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This paper examines the target detection problem in a multistatic
passive radar with one noncooperative illuminator of opportunity
(IO) and multiple distributed receivers. Specifically, we consider how
to address the direct-path interference (DPI), which refers to the direct
transmission from the IO to a receiver, to enhance passive detection
performance. The DPI is in general much stronger (by many tens
to even over a hundred dB) than the target echo. It is standard for
a passive radar to apply some kind of interference cancellation by
using, e.g., an adaptive array, to reduce the DPI. However, due to
practical limitations of such techniques and the significant difference
in strength between the DPI and target signal, the residual DPI after
cancellation is often at a nonnegligible level. Unlike most existing pas-
sive detectors which ignore such residual DPI, we consider explicitly
its effect and develop two new detectors under the conditions when
the noise level is known and, respectively, when it is unknown. An-
other distinction from existing solutions is that the proposed detectors
exploit the correlation of the IO waveform for passive detection. The
proposed detectors are developed within the generalized likelihood
ratio test (GLRT) framework, which involves nonlinear estimation
that is solved using the expectation-maximization algorithm. Numeri-
cal results are presented to illustrate the performance of the proposed
methods and several well-known passive detectors.
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I. INTRODUCTION

A passive radar system can detect and track targets of
interest by utilizing noncooperative illuminators of opportu-
nity (IOs), such as radio, television, and cellular signals [1]–
[4]. Passive radar is attracting considerable interest recently
due to several advantages compared with an active system.
Specifically, because a passive radar does not transmit, it
is naturally covert and offers high tolerance to electronic
countermeasure. It does not require additional spectrum
and has been widely considered as a unique sensing capa-
bility to cope with the radio spectrum congestion problem.
In addition, a passive radar can readily employ a multistatic
configuration by using several IOs and/or several receivers
at different locations, which leads to spatial diversity and
improved sensing capabilities [5].

Passive radar can be broadly classified into two cat-
egories, based on whether a reference channel (RC) is
employed. In the first category, an RC is utilized at the
receiver to collect the direct-path (transmitter-to-receiver)
signal, while a separate surveillance channel (SC) is used
to collect the target echo [1]–[4], [6]. A standard detector
for such passive systems is based on the cross-correlation
(CC) operation between the RC and SC, which mimics the
matched filtering (MF) approach used in active radar. In
particular, the reference signal obtained with the RC plays
the role of the transmitted signal in the MF operation. In
[7], several improved detectors were developed by taking
into account the effect of the noise in the RC. The effect of
noise is also examined in [8] in a passive multiinput mul-
tioutput (MIMO) radar setup. The second category avoids
a dedicated RC that may be difficult to implement in some
practical scenarios where a high-quality reference signal
is not accessible. One idea is to employ multichannel ob-
servations (e.g., via multiple spatially distributed sensors)
of the target echo and exploit the interchannel correlations
for target estimation and detection [9]–[15]. Since the re-
ceivers collect target echoes due to the illumination of the
same IO, a correlation exists among the multiple observa-
tions. Therefore, the target detection problem is equivalent
to determining the presence or absence of a common but
unknown signal in these independent noisy observations.
For digital modulation based IOs, a reference signal can be
obtained by demodulating the received signal, which allows
the passive radar to bypass a dedicated RC (see [16] and
references therein).

In this paper, we consider target detection for multistatic
passive radar without RC. There are several notable solu-
tions to this problem. The energy detector (ED) is a well-
known method for detecting an unknown signal in white
noise, which measures the received signal energy and com-
pares it with the noise level that is assumed known [17],
[18]. A generalized canonical correlation (GCC) detector
was developed in [10] and [11], which uses the largest
eigenvalue of the Gram matrix as its test variable. Like
the ED, the GCC detector needs to know the noise level
to properly set the test threshold. The magnitude-squared
coherence (MSC) detector [19] does not need the noise
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level; however, it is limited to the two-receiver case. An
extended version of the MSC, known as the generalized co-
herence (GC) detector which can cope with any number of
receivers, was introduced in [20] and [21]. The GC detector
was rederived in [13] using a Bayesian framework. Another
detector for passive radar without requiring the noise level
was introduced in [14], which is referred to as the RLET de-
tector as its test variable is the ratio of the largest eigenvalue
to the trace of the Gram matrix.

