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Dense high speed non-compacted multiphase flows exist in variable phase turbines, explosions, and ejec-
tor nozzles, where the particle volume fraction is in the range 0:001 < ad < 0:5. A canonical problem that
can be used to study modeling issues related to these types of flows is a shock wave impacting a planar
particle cloud. Thus far, prior work has modeled the flow using a 1-D volume-averaged point particle
approach and developed momentum and energy coupling terms that reproduce accurately the trajectory
of particles in the experiments. Although these early results are promising, it is appropriate to question
whether all aspects of the experimental flow can be captured using a one-dimensional model that is tra-
ditionally only used for dilute flows. Thus the objective of this work is to set-up a two-dimensional con-
figuration that captures qualitatively the multidimensional behavior of a real three-dimensional particle
cloud, but can be used as an exact solution to compare with an equivalent volume-averaged model. The
2-D data is phase-averaged to reduce it to one dimension, and x–t diagrams are used to characterize the
flow behavior. These results show the importance of the Reynolds stress term inside the particle cloud
and in its turbulent wake. A one-dimensional (1-D) model is developed for direct comparison with the
2-D simulation. While the 1-D model characterizes the overall steady-state flow behavior well, it fails
to capture aspects of the unsteady behavior inside and behind the particle cloud because it neglects
important unclosed terms.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Dense high speed multiphase flows can be found in a variety of
practical applications such as variable phase turbines, explosions,
liquid rocket motors, and ejectors. In these applications, particles
can be spaced far apart or close together. The range of scales
encompassed by these applications precludes direct numerical
simulation in the design process. Thus, sub-grid scale models are
necessary in order to model these flows at practical scales.

There are different regimes of multiphase flow based on the dis-
perse phase volume fraction ad. In the dilute regime ad � 1, there
are no collisions because the particles are far apart and the parti-
cles do not interact with each other. In the limit of the granular re-
gime ad � 1, the particles are in constant contact with each other;
their motion is controlled primarily by particle collisions, with
small contributions from the continuous phase. The regime of
interest in this paper is the dense non-granular regime
(0:001 < ad < 0:5) between these two limiting extremes (Zhang
et al., 2001).
Experiments and simulations used to study these regimes often
rely on an initial shock wave to set up a high-speed flow through a
particle cloud. In the dilute regime, these flows are well character-
ized (Carrier, 1958; Miura and Glass, 1982, 1983; Miura, 1990; Sai-
to, 2002). Similarly, in the granular regime where the particles are
densely packed, continuum mixture theories exist to describe
these flows (Baer and Nunziato, 1986; Powers et al., 1990). How-
ever, little information exists for particle flow interactions where
the volume fraction is in the range 0:001 < ad < 0:5. Recently, a
multiphase shock tube experiment has been developed at Sandia
National Labs (Wagner et al., 2011, 2012) to explore dense high
speed particle-laden flow. This experiment improves upon other
configurations by isolating the dense non-compacted regime with
a gravity fed curtain of nearly constant volume fraction in the
stream-wise direction.

In the dilute regime, for both low Mach number (incompress-
ible) and compressible flows, volume-averaged models combined
with a point-particle approach have been used successfully to
model multiphase flows (Clemins, 1988; Drew, 1983; Drew and
Passman, 1999; Magnaudet and Eames, 2000; Crowe et al., 2012).
These models rely on the assumption that the particle diameters
are much smaller than the inter-particle distance. Under these con-
ditions, the particles interact with the continuous phases indepen-
dent from other particles and the coupling terms between the

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmultiphaseflow.2013.12.007&domain=pdf
http://dx.doi.org/10.1016/j.ijmultiphaseflow.2013.12.007
mailto:jregele@iastate.edu
mailto:jason.rabinovitch@caltech.edu
mailto:jason.rabinovitch@caltech.edu
mailto:colonius@caltech.edu
mailto:g.blanquart@caltech.edu
http://dx.doi.org/10.1016/j.ijmultiphaseflow.2013.12.007
http://www.sciencedirect.com/science/journal/03019322
http://www.elsevier.com/locate/ijmulflow


2 J.D. Regele et al. / International Journal of Multiphase Flow 61 (2014) 1–13
continuum and disperse phases can be modeled as independent
single particle interactions (Crowe et al., 2012).

The point-particle approach, which assumes the individual par-
ticles are independent, is not valid for the granular regime where
the flow is collision dominated. In other words, granular flow
may not be modeled using information for only a single particle.
However, in the dense non-compacted regime (ad < 0:5), this dis-
tinction is not so clear because the collisions are less frequent and
the continuous phase contributes significantly to the particle
dynamics. Simultaneously, the particles are sufficiently far apart
that their effect on the continuum phase might be represented
accurately enough using the same source terms as for the dilute
regime.

