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Robust Gaussian Kalman Filter With
Outlier Detection

Hongwei Wang ¥, Student Member, IEEE, Hongbin Li

Abstract—We consider the nonlinear robust filtering problem
where the measurements are partially disturbed by outliers. A new
robust Kalman filter based on a detect-and-reject idea is developed.
To identify and exclude outliers automatically, each measurement
is assigned an indicator variable, which is modeled by a beta-
Bernoulli prior. The mean-field variational Bayesian method is then
utilized to estimate the state of interest as well as the indicator in an
iterative manner at each time instant. Simulation results reveal that
the proposed algorithm outperforms several recent robust solutions
with higher computational efficiency and better accuracy.

Index Terms—beta-Bernoulli distribution, outlier detection, Ro-
bust Kalman filtering, state-space modeling.

I. INTRODUCTION

YNAMIC state space models (SSMs) have been widely
D used for target tracking, navigation, adaptive control, and
many other applications. State estimation for SSMs is a fun-
damental problem. One seminal state estimation solution is the
Kalman filter (KF) [1], which offers optimal estimation for linear
SSMs with Gaussian process and measurement noises. Several
suboptimal extensions were also presented for nonlinear SSMs
under the Gaussian assumptions [2].

The performance of the KF and its suboptimal extensions may
potentially degrade in the presence of outliers, which are fre-
quently encountered in practical applications. The main reason
for such degradation is that these methods were derived from the
minimum mean square error criterion, which is sensitive to out-
liers [3]. A considerable amount of efforts have been devoted to
improving the robustness of the filtering algorithms. One com-
mon strategy is robust statistics, especially M-estimation [4], [5].
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In this approach, robust filters were constructed by recasting the
KF as a linear regression. This type of robust filters were also
extended via the nonlinear regression method [6]. Another pop-
ular family of solutions was based on heavy-tailed noise mod-
els. In [7]-[9], Student’s ¢-distribution or Laplace distribution
was utilized to model outlier-contaminated measurement noises.
Other approaches for robust filtering, e.g., the H, filter [10] and
the sequential Monte-Carlo sampling/particle filter [11], were
also studied.

The aforementioned robust solutions are all compensation-
based strategies, that is, the outlier is considered as an inaccurate
measurement which may contain some information of the latent
state. In real applications, however, an outlier may directly come
from clutter and should be discarded since it carries useless
information. In such a case, the compensation-based strategies
may degrade, especially for scenarios where the process of the
states is well modeled.

In this letter, we derive a new robust KF which automati-
cally identifies and excludes outliers in measurements. Such a
detect-and-reject approach was recently introduced for principal
component analysis and compressive sensing [12]-[14]. Specif-
ically, we employ a probabilistic framework involving a binary
indicator variable for each measurement to identify whether it
is a nominal observation or an outlier. The indicator variable
is modeled by a beta-Bernoulli hierarchical prior. A mean-field
variational Bayesian (VB) inference method is employed to find
the approximate posterior distributions of the indicator and the
state of interest. During the review process of this letter, it was
brought to our attention an extended KF based on detect-and-
reject that was presented in [15]. The method employs a proba-
bility of outlier computed from the residual (difference between
the measurement and one-step prediction), which is suitable for
long-term estimation and low occurrence rate of outliers.

II. PROBLEM FORMULATION

Consider a nonlinear discrete-time system described by the
following SSM:

e))
(@)

where x; € R" is the state of interest at time instant ¢; y, € R
is a measurement with respect to @;; f(-) and h(-) are some
known nonlinear functions, denoting the state evolution and
observation procedure, respectively; u; ; € " and v, € R™
are zero-mean Gaussian vectors with covariance Q; 1 and R;,
representing the process noise and measurement noise. u;_; and
v; are assumed to be mutually independent and both are also
uncorrelated to the initial state x(, which has a known Gaussian
prior distribution p(xy) = N (&, Py).

= f(xi—1) +ui
yr = h(xz:) + vy
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Fig. 1.  Graphical model for the outlier-detecting SSM.

