(KPL) flops

8. Compute the robust detector meusl zE-my by

(40) or Wigbust MV by “41). = O(KPZ) ﬂOpS

The robust ZF-MV detector (multiuser spreading codes are
known) is given by [cf. (3)]

N . T -1
Wiobust zb-mv = (Ry + 7I) 'S [SH(Ry + 771)715] :
(39
When only a single spreading code is available, the robust
ZF-MV detector reduces to a robust MV detector [cf. (4)]

(R, +71)~18;
é?(Ry +nI) 18,

(40)

Wrobust MV =

The proposed robust MUD detectors along with the com-
plexity (in terms of the number of flops) involved in each step
is summarized in Table I. Note that the complexity of Step 1,
which is identical for both the robust and standard detectors,
depends on a particular channel estimator used and, therefore,
is not listed. For the LS estimator discussed in Section III-B,
the complexity is O(K2L?P + K?M + K?3L?) (ignoring the
lower order terms). Also note that the Newton search in Step
6 involves 1-D search, as shown in (35) and (36). The variable
complexity involved in the search is not listed since it is negli-
gible compared to other matrix/vector manipulations. For com-
parison, the standard detectors along with their complexities are
also listed in Table I. It is seen that the extra steps of the robust
detectors involve only slight increase in complexity since L is
much smaller compared to P in practical systems. As such, the
robust and standard detectors have a comparable complexity.

V. ADAPTIVE IMPLEMENTATION

The above robust MUD schemes are presented in batch-pro-
cessing form, based on a collection of the received signals
during M symbols. In a more realistic scenario, we may have
M training symbols followed by N, data symbols which
form a data packet. It is often desirable to detect the re-
ceived signal in a symbol-to-symbol manner, as opposed to
the above batch-processing. In this section, we discuss the
symbol-by-symbol adaptive implementation of the proposed
robust MUD detectors.

First, we note that the sample covariance matrix

m=M, M+1, ..., M+ N, (41)
becomes more and more accurate as m increases. This is also
reflected in (22), which shows that the covariance matrix estima-
tion error decrease in 1/ \/m as m increases. As such, the size
of the uncertainty set in (26) with respect to covariance matrix
estimation should be time varying and decrease with m

1

n(m) = ﬁﬂo (42)

where 79 2 \/tr2{Ry} + V2| Ry||2/+/1 = P is a constant
and independent of m. With time-varying size of the uncertainty
set, we have the adaptive robust ZF-MV and MV for the mth

received symbol, given by

W obust Rty (1) = [Ry (m) + n(m)I] 'S
X {SH[Ry(m) + n(m)I]_IS}_ 43)

and, respectively

V~Vrobust MV(m) = [Ry(m) + n(m)I]_lél

X [é{{(f{y(m) + n(m)I)_lél}

(44)

We note that the computational complexity with (43) and (44) is
high since the matrix inverse [R,, (m) +n(m)I]=" € C**" has
to recomputed for every m. In the following, we discuss how to
efficiently and adaptively compute it. Based on the definition of
Ry (m), we have

Ry(m) = ———Ry(m = 1) + —y(m)y"(m). (45
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In the presence of a variable diagonal loading factor n(m), we
have

Ry (m)-+n(m)T=""L [Ry(m — 1) + n(m — 1]

+(\/m—_1—m—_1> n(m — DI (46)
m m

where we used the fact that n(m) = /(m — 1)/mn(m — 1)
[cf. (42)].AIt facilitates obtaining a recursive expression for cal-
culating R, (m) if v/(m — 1)/m is replaced by (m — 1)/m.
Doing so has little impact on the performance as long as m
is not too small (recall that m > M). As such, we can drop
the last term at the right-hand side of (46), which is equivalent
to slightly changing the size of the uncertainty set associated
with the sample covariance matrix. Note that the proposed ro-
bust detectors are insensitive to such minor adjustment of the
uncertainty set size, as shown in the numerical examples in Sec-
tion VI. Therefore

Ry (m) + n(m)T & " [Ry(m — 1) + n(m — 1)1}

oy )y (). @)

Let s(m) 2 (m — 1)/m and R, (m) = R, (m)+n(m)L Then

9%

R, (m) = &(m)Ry (m — 1) + [1 = x(m)]y(m)y™ (m) (48)

where k(m) is a variable forgetting factor, changing from
symbol to symbol. It is clear that the standard recursive least
square (RLS) like iteration can be used (using the matrix
inversion lemma) [35]

M 1.
R;'(m) = ERy_l(m -1)

RE R, (m - l)y(m)YiIET)figl(m D o
51+ (1= k)y"(m)Ry " (m — 1)y(m)

In summary, our adaptive implementations for the proposed ro-
bust MUD consist of the following steps.

e Step 1: Initialization :

- l.a : Formy = [yF(1), yI(M)]T from
M trqining symbols, and use (6) to com-
pute h.