A passive radar has to employ some kind of interfer-
ence cancellation technique to cope with the direct-path
interference (DPI), e.g., using an antenna array with a null
formed in the direction of the IO, and/or a temporal filter
that employs the reference signal in the RC to cancel the
DPI [22]–[25]. A standard approach is to treat DPI cancella-
tion and target detection as two separate processes [24]. The
first step is primarily concerned with interference cancella-
tion, whereas the second step is target detection, assuming
the absence of any residual interference. However, some
residual DPI may still exist after the initial cancellation. In
particular, the direct-path signal is generally significantly
stronger (by many tens to even over a hundred dB) com-
pared with the target echo [26], [27]. Nonnegligible DPI
in the SC may be caused by noise in the RC, limited array
size, and/or mismatch between the null of the array beam
pattern and the real IO direction. As a result, the DPI may
still be at a nonnegligible power level compared with the
target echo. To address this issue, we consider a joint in-
terference cancellation and target detection problem, and
propose solutions to explicitly take into account the resid-
ual DPI for weak target detection. This is one of the main
contributions of this paper. Another contribution of this pa-
per is that we aim to utilize the waveform correlation of
the IO signal to solve the joint cancellation and detection
problem. Here, the correlation refers to the autocorrela-
tion of the IO waveform, that is, how adjacent samples of
the waveform are statistically related to each other. Most
existing methods treat the IO signal as either deterministic
or stochastic with unknown and temporally uncorrelated
samples. In practice, the IO waveform often exhibits some
temporal correlation which can be exploited to improve the
sensing performance.

We examine herein the target detection problem for a
passive multistatic radar system without RC, where the re-
ceivers are contaminated by nonnegligible noise and DPI.
We model the transmitted signal as a stochastic process,
whose temporal correlation is exploited for detection. We
present two solutions, based on the generalized likelihood
ratio test (GLRT) framework, for this detection problem.
The first detector assumes that the receiver noise level is
known. In this case, the noise level has to be estimated in
advance by some estimation procedure. However, such esti-
mation may be subject to errors. Hence, we also consider a
second case where the receiver noise level is unknown. For
both cases, the maximum likelihood (ML) estimates of the
unknown parameters, which are required by the GLRT, can-
not be obtained in closed form. We resort to an expectation-
maximization (EM) procedure [28] to find these estimates.

Fig. 1. Configuration of a multistatic passive radar system with the
presence of DPI (solid red line).

Numerical results are provided to show the performance of
the proposed detectors and compare with existing solutions.

The remainder of the paper is organized as follows.
In Section II, we present the system model and formu-
late the problem of interest. In Section III, the proposed
GLRT detectors are derived. Numerical results and discus-
sions are included in Section IV, followed by conclusions in
Section V.

Notation: Vectors (matrices) are denoted by boldface
lower (upper) case letters, and all vectors are column vec-
tors. Superscripts (·)∗, (·)T , and (·)H denote complex conju-
gate, transpose, and complex conjugate transpose, respec-
tively. �{·} represents the real part of a complex quantity,
E{·} denotes statistical expectation, and j stands for the
imaginary unit. 0p×q denotes a p × q matrix with all zero
entries, IN denotes an identity matrix of size N , [·]m,n de-
notes the (m, n)th entry of a matrix, and [·]m denotes the
mth element of a vector. � and ⊗ stand for the Hadamard
and the Kronecker products, respectively. The notation CN
denotes a circularly symmetric, complex Gaussian distri-
bution. det{·} represents the determinant of a matrix, ‖ · ‖ is
the Frobenius norm, and tr{·} denotes the trace of a matrix.

II. PROBLEM FORMULATION

Consider a multistatic passive radar, as depicted in
Fig. 1, which contains one noncooperative illuminator of
opportunity (IO) and K geographically distributed receivers
for collecting the echoes from a target of interest due to the
illumination of the IO. The signal collected by the kth re-
ceiver (channel), denoted by y ′

k(t), can be expressed as

y ′
k(t) = βkx(t − dk) + α′

kx(t − tk)ej2πfkt + n′
k(t) (1)

where k = 1, 2, . . . , K , x(t) is the unknown signal (base-
band equivalent) transmitted by the IO, dk is the propagation
delay from the IO to the kth receiver, i.e., the propagation
delay of the DPI, tk is the propagation delay of the target,
due to the transmission from the IO to the target and then
from the target to the kth receiver, fk is the target’s Doppler
frequency seen at the kth receiver, βk is the scaling coeffi-
cient that includes the antenna attenuation and the channel
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propagation effects from the IO to the kth receiver, α′
k is

the scaling coefficient accounting for the target reflectivity,
the antenna gain, and the channel propagation effects, and
n′

k(t) is the additive zero-mean white Gaussian noise on the
kth channel with power (variance) ηk .

To simplify the system model, we observe that the
direct-path delay dk is generally known a priori and can
be compensated for, since the location of the IO is usually
known to each receiver. Let yk(t) = y ′

k(t + dk) denote the
kth delay-compensated signal, and the delay-compensated
noise nk(t) is similarly defined. This leads to

yk(t) = βkx(t) + αkx(t − τk)ej2πfkt + nk(t) (2)

where τk is the kth bistatic delay given τk = tk − dk and
αk = α′

ke
j2πfkdk .