In real applications, the measurement may be disturbed by
some outliers. In order to detect the outliers, we employ the
beta-Bernoulli distribution which has been successfully used to
identify outliers for various applications [12]-[14]. Specifically,
we introduce a binary indicator variable z; for the measurement
Yy, to indicate whether it is an outlier or not. More precisely, z; =
1 means that y; is a nominal measurement (i.e., regular outlier-
free measurement), while z; = 0 indicates y; is an outlier. The
measurement likelihood conditional on its indicator and the state
can be formulated as

p(yilee, 2) = N(h(z,), Ry)* . 3)

Clearly, for z; =1, (3) is a standard Gaussian distribution,
whereas for z; = 0, (3) reduces to a constant. In the latter case,
y; is effectively marked as an outlier and cannot contribute to
the estimation process since its distribution is independent of
observation. Furthermore, we impose a beta-Bernoulli hierar-
chical prior [16] to the indicator. Specifically, z; is a Bernoulli
variable controlled by 7;

p(z|m) :Wf’(lfﬂt)(lfm )

while 7, is a beta distribution parameterized by ey and fj
7'&'?071(1 —my)fo1
B(eo, fo)

where B(-, ) is the beta function. Altogether, the resulting graph-
ical model is illustrated as in Fig. 1.

The objective of this work is to present a new framework for
robust Kalman filtering to provide effective state estimation as
well as outlier detection. The proposed framework is integrated
with the Gaussian approximation filter, resulting in a class of
outlier-detecting KF solutions.

p(me) = (&)

III. VB INFERENCE

In this section, we develop a robust Gaussian approximation
KF via statistical inference over the aforementioned graphical
model. Let us denote all latent variables by ®; = {x;, 7, 2 }
for brevity. According to Bayes’ law, the posterior distribution
conditioned on the observations y.; is

p(yie)

However, the posterior distribution is intractable since p(y;.;)
is in general hard to compute. Therefore, some approximation
methods should be employed. Here, we utilize the VB approach
to provide an approximation of the posterior density. A primary
reason for resorting to the VB approach is its computational
efficiency. A close examination of the proposed graphical model

P(@t\yu) = (6)
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in (3)—(5) and Fig. 1 reveals the conjugacy between the priors
and likelihoods, which facilitates the derivation of efficient VB
inference algorithms.

Specifically, a tractable distribution ¢(®,) is carefully chosen
to approximate the posterior distribution p(®;|yi.+). This is
realized by minimizing the Kullback—Leibler divergence (KLD)
between ¢(©;) and p(; |y )

Dl = [ a(@0)10g 59

(6) q(0y)
= /q(®t)10gp7(®t’y1:t)d®t+logp(y1;t). (8

de;, (N

It is still hard to find ¢(©; ) by directly minimizing (8). For sim-
plicity, we apply the mean-field approximation, which impose
a factorized form for ¢(®;) [17]

q(©) = q(z:)q(z)q(m). ©)

According to the update rule of the VB method, each vari-
ational distribution can be updated in the following alternating
fashion [17]:

q(wf) X exp <1n p(wtvZtvﬂt,ylzt)>q(zf)q(ﬂ—t) (10)
Q(Zf) X exp <ln p(xhZtvﬂ-tvylzt)>q(mt)q(ﬂ—f) (11)
Q(Wt) X exp <ln p(;ct, Zh”tvylzt»q(wt)q(ﬂ) (12)

where (g()),(,) denotes the expectation of g(x) over the dis-
tribution of q(z). p(+, z¢, 7, Y1.¢) is the full distribution of the
SSM, given by

p(ﬂ?t, Zt77Tt7y1:t) X p($t|y1:t71)p(yt‘mtv Zt)P(Zt\Wt)P(Wt)-
(13)

In the KF framework, the first term p(:|y1.+—1) on the right-
hand side of (13) is the predictive density, which can be approx-
imated by a Gaussian density p(a¢;—1) ~N(Zy—1, Pye—1)
since the process noise is Gaussian [2]

Ty = /f(wtfl)p(wkfl\kfl)dwtfl (14)

Pt\z‘,—l = / (f(fﬂtfl) - £t|t—1) (f(wtfl) - ii't\t—l)T

X p(Tp—1p—1)des 1 + Q1

where p(;_1jx-1) ~ N (&¢_11-1, Pi_1),—1) is the optimally
approximated posterior distribution at the last time instant.