- 1.b : Compute R,(M) by (41), n(m) by
(42), and matrix inverse [R,(M)+n(M)I]~".
e Step 2: Adaptive estimation and MUD
for m=M+1: M+ N,

Compute [R,(m)
by (49).

+ npm)I)7, i.e.,
2.b : Compute @ = FHECLR,(m) +

n(m)I|1CF.

- 2.c Perform the EVD of @k:UkF;,lUE.

- 2.4 : Solve (34) for ) by a Newton
search scheme (e.g., by Matlab function
fminbnd) .

- 2.e Compute the robust channel esti-

mate h; by (37) and form S.
- 2.f Compute the robust MUD detectors
Woobust ze-mv (m) by (43) or Wiobustmv(m) by
(44).

end.

The complexity of the adaptive implementations can be an-
alyzed in the same way as the one done for the batch versions.
The results are similar except that the inverse matrix computa-
tion [R,, + 71]~! is simplified to O(P?2) flops by the RLS im-
plementation.

VI. NUMERICAL RESULTS

We consider a K-user MC-CDMA (uplink) system with bi-
nary phase shift key (BPSK) modulation, P = 32 subcarriers,
L = 7 for hy and random spreading codes cj. The channel
vector hy, is generated as L x 1 independent complex Gaussian
random variables with zero mean and identical variance 1/,
and varied independently from trial to trial. In the following ex-
amples, the number of active users is ten.

We have two sets of multiuser detectors under consideration.
The first set consists of our proposed robust ZF-MV detector
in (39), which assumes knowledge of the spreading codes and
training symbols of multiple users, and the robust MV detector
in (40), which assumes the spreading code and training sym-
bols of only the desired user. The other set includes the standard
ZF-MV detector in (3) and the MV detector in (4), which ignore
the estimation errors in the prior estimates of the CSI and the
data covariance matrix. For both the conventional ZF-MV and
robust ZF-MYV detectors, we further consider two different sce-
narios: one has knowledge of the spreading codes and training
symbols of all ten users; the other has knowledge of six out of
ten users, i.e., we assume the presence of ICI with four out of
ten users coming from a different cell unknown to the detector at
the basestation (of the current cell). Therefore, we have a total of
six different MUD detectors, namely our robust ZF-MV (39),
robust ZF-MV (with ICI) (39), robust MV (40), standard
ZF-MV (3), standard ZF-MV (with ICI) (3), and standard
MYV (4) detectors for comparison.

We first examine the impact of the size ¢, of the uncertainty
set pertaining to the initial channel estimate [cf. (15)] when
M = 50, SNR = 10 dB, and n/E{||R,||} = 0.2. Fig. 1 de-
picts the receiver output signal-to-interference-and-noise ratio
(SINR) for user 1 as a function of the normalized e / E{||hy||*}
when the variance o2 [cf. (8a)] of the initial channel estimation
error is fixed2. Since the conventional MUD detectors ignore the
prior estimation errors, they are independent of ¢;,. While the ro-
bust detectors require a choice of €, they are insensitive to the
choice. Notable improvements are observed for all robust detec-
tors relative to their nonrobust counterparts. Compared with the

2The results are obtained over 200 independent channel realizations
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Fig. 1. Receiver output SINR performance versus the normalized channel

uncertainty €, /E{||h.||?} when P = 32, L = 7, K = 10, M = 50,
n/E{|R, ||} = 0.2, and SNR = 10 dB.

-©- robust ZF-MV
—#— robust ZF-MV (ICI)
—¥— robust MV

-4~ standard ZF-MV

| ==~ standard ZF-MV (ICI) [|
-/ standard MV

101

R

[E== s, =) =) ]
T—¥ ¥ I I Y

0 1 2 3 4 5

WEIR )

Fig. 2. Receiver output SINR versus the normalized covariance matrix
uncertainty 7/ E{||R,||} when P = 32, L = 7, K = 10, M = 50,
er/E{||ht||?} = 0.1, and SNR = 10 dB.

standard nonrobust detectors, the robust detectors obtain around
5-8-dB improvements.

We next investigate the impact of the size 7 of the uncertainty
set related to the initial sample covariance matrix estimate [cf.
(18)]. We keep the same set of simulation parameters as in the
previous example except that e, / E{||/hy||?} = 0.1 and the size
of the uncertainty set, n/E{||R,||}, is varying. The results are
shown in Fig. 2. Again, the proposed robust schemes are not
sensitive to the selections of 7 and, compared to the standard
nonrobust MUD detectors, obtain significant improvements.