We assume that x(t) has a duration of T s, e.g., due
to the framed transmissions employed by the IO, in which
case T represents the frame duration. The observation in-
terval To is selected such that To ≥ T + τmax, where τmax

denotes the maximum bistatic delay that can be tolerated
by the system. We sample each channel using a sampling
frequency fs ≥ 2(B + fDmax ), where B denotes the band-
width of the communication signal x(t) and fDmax is the
maximum Doppler frequency of the target that is designed
detectable by the system. Suppose M samples are collected
for each channel over the observation window To, i.e.,
To = MTs , where Ts = 1/fs denotes the sampling interval.
Let ȳk = [yk(0), yk(Ts), . . . , yk((M − 1)Ts)]T , x̄d (τk) =
[x(0 − τk), x(Ts − τk), . . . , x((M − 1)Ts − τk)]T , and x̄
and n̄k be similarly defined M × 1 vectors formed from
samples of x(t) and nk(t), respectively. The discrete model
becomes

ȳk = βk x̄ + αk x̄d (τk) � ā(fk) + n̄k, k = 1, 2, . . . , K (3)

where � stands for the Hadamard product and

ā(fk) = [1, ej2πfkTs , . . . , ej2πfk(M−1)Ts ]T . (4)

In this paper, the signal waveform is modeled as a corre-
lated stochastic process. Specifically, x̄ is zero-mean Gaus-
sian distributed with covariance matrix Rx . This stochastic
model is justified for IOs involving sophisticated modula-
tion techniques, such as the orthogonal frequency division
multiplexing used in many wireless systems, which use
multiple random information streams to form a composite
transmitted signal [29]. According to the central limit theo-
rem, this waveform can be modeled as a complex Gaussian
process. In addition, the channel noise n̄k is a zero-mean
white Gaussian noise with covariance matrix ηkIM , where
the noise variance ηk may be unknown.

Let yk = Tȳk denote the M-point discrete Fourier
transform (DFT) of ȳk , where the DFT matrix T
has entries [T]p,q = e−j2π (p−1)�f (q−1)Ts /

√
M , p, q =

1, 2, . . . , M , with the frequency domain sample spacing
�f = fs

M
= 1

TsM
, and x, nk , a(fk) are M × 1 vectors simi-

larly obtained by the DFT. In particular,

a(fk) = [Ak(0), Ak(�f ), . . . , Ak((M − 1)�f )]T (5)

where

Ak(m�f ) =

⎧
⎪⎪⎨

⎪⎪⎩

√
M, if m = fk

�f

1−e
j2π

(
fk
�f

−m

)

√
M

[

1−e
j 2π

M

(
fk
�f

−m

)] , otherwise (6)

for m = 0, 1, . . . , M − 1. Applying basic DFT properties
[30], the signal in the frequency domain for the kth channel
can be written as

yk = βkx + αkA(fk)W(τk)x + nk (7)

where A(fk) is the circulant matrix formed from the vec-
tor a(fk), and W(τk) is a diagonal matrix with diagonal
entries [W(τk)]p,p = e−j2π�f (p−1)τk for p = 1, 2, . . . , M .
Since the discrete sequence {Ak(m�f )} is periodic with pe-
riod M , we have Ak((M − m)�f ) = Ak((−m)�f ). Hence,
we can write A(fk) as

[A(fk)]p,q = 1√
M

Ak((p − q)�f ), p, q = 1, 2, . . . , M.

(8)
Clearly, x and nk are Gaussian random vectors with zero
mean and covariance matrices Cx = TRxTH and ηkIM , re-
spectively. Herein, we assume that the covariance matrix
Rx , i.e., the covariance matrix of the IO waveform x̄ in the
time domain, is known a priori, and so is Cx . Practically, the
covariance matrix can be estimated from an auxiliary obser-
vation that contains the IO signal and possible channel noise
(e.g., with an antenna steered toward the IO direction). This
is how Rx was estimated in our simulation results shown in
Section IV.

As a standard practice in radar signal detection [31], we
consider testing for the presence of a target within a hy-
pothesized delay-Doppler cell. Specifically, the target is as-
sumed to be within an uncertainty region that is divided into
multiple delay-Doppler cells and the detection is performed
on each cell in a sequential fashion. For each cell under test,
τk and fk are known and can be compensated for. There-
fore, after the data are delay- and Doppler-compensated,
the detection problem can be described by the following
composite binary hypothesis test [7]–[10], [14]:

H1 : yk = βkx + αkDkx + nk

H0 : yk = βkx + nk,

k = 1, 2, . . . , K (9)

where the amplitude parameters βk and αk are unknown and
need to be estimated, and the unitary matrix Dk is the kth
delay-Doppler operator with respect to the hypothesized
cell,

Dk = A(fk)W(τk). (10)

III. PROPOSED DETECTORS

In this section, we develop two GLRT detectors for the
passive multistatic detection problem (9). The first is for
the case of known receiver noise level, and the second is
derived with unknown noise level.
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A. GLRT With Known Noise Power

Let the observations from K receivers be vectorized
as y = [yT

1 , yT
2 , . . . , yT

K ]T . The unknown parameters are
β = [β1, β2, . . . , βK ]T and α = [α1, α2, . . . , αK ]T . We can
rewrite the detection problem (9) as

H1 : y ∼ CN (0MK×1, Cy(α, β))