15)

A. Update of q(x;)

Keeping the terms that only depend on x;, we have

q(x;) o< exp (Inp(z|y1:e-1) + (Inp(ye|ee, 20))g(2,)) - (16)

Furthermore, (16) can be expressed as

1 . 2
q(x;) o< exp <— §||$t - xt|t—l||p;‘17]

-y, - h<xt>|;1> a7

where (z;) is the expectation of z;. It is easy to illustrate
that g(z;) is a Gaussian distribution N(&;|;, P;|;). The mean
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and covariance of this Gaussian distribution can be found in
the Kalman-filtering framework with a modified measurement
covariance R; = R;/(z:), namely

Zye = To1 + Ke(ye — Y1) (18)
Py, =Py — Ki(S; + R)K] (19)
K, =C(S,+R)™" (20)
where
gt\t—l = /h(ﬁﬂt)p(it\tfl)dwt (1)

S = / (h(wt)_yt\t—l) (h(33t) - yt\tfl)Tp(ét\tfl)dmt
(22)

. T ,.
C, = / (ﬁct - mt\t—l) (h(mt) - ytltfl) p(wt\t—l)dmt-

(23)

When (z) is close to 0, say, (z) < 1 x 107!, we can treat

the measurement as an outlier, which does not contain any use-

ful information. In such a case, we ignore the measurement and

simply update q(x;) ~ N (&, P, ) by the predicted distribu-
tion p(Zy¢—1), i.e.,

(24)

(25)

Lt = Lyjr-1

Pt|t = Pt|t71~

B. Update of q(zt)
The variational distribution of ¢(z;) can be obtained as
q(z) o exp (In p(ye [, 2¢) + In p(2e 7)) (2, )9(m))
o exp{—0.5ztr(B; R, ")
+ zt<ln 7Tt> + (]. — Zt) <ln (]. — 7Tt)>}

where B, :f(yt —h(z))(ys —h(x:))" q(x;)dz,. Clearly, 2
is a Bernoulli parameter with

(26)

Pz =1) = Aelnmi)=0.5u(B; R
P(z =0) = Aelln(t=m))

27
(28)

where A is a normalizing constant to ensure P(z; = 1)+
P(z =0) =1, and

(Inm) =W(e) — Ve, + fr + 1)
(In(1—m)) =U(fi +1) = V(e, + f; + 1)

where W (-) is the digamma function [16]. Hence the expectation
of z; can be updated as

(29)
(30)

(€19}

C. Update of q(m;)

Dropping off the terms in (12) that do not depend on 7, we
have

q(me) oc exp (In p(z¢|m) + I p(T)) g (2, )q(20)

X exXp {etln T + ftln (1 — 7Tt)} (32)

IEEE SIGNAL PROCESSING LETTERS, VOL. 25, NO. 8, AUGUST 2018

Algorithm 1: Robust KF with outlier detection.
Input: y;.7, o, Py, Q1.7 Ri.7.
Output: Zﬁtlt and Pt‘t fort=1:1T.
fort=1,....,Tdo

Update ;1 and P;;_; via (14) and (15);

Initialize i = 0, ey, fo and 2} = 1;

repeat: =1,...

Update {7, Pit1} via {(18), (19)} or {(24), (25)};

tlt o bt
Update 2/ "' = (2;) via (31);
Update e, " and f/"" via (33) and (34);
Compute 7 = [|2; " — @} [|/ |12,
1 =141
until 7 < 1076

-~ _ il _ pi—1.
wt‘t = wﬂt and PI‘,|t = Pt‘l‘ N

end for
where
er = eo + (z) (33)
fe="fo+1—(z). (34
It can be verified that ¢(7;) is a beta distribution, i.e.,
q(m:) = Beta (e, f;) (35

For clarity, the resulting robust KF with outlier detection is
summarized in Algorithm 1.

IV. SIMULATION RESULTS

We consider the problem of tracking a maneuvering tar-
get [18] to illustrate the performance of the proposed algorithm
in the presence of measurement outliers. In the simulation, the
Gaussian integrals in Algorithm 1 are approximately evaluated
by the cubature rule [19], and the resulting method is referred
as outlier-detecting cubature KF (OD-CKF). The beta-Bernoulli
parameters are set as eg = 0.9 and f; = 0.1. We found that the
proposed algorithm is insensitive to these parameters as long
as e is larger than f;, such that the prior mean of 7;, which is
eo/(eo + fo),is close to 1. The latter condition is due to the fact
that outliers are rare and the probability of observing a nominal
measurement is close to 1 in general.

For comparison, we also consider the conventional cubature
KF (CKF) [19] and several robust solutions, including the In-
stitute of Geodesy and Geophysics based cubature information
filter (IGG-CIF) [5], [20], Huber-based cubature information
filter (Huber-CIF) [5], Hampel-based cubature information fil-
ter (Hampel-CIF) [5], and Student’s t-based robust cubature KF
(STU-CKF) [18]. The design parameters of these filters are set
as recommended in the original literature.