One may wonder how the proposed robust detectors compare
to the standard detectors when initial estimates are sufficiently
accurate. To find out an answer, we consider a case where the
amount of the prior estimation error varies but the assumed size
of the uncertainty set is fixed. In particular, Fig. 3(a) depicts

the performance as a function of the channel estimation error
E{||Ah||?/||hx||*} when M = 50, e,/ E{||h||*} = 0.1, and
n/E{||Ry||} = 0.2. It may seem strange that even with perfect
channel estimate (i.e., zero estimation error), the robust detec-
tors still outperform the standard ones by over 5 dB. The perfor-
mance gap is caused by the error in the sample covariance matrix
obtained with M = 50 symbols. We next replace the sample co-
variance matrix with the true covariance matrix, so that channel
estimation error is the only type of error that affects the perfor-
mance, and repeat the above simulation. The results are shown
in Fig. 3(b). Itis seen that with zero estimation error, both the ro-
bust and standard detectors perform almost identically.> Mean-
while, even with small estimation error, the standard detectors
degrade quickly, and the gap between the standard and our ro-
bust detectors increases as the estimation error increases.

We proceed to compare the output SINR performance of
the proposed robust and the standard nonrobust detectors as a
function of the input SNR, when the number of training sym-
bols M = 50, ex/E{||hx||*} = 0.1 and n/E{||R,||} = 0.2.
In Fig. 4, it is seen that the robust detectors outperform the
standard nonrobust detectors substantially, especially in the
higher SNR regime. The robust ZF-MV detector, which utilize
the spreading codes and training for all ten users, achieves
the best performance. The robust ZF-MV detector with ICI,
which utilizes knowledge of six out of all ten users’ spreading
codes and training, shows some degradation relative to the
robust ZF-MV detector without ICI. Finally, the robust MV
detector utilizes knowledge of a single user information and, as
expected, is the worst of the three robust detectors.

In the last example, we examine the average bit-error rate
(BER) performance of all the six detectors versus the input SNR,
where we consider adaptive implementations of the proposed
and standard detectors. We use M = 100 training symbols,
while 77 and ¢, are chosen as the same in the previous example.
As shown in Fig. 5, when the input SNR varies from 2 to 12 dB,
the performance gap between the robust detectors and the non-
robust detectors increases. Moreover, the conventional ZF-MV
with ICI and MV detectors have an irreducible error floor due
to poor initial channel estimates.

VII. CONCLUSION

In this paper, we have proposed a class of robust MUD de-
tectors to seek enhanced robustness against prior estimation er-
rors in the initial channel estimate and the sample covariance
matrix. Specifically, robust MUD detectors have been obtained
by optimizing the worst case performance over two separate
bounded uncertainty sets pertaining to the aforementioned es-
timation errors. We have shown that, although the prior estima-
tion errors are generally unbounded, it is beneficial to optimize
the worst case performance over properly chosen bounded un-
certainty sets which are determined by a bounding probability.
Numerical results show that the proposed robust schemes yield
improved performance over those that ignore the prior channel
estimation and sample covariance matrix estimation errors.

3Note that in this case, the Standard MV detector is optimum since it reduces
to the linear MMSE receiver.
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APPENDIX
DERIVATIONS OF E{~} AND var{~y}

The sample covariance matrix Ry is a unbiased estimate of
R,.ie., E{R,} = R,.Let y;(m) be the ith element of y(m).
The unbiasedness can be easily checked

E{R,(i,j)} ZE{% m)y;(m)} = Ry(i,j). (50)
Using (50), we can rewrite the mean of ~ as follows:
E{~}

P P ) X .
=35 B{[Ryi.d) - Byl )] [Rli ) - By(5)]

=1 j5=1

P P

ZZE{Ryw Y (i)} = Ry (i, )Ry (3, 6). (51

Note that in (51), we have utilized the fact both ﬁy and R,
are Hermitian matrices and, therefore, I} (4, ) = I, (j,) and
Ry (i,5) = Ry(j,1). Furthermore
E{Ry(i Dy (G0}

M M

M2 2 Z E {yi(my)y; (ma)y;(ma)yt (ms)}

ST E{yi(ma)y)(ma)} E {y;(ma)y; (m2)}
mi=1mo#m,

1
g

E {yi(m1)y; (ma)y;(m1)y; (ma)}

[y (i, 5) Ry (5, 0) + By (i, 1) Ry (5, )]

1
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+ B{oi, )" (0, )} E{v" i, )0 (p. 0)}] (54)

P P P P
1

BV =252.00. 2 [Ry('i,i)Ry(j,j)Ry(p,p)Ry(q, q) + IRy (i, q) Ry (p, §)I* + IRy(i,p)Ry(q,j)lz]

1=1 j=1p=1q=1

1
=10 [tr*{R, } + 2[Ry [|*] (58)

where we have used the standard result on the fourth-order mo-  Substituting (56) into (55), we have

ment of Gaussian random variables in the second equality [31]. o 1 ] )
Substituting (52) into (51), we have E{v(i, j)v"(p, )} = 578y 0) Ry (g, 7). (57)
1 Br Based on (57), (54) can be simplified as (58), shown at the top
E{y} = i Z Z R, (i,i)Ry (5, 7) of the page. Using (53) and (58), we have
i=1 j=1 2
1, var{y} = B{7*} = B*{7} = 7 5IR,I*. (59)
= 77 {Ry}. (53)
Next we compute E{y2}. Let v(i, j) £ R,(i,7) — R, (i, ). REFERENCES
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