H0 : y ∼ CN (0MK×1, Cy(α = 0, β)) (11)

where the covariance matrix is given by

Cy(α, β) = (ββH ) ⊗ Cx + Cn + [(βαH ) ⊗ Cx]DH

+ D[(αβH ) ⊗ Cx] + D[(ααH ) ⊗ Cx]DH

(12)

with the Kronecker product operation ⊗, block di-
agonal matrices Cn = diag{η} ⊗ IM , by denoting η =
[η1, η2, . . . , ηK ]T , and D = diag{D1,D2 . . . ,DK}. Then,
the GLRT may be given by

max{α,β} p1(y|α, β)

max{β} p0(y|β)

H1

≷
H0

γ (13)

where p1(y|α, β) and p0(y|β) denote the likelihood func-
tions underH1 andH0, respectively. The two ML estimation
problems in (13) do not have closed-form solutions. A brute
force search over the multidimensional parameter space is
computationally difficult. In the following, we resort to the
EM algorithm to solve the ML estimation problems, and
the estimates are used in the GLRT detector.

To apply the EM algorithm under each hypothesis, the
first step is to specify the “complete” data z, which includes
the observed data y (regarded as the “incomplete” data)
[28]. In our case, the “complete” data are specified as

z = [
xT , yT

]T
. (14)

After determining the “complete” data, the EM algorithm

starts with an initial guess of the unknown parameters, θ̂
(0)

(θ = {α, β} under H1; θ = β under H0). Given the latest

update for the parameter estimation after l iterations, θ̂
(l)

,
the (l + 1)th iteration cycle consists of an expectation step
(E-step) followed by a maximization step (M-step):

E-step:

Q
(
θ ; θ̂

(l)) = E
x|y,θ̂

(l) {log p(z|θ)} . (15)

M-step:

θ̂
(l+1) = arg max

θ
Q
(
θ ; θ̂

(l))
. (16)

The E-step is intended to find the expectation of the
log-likelihood function (LLF) of the “complete” data z,
which is taken with respect to the signal waveform x and

conditioned on observations y given θ̂
(l)

. The M-step is
intended to maximize the expectation with respect to the
unknown parameters. This iteration cycle is repeated until
the algorithm converges, e.g., when the following inequality

holds for some small tolerance ε:
∥
∥
∥θ̂

(l+1) − θ̂
(l)
∥
∥
∥ < ε. (17)

It is shown in Appendix A that, for the (l + 1)th iteration
cycle, the M-step (16) under H1 is equivalent to

θ̂
(l+1) = arg min

θ
Q1
(
θ ; θ̂

(l))
(18)

where

Q1
(
θ ; θ̂

(l)) =
K∑

k=1

1

ηk

[(|βk|2 + |αk|2
)
c

(l)
1

+ 2�
{
αkβ

∗
k c

(l)
2,k − βkc

(l)
3,k − αkc

(l)
4,k

}]
(19)

with c
(l)
1 , c

(l)
2,k , c

(l)
3,k , and c

(l)
4,k as defined in (54)–(57), which

are functions of x̂(l) and C(l)
xx|y , namely, the minimum mean

square error (MMSE) estimates of x and its covariance
matrix, respectively, based on the lth parameter estimate

θ̂
(l)

. The expressions of x̂(l) and C(l)
xx|y are given by (51) and

(52), respectively.
It can be seen that the cost function (19) is a quadratic

function with respect to αk and βk for k = 1, 2, . . . , K , and
thus permits closed-form solutions. Specifically, taking the
partial derivatives of the cost function with respect to the
conjugates of αk and βk and setting them equal to zero, we
have

⎧
⎪⎨

⎪⎩

αkc
(l)
1 + βk

(
c

(l)
2,k

)∗
−
(
c

(l)
4,k

)∗
= 0

βkc
(l)
1 + αkc

(l)
2,k −

(
c

(l)
3,k

)∗
= 0

. (20)

Jointly solving the two expressions of (20) yields

α̂
(l+1)
k =

(
c

(l)
1 c

(l)
4,k − c

(l)
2,kc

(l)
3,k

)∗

(
c

(l)
1

)2
−
∣
∣
∣c

(l)
2,k

∣
∣
∣
2 , (21)

β̂
(l+1)
k =

c
(l)
1

(
c

(l)
3,k

)∗
− c

(l)
2,k

(
c

(l)
4,k

)∗

(
c

(l)
1

)2
−
∣
∣
∣c

(l)
2,k

∣
∣
∣
2 . (22)

UnderH0, the received data are free of target echoes, and the
unknown parameters are θ = β. The ML estimates under
this hypothesis can be derived by repeating the steps under
H1 with {αk} set to zero, which are given by

β̂
(l+1)
k =

(
c

(l)
3,k

)∗

c
(l)
1

. (23)

After the EM iteration converges, let {α̂1, β̂1} and β̂0 be the
final estimates of the unknown parameters under H1 and
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Algorithm 1: GLRT with Known Noise Power.
Input: K-channel observations y, a specific
delay-Doppler cell, initial guess of the parameters

{α̂(0), β̂
(0)}, and convergence tolerance ε.