The dynamics of the maneuvering target with an unknown
turning rate are modeled as [18]

cos (wy At)—1

1 sl g — 0
0 cos(wAt) 0 —sin (LutAt) 0
z=| o lfcosafw,,At) | sin (5fAt) o |z +u
0 sin (wlf At) 0 cos (u;tAt) 0
0 0 0 0 1
(36)

where the state x; is defined as [a¢, at, by, l}t,wt]T, containing
the two-dimensional location (ay, b; ) and the corresponding ve-
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Fig. 2.  TRMSE of position versus iterations.

locities (ay, bt) as well as the turning rate w;, At is the sampling
time, and u, is a white Gaussian noise with covariance Q); scaled
by ¢1 and ¢»

qlM 0 0
Q= 0 aM 0

0 0 “ At

3
7M:(At /3

At?)2
At? )2 )

(37)

The measurement obtained by an active radar is

Try1 \Jaz 4+ b?
Yep1 = (9 ) = CrL DL ) v (38)
t+1 atan2 (b1, ae11)
where atan2 is the four-quadrant inverse tangent function and
;41 1s the measurement noise. In order to describe the heavy-

tailed property of v;;; caused by measurement outliers, we
utilize the Gaussian mixture model [9]

Vi1 = (1 =N, Riy1) + AN (0, Ry 1 1) (39)

where X is the contamination ratio to indicate the probability
of outlier and « is a scale factor indicating the power of the
contaminating noise compared with the nominal noise.

In the simulation, we set the initial conditions as fol-
lows: Sampling time At=1; ¢t =0.1 and ¢, =1.75 X
107%; the initial state @ follows N(&g,Pgy) with
Zop = [~10000; 10; 5000; —5; —0.053] and Py = Q;; Ry =
diag(50%, 1.6 x 10~?). For fair comparison, we implement L =
1000 independent Monte-Carlo runs and in each run 7" = 100
noisy measurements are collected. The time-averaged root mean
square error (TRMSE) and implementation time (IT) are used
as performance metrics. The TRMSE of the position estimate is
defined as

T3 ((a — a2 + o — i)

1 I

TRMSEp, = = Z .

t=1 i=1
(40)
where (ai,b!) and (al,b}), respectively, are the true and esti-
mated state component at time ¢ in the sth Monte-Carlo run. In
this simulation, we omit the TRMSE of the velocity, which has
a similar pattern as that of the position TRMSE.

Fig. 2 shows the position TRMSE of our algorithm versus the
number of VB iterations when A = 0.2 and o = 100. It is seen
that the proposed algorithm needs only two or three iterations to
converge. In the following, we use three iterations as a default
value for the proposed algorithm.
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TABLE I
IMPLEMENTATION TIME (IT)

A=0.2, a =300

Methods Computational Time Methods Computational Time
CKF 45.04 OD-CKF 58.02

STU-CKF 88.77 Hampel-CIF 50.01

IGG-CIF 50.09 Huber-CIF 50.67

In Fig. 3(a) and (b), we show the position TRMSEs for the
robust filters. We do not include the CKF, since its perfor-
mance degrades considerably in these scenarios with outliers.
The TRMSE:s of position when o = 300 and A varies from 0 to
0.5 as shown in Fig. 3(a). Although robust filters have increas-
ing TRMSEsS, the Huber-CIF rises more significantly than the
others. Among the robust filters, the proposed OD-CKF has the
lowest TRMSE for all contamination ratios. The Hampel-CIF
(onlower 1) and STU-CKEF (on larger 1) are the closest, but their
TRMSEs are still about 8%—10% larger. In Fig. 3(b), we show
the position TRMSEs versus the contamination level o while
A is fixed at 0.2. It is seen that all robust filters are relatively
insensitive to the contamination strength. Again, our algorithm
achieves the lowest TRMSE.

The ITs of different algorithms are shown in Table I. It is
seen that the ITs of the robust filters are larger than that of the
CKE. All robust filters have similar computational complexity
since they utilize the framework of CKF (or CIF) with modified
measurement update strategies which lead to some differences
in ITs. It is noted that our method is not the most computation-
ally intensive one, but yields consistently the best estimation
accuracy among all robust filters in consideration.

V. CONCLUSION

We proposed a new unified framework for robust Kalman
filtering with outlier detection. The proposed approach employs
an indicator variable with a beta-Bernoulli prior. A mean-field
VB method was applied to find the approximate posterior
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distributions of the state of interest as well as the indicator. It is
noteworthy that although in the simulation part, our algorithm
was implemented in conjunction with the CKEF, it is straight-
forward to extend the framework to use with other nonlinear
Gaussian approximation filters as discussed in, e.g., [2].
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