Output: L1 as computed by (24).
Estimation of θ = {α, β} under H1:
for l = 0, 1, 2, . . . do
1) Compute the MMSE estimates x̂(l) and C(l)

xx|y
using (49)–(52).

2) Update the estimates of αk and βk using (21)
and (22), respectively, for k = 1, 2, . . . , K .

3) Check the stopping condition (17).
end for
Estimation of θ = β under H0:
for l = 0, 1, 2, . . . do
1) Compute the MMSE estimates x̂(l) and C(l)

xx|y
using (49)–(52) with α̂(l) = 0.

2) Update the estimates of βk using (23) for
k = 1, 2, . . . , K .

3) Check the stopping condition (17).
end for
return

H0, respectively. The GLRT detector can be written as

L1 = log p1(y|α̂1, β̂1) − log p0(y|β̂0)

= yH
[
C−1

y (0, β̂0) − C−1
y (α̂1, β̂1)

]
y

+ ln
det

{
Cy(0, β̂0)

}

det
{

Cy(α̂1, β̂1)
}

H1

≷
H0

ξ (24)

where ξ = ln γ . The proposed detector is summarized in
Algorithm 1.

B. GLRT With Unknown Noise Power

In this section, we consider the case of unknown receiver
noise level, which can be different from one receiver to
another, i.e., η1 �= η2 �= · · · �= ηK . Borrowing the notations
from Section III-A, the detection problem is expressed as

H1 : y ∼ CN (0MK×1, Cy(α, β, η))

H0 : y ∼ CN (0MK×1, Cy(α = 0, β, η)) (25)

where

Cy(α, β, η) = (ββH ) ⊗ Cx + Cn(η) + [(βαH ) ⊗ Cx]DH

+ D[(αβH ) ⊗ Cx] + D[(ααH ) ⊗ Cx]DH

(26)

with Cn(η) = diag{η} ⊗ IM . Consequently, the GLRT is
given by

max{α,β,η} p1(y|α, β, η)

max{β,η} p0(y|β, η)

H1

≷
H0

ζ (27)

where p1(y|α, β, η) and p0(y|β, η) denote the likelihood
functions under H1 and H0, respectively. Again, we use

the EM algorithm to develop the GLRT detector in the
following.

As shown in Appendix B, the (l + 1)th M-step under
H1, where the unknown parameters θ = {α, β, η}, is equiv-
alent to

θ̂
(l+1) = arg min

θ
Q2
(
θ ; θ̂

(l))
(28)

where

Q2
(
θ ; θ̂

(l)) =
K∑

k=1

(

M ln ηk + �̂(l)(αk, βk)

ηk

)

(29)

and

�̂(l)(αk, βk) = ‖yk‖2 + (|βk|2 + |αk|2
)
c

(l)
1

+ 2�
{
αkβ

∗
k c

(l)
2,k − βkc

(l)
3,k − αkc

(l)
4,k

}
.

(30)

The coefficients c
(l)
1 , c

(l)
2,k , c

(l)
3,k , and c

(l)
4,k have the same ex-

pressions as (54)–(57). Although the MMSE estimates x̂(l)

and C(l)
xx|y are still computed using (51) and (52), respec-

tively, it should be noted that (50) must be replaced by (66)
in this case. Since the noise variance ηk > 0, the (l + 1)th
updates of αk and βk can be obtained as

{
α̂

(l+1)
k , β̂

(l+1)
k

}
= arg min

{αk,βk}
�̂(l)(αk, βk). (31)

Using the same optimization method for αk and βk , as in
Section III-A, we find that α̂

(l+1)
k and β̂

(l+1)
k have the same

expressions as (21) and (22), respectively. Then, the kth
noise variance is updated by

η̂
(l+1)
k =

�̂(l)
(
α̂

(l+1)
k , β̂

(l+1)
k

)

M
. (32)

Under H0, the unknown parameters are θ = {β, η}. Similar
to the null hypothesis in Section III-A, the ML estimates
under H0 in this case can be derived by repeating the steps
under H1 with α set to zero. Consequently, β̂

(l+1)
k is given

by (23), and

η̂
(l+1)
k =

�̂(l)
(

0, β̂
(l+1)
k

)

M
. (33)

Let {α̂1, β̂1, η̂1} and {β̂0, η̂0} be the final EM estimates of
the unknown parameters under H1 and H0, respectively.
The second proposed GLRT detector can be written as

L2 = log p1(y|α̂1, β̂1, η̂1) − log p0(y|β̂0, η̂0)

= yH
[
C−1

y (0, β̂0, η̂0) − C−1
y (α̂1, β̂1, η̂1)

]
y

+ ln
det

{
Cy(0, β̂0, η̂0)

}

det
{

Cy(α̂1, β̂1, η̂1)
}

H1

≷
H0

κ (34)

where κ = ln ζ . The proposed detector is summarized in
Algorithm 2.
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Algorithm 2: GLRT with Unknown Noise Power.
Input: K-channel observations y, a specific
delay-Doppler cell, initial guess of the parameters

{α̂(0), β̂
(0)

, η̂(0)}, and convergence tolerance ε.
Output: L2 as computed by (34).
Estimation of θ = {α, β, η} under H1:
for l = 0, 1, 2, . . . do
1) Compute the MMSE estimates x̂(l) and C(l)

xx|y
using (49), (66), (51), and (52).

2) Update the estimates of αk , βk , and ηk using
(21), (22), and (32), respectively, for
k = 1, 2, . . . , K .

3) Check the stopping condition (17).
end for
Estimation of θ = {β, η} under H0:
for l = 0, 1, 2, . . . do
1) Compute the MMSE estimates x̂(l) and C(l)

xx|y
using (49), (66), (51), and (52) with α̂(l) = 0.

2) Update the estimates of βk and ηk using (23)
and (33), respectively, for k = 1, 2, . . . , K .

3) Check the stopping condition (17).
end for
return

IV. NUMERICAL SIMULATIONS

In this section, numerical simulations are conducted to
illustrate the performance of the proposed detectors. For
comparison purposes, the ED [17], [18] and GCC [10],
[11] detectors, which require knowledge of the noise level
to set the test threshold, as well as the GC [20], [21] and
RLET [14] detectors, which do not need the noise level, are
included in the study. Their test statistics are expressed as

LED =
K∑

k=1

‖yk‖2
H1

≷
H0

γED (35)

LGCC = λ1
(
YH Y

) H1

≷
H0

γGCC (36)

LGC = 1 − det
{
YH Y

}

∏K
k=1 ‖yk‖2

H1

≷
H0

ζGC (37)

LRLET = λ1
(
YH Y

)

∑K
k=1 λk

(
YH Y

)
H1

≷
H0

ζRLET (38)

where Y = [DH
1 y1,DH

2 y2, . . . ,DH
K yK ], which consists of

delay-and-Doppler compensated signals by using (10), and
λK (·) ≤ λK−1(·) ≤ · · · ≤ λ2(·) ≤ λ1(·) denote the ordered
eigenvalues of a K-dimensional matrix. For easy reference,
the GLRT detectors proposed in Sections III-A and III-B
are denoted as GLRT1 and GLRT2, respectively.

For simplicity, we use a first-order autoregressive (AR)
process to simulate the IO waveform, in which case the
waveform coefficient can be conveniently controlled by
changing the AR coefficient a1. Let ρ (0 ≤ ρ < 1) mea-
sure the correlation in absolute value of two adjacent sam-
ples of the IO waveform. For the considered AR process,

Fig. 2. Performance versus SNR with M = 20, K = 3, and
DNR = 0 dB. (a) Highly correlated waveform (ρ = 0.9).

(b) Lowly correlated waveform (ρ = 0.001).

we have ρ = |a1|. The signal-to-noise ratio (SNR) for the
target echoes is defined as

SNR = 10 log10
1

K

K∑

k=1

|αk|2
ηk

(39)

and the DPI-to-noise ratio (DNR) is

DNR = 10 log10
1

K

K∑

k=1

|βk|2
ηk

. (40)

It is noted that, in the following, the threshold for each
method is determined based on a constant false alarm rate
(CFAR) of PFA = 0.01.

The detection probability curves versus SNR are plotted
in Fig. 2, where the following parameters are used: sample
number M = 20, receiver number K = 3, DNR = 0 dB,
and two cases of different waveform correlations are con-
sidered. In Fig. 2(a), we have ρ = 0.9, which corresponds
to the case when the IO waveform is highly correlated
or, equivalently, narrowband. We see that the GLRT1

detector performs the best, and the GLRT2 detector has
slightly inferior performance. Both the proposed detectors
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Fig. 3. Performance versus waveform correlation ρ with M = 20,
K = 3, SNR = 0 dB, and DNR = 0 dB.

do however, outperform the other detectors because the
formers take into account the residual DPI and, moreover,
exploit the waveform correlation for detection. In Fig. 2(b),
ρ = 0.001 is assumed, which corresponds to a lowly cor-
related wideband IO signal. In this case, the proposed de-
tectors perform still the best; however, the gain is not as
significant as in case 1. The improvement is due to the low
waveform correlation, which makes the DPI behave like
white noise to the other detectors.

To illustrate the effect of the DPI and, respectively, the
effect of the waveform correlation on passive detection,
we have included the performance of the GCC detector
without DPI.1 In Fig. 2(a), the proposed detectors perform
better than the GCC with no DPI, due to the benefit of
using the waveform correlation. In Fig. 2(b), however, the
difference between GLRT2 and GCC is fairly small. This is
because, first, there is little waveform correlation that can
be utilized by GLRT2; and second, GLRT2 has to estimate
the noise level, which is assumed to be known by the GCC.
Nevertheless, GLRT1 performs the best among all detectors.

From Fig. 2, we can see that the waveform correlation ρ

has an impact on most detectors. To further study this effect,
we show the detection performance versus ρ in Fig. 3,
where M = 20, K = 3, SNR = 0 dB, and DNR = 0 dB.
It is seen that the proposed detectors are insensitive as ρ

changes from 0 to 0.9. On the other hand, the ED and GCC
appear most sensitive to the correlation of the IO waveform.

Fig. 4 shows the performance of the proposed detectors
versus DNR with M = 20, K = 3, ρ = 0.9, and SNR =
5 dB. It is observed that the proposed detectors are not
affected by the variations in DNR values. On the other
hand, the other detectors are significantly affected by the
DPI.

Fig. 5 illustrates the performance comparison versus
the sample number M used. We can see that increasing M

leads to improved detection performance for all detectors.

1It is noted that in the absence of DPI, the GCC is the best among the four
existing detectors (35)–(38) according to [14]. Hence, the results for the
other detectors without DPI are not included for clarity.

Fig. 4. Performance versus DNR with M = 20, K = 3, ρ = 0.9, and
SNR = 5 dB.

Fig. 5. Performance versus sample number M with K = 3, ρ = 0.9,
SNR = 5 dB, and DNR = 0 dB.

This is because the effective SNR increases with M . Note
that (39) is the average SNR per channel and per sample.
The improvement for the proposed detectors after M = 20
is minor because their detection probability is nearly 1.
However, the extra SNR gain leads to significant detection
improvement for the other detectors.

In Fig. 6, the performance is presented as a func-
tion of the channel number K , where M = 20, ρ = 0.9,
SNR = 5 dB, and DNR = 0 dB. The proposed detectors
still perform the best. It is noted again that as K gets larger,
the effective SNR increases. The performances of RLET,
GC, and GCC are seen to benefit more from increasing K

than the ED. This is because the formers can exploit the
coherence among the different channels [14].

Note that the proposed detectors GLRT1 and GLRT2

need to know the covariance matrix Cx , equivalently Rx ,
of the IO signal, which may be unknown and needs to be
estimated in practice by using training signals. To illustrate
the effect of covariance matrix estimation on the proposed
detectors, we consider a simple scenario, where training
signals are collected by steering an antenna toward the IO
(whose location is usually known) to measure the source
signal. The measurements are generally contaminated by
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Fig. 6. Performance versus channel number K with M = 20, ρ = 0.9,
SNR = 5 dB, and DNR = 0 dB.

Fig. 7. Performance comparisons using estimated waveform covariance
matrix with M = 20, K = 3, ρ = 0.9, and DNR = 0 dB. (a) GLRT1.

(b) GLRT2.

noise. Let SNRt denote the SNR in the training signals.
Suppose Nt samples of training signals are available. We
use the simple unbiased estimator to estimate the autocor-
relation function (ACF) of the training signals. The ACF of
the IO signal can be obtained by subtracting the noise vari-
ance from the former; in the case when the noise variance
is unknown (as in GLRT2), the ACF of the training signals
is used as the ACF of the IO signal. Following ACF estima-
tion, an estimate of the covariance matrix Rx can be formed

as a Toeplitz matrix by using the ACF along with a tapering
window (see [32] for details on how to form a covariance
matrix estimate from ACF). The performance of the pro-
posed detectors with estimated Cx is shown in Fig. 7(a)
for GLRT1 and, respectively, in Fig. 7(b) for GLRT2, with
several combinations of SNRt and Nt . It is seen that with
sufficiently high SNRt (e.g., 10 dB), the performance loss
of GLRT1 caused by covariance matrix estimation is very
small. Although the loss increases with a lower SNRt , it can
be remedied by using more training signals in covariance
matrix estimation, as seen in the comparison of the case
of SNRt = 0 dB and Nt = 20 with that of SNRt = 0 dB
and Nt = 50. Finally, it is observed that GLRT2 experi-
ences more performance loss, due to the fact that a coarser
covariance matrix estimate is employed, that is, the noise
variance is not subtracted, as noted in the above.

V. CONCLUSION

In this paper, we examined the target detection problem
for a multistatic passive radar system in the presence of
noise and DPI. The system consists of a noncooperative IO
and multiple geographically distributed receivers. We pro-
posed two GLRT detectors based on the EM algorithm. The
first detector is developed for the case of known receiver
noise level, while the second one is derived under the con-
dition when the noise level is unknown. Numerical results
show that the proposed detectors significantly outperform
several popular existing solutions, as the formers explicitly
account for the DPI and exploit the waveform correlation
for detection.

APPENDIX

A. Proof of (18)

With known noise variance, we have the unknown pa-
rameters θ = {α, β} under H1, and the likelihood function
of the “complete” data z = [xT , yT ]T can be written as

p(z|θ) = p(y|x, θ)p(x|θ) = 1

det{πCx} det{πCn}

× exp

{

−xH C−1
x x −

K∑

k=1

‖yk − βkx − αkDkx‖2

ηk

}

. (41)

Thus, the LLF is given by

log p(z|θ) = s1(x) − s2(x, θ) (42)

where

s1(x) = − M(K + 1) ln π − ln det{Cx} − xH C−1
x x

−
K∑

k=1

(

M ln ηk + ‖yk‖2

ηk

)

(43)

s2(x, θ ) =
K∑

k=1

1

ηk

[(|βk|2 + |αk|2
)

xH x

+ 2� {αkβ
∗
k xHDkx − βkyH

k x − αkyH
k Dkx

}]
.

(44)

922 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 53, NO. 2 APRIL 2017



The cost function is consequently given by

Q
(
θ ; θ̂

(l)) = E
x|y,θ̂

(l) {s1(x)} − E
x|y,θ̂

(l) {s2(x, θ )} . (45)

Note that only the second term in (45) involves the parame-
ters to be estimated and that the first term is constant in the
M-step for each iteration. Therefore, we have the following
result for the M-step,

arg max
θ

Q
(
θ ; θ̂

(l)) = arg min
θ

Q1
(
θ ; θ̂

(l))
(46)

where

Q1
(
θ ; θ̂

(l)) = E
x|y,θ̂

(l) {s2(x, θ)} . (47)

Next, we find an explicit expression for Q1
(
θ ; θ̂

(l))
. Since

the vectors x and y are jointly Gaussian distributed, let

x̂(l) = E
x|y,θ̂

(l){x} (48)

and then the conditional expectation x̂(l) has a closed-form
expression [33, p. 324]. By denoting

C(l)
xy = E

x|θ̂ (l)

{
xyH

}

= (
β̂

(l))H ⊗ Cx + Cx

(
α̂(l) ⊗ IM

)H
DH (49)

C(l)
yy = E

x|θ̂ (l)

{
yyH

} = Cy

(
α̂(l), β̂

(l))
(50)

we have

x̂(l) = E{x} + C(l)
xy

(
C(l)

yy

)−1
(y − E{y})

= C(l)
xy

(
C(l)

yy

)−1
y. (51)

Consequently,

C(l)
xx|y = E

x|y,θ̂
(l)

{
xxH

}

= x̂(l) (x̂(l))H + E
x|y,θ̂

(l)

{(
x − x̂(l)) (x − x̂(l))H

}

= x̂(l)
(
x̂(l)
)H + Cx − C(l)

xy

(
C(l)

yy

)−1 (
C(l)

xy

)H
. (52)

Finally, we get

Q1
(
θ ; θ̂

(l)) =
K∑

k=1

1

ηk

[(|βk|2 + |αk|2
)
c

(l)
1

+ 2�
{
αkβ

∗
k c

(l)
2,k − βkc

(l)
3,k − αkc

(l)
4,k

}]
(53)

where

c
(l)
1 = E

x|y,θ̂
(l)

{
xH x

} = tr
{

C(l)
xx|y

}
(54)

c
(l)
2,k = E

x|y,θ̂
(l)

{
xHDkx

} = tr
{
DkC(l)

xx|y
}

(55)

c
(l)
3,k = E

x|y,θ̂
(l)

{
yH

k x
} = yH

k x̂(l) (56)

c
(l)
4,k = E

x|y,θ̂
(l)

{
yH

k Dkx
} = yH

k Dk x̂(l). (57)

B. Proof of (28)

When the noise variance is unknown, we have θ =
{α, β, η} under H1, and the likelihood function of the

“complete” data z = [xT , yT ]T can be written as

p(z|θ) = p(y|x, θ )p(x|θ) = 1

det{πCx} det{πCn(η)}

× exp

{

−xH C−1
x x −

K∑

k=1

‖yk − βkx − αkDkx‖2

ηk

}

.

(58)

The LLF is given by

log p(z|θ) = s1(x) − s2(x, θ ) (59)

where

s1(x) = − M(K + 1) ln π − ln det{Cx} − xH C−1
x x

(60)

s2(x, θ ) =
K∑

k=1

(

M ln ηk + �(x, αk, βk)

ηk

)

(61)

and

�(x, αk, βk)= ‖yk‖2 + (|βk|2 + |αk|2
)

xH x

+ 2�{αkβ
∗
k xHDkx −βkyH

k x − αkyH
k Dkx

}
.

(62)

As stated in Appendix A, the M-step in this case can be
rewritten as

arg max
θ

Q
(
θ ; θ̂

(l)) = arg min
θ

Q2
(
θ ; θ̂

(l))
(63)

where

Q2
(
θ ; θ̂

(l)) =
K∑

k=1

(

M ln ηk + �̂(l)(αk, βk)

ηk

)

(64)

and

�̂(l)(αk, βk) = ‖yk‖2 + (|βk|2 + |αk|2
)
c

(l)
1

+ 2�
{
αkβ

∗
k c

(l)
2,k − βkc

(l)
3,k − αkc

(l)
4,k

}
(65)

with c
(l)
1 , c(l)

2,k , c(l)
3,k , and c

(l)
4,k owning the same expressions as

in Appendix A. Nevertheless, for the calculations of x̂(l) and
C(l)

xx|y in (51) and (52), respectively, we use the following
result instead of (50)

C(l)
yy = Cy(α̂(l), β̂

(l)
, η̂(l)). (66)
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