Recently Ling et al. (2012) combines the experimental data of
Wagner et al. (2012) with a one-dimensional volume-averaged
point-particle model including unsteady momentum coupling
forces. The leading and trailing edges of the particle cloud and
transmitted and reflected shock locations predicted by the numer-
ical model accurately match the experimental data. This was done
by incorporating correction functions for finite particle Mach num-
ber and volume fraction. The correction function for Mach number
is developed for a single sphere (Parmar et al., 2010) and the cor-
rection function for finite volume fraction is developed assuming
the fluid has only minor acoustic waves (Sangani et al., 1991). In
the current work, it will be demonstrated that volume-averaged
models can reproduce accurately the reflected and transmitted
shock locations, but that this approach incorrectly accounts for
the large amount of energy that is contained in turbulent
structures.

The goal of the present paper is to investigate the interactions
between disperse and continuum phases in the dense non-com-
pacted regime. More specifically, the objectives are threefold: (1)
assess the validity of the volume-averaged models combined with
a point-particle approach to model compressible multiphase flows;
(2) identify the limitations/shortcomings of this technique; and (3)
propose modifications to this approach that will better capture the
physical phenomena that occur in these types of flows. To stream-
line the discussion, we ignore heat and mass transfer so that the re-
sults are restricted to a disperse phase of solid, adiabatic particles.

Towards this goal, the canonical problem of a shock wave
impacting a planar particle cloud is considered. This configuration
is intended to mimic the physics encountered in the aforemen-
tioned investigation of Wagner et al. (2012): namely compressible
flow, dense non-compacted disperse phase, and nearly planar con-
figuration (on average). While the coupling between the two
phases is in reality two-way, the present work focuses only on
the early stages of the experiments where the particles can be as-
sumed, with good accuracy, to remain fixed in space. This should
be considered as a necessary first step towards understanding
the physics of the fluid-particle interaction.

The paper is organized as follows. In the following section, a 2-D
configuration is presented that will model a planar shock wave
impacting a particle cloud alongside the numerical framework
used to solve the governing equations. Then, in Section 3, the
numerical results of the 2-D simulations are presented. In Section 4,
the phase-averaged equations for the present configuration are re-
derived and commonly made assumptions are summarized and
discussed. Finally, in Section 5, the solution of the 1-D phase-aver-
aged equations are compared with the phase-averaged results of
the 2-D exact flow field.
Fig. 1. Selected Schlieren images at times �18, 35, and 136 ls from Wagner et al.
(2012).
2. Detailed simulation of shock-particle interaction

In this section, a numerical simulation that captures the fluid-
particle interactions for a dense multiphase flow is developed.
2.1. Assumptions

In the experiment of Wagner et al. (2012), the Reynolds number
based on the velocity behind the reflected shock and the particle
diameter is approximately Re � 2000. At this Reynolds number,
the drag coefficient of a single individual particle is nearly constant
and the flow is considered to be in the inertial range (Clift et al.,
1978). Within the inertial range, viscous forces on the particles
are negligible, and the drag force on a particle is predominantly
from pressure drag. Nevertheless, it is important to note that
molecular viscosity (albeit very small) is the reason for the separa-
tion of the boundary layer, which is why the drag coefficient is con-
stant. In the present work, the Euler equations are used to model
the flow through the particle cloud. As will be shown later, the arti-
ficial viscosity associated with the numerical discretization is suf-
ficient to induce boundary layer separation and a realistic flow
around the particles.

A two-dimensional simulation will be used to characterize the
flow behavior. Although true multiphase flow is three-dimen-
sional, two-dimensional simulations are an efficient first step in
extracting the qualitative physical behavior. The flow around a
sphere (3-D) and a cylinder (2-D), particularly the boundary layer
separation point and transition Reynolds numbers, is different.
However, the 2-D simulations are sufficient to investigate the
fundamental differences between direct simulation and a
volume-averaged point-particle model. A full three-dimensional
demonstration will be the subject of future work.

The final major assumption in this work is that the particles
have infinite inertia and can be considered frozen in place. While
this assumption is perfectly valid for the objectives of this work,
this limits the comparison that can be made with the experimental
data (Wagner et al., 2012). Fig. 1 shows three different Schlieren



Fig. 3. Planar-averaged cross sections are plotted for conventional square, stag-
gered, distributed, and an idealized distributed curve in the limit N !1.
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images from Fig. 8 of Wagner et al. (2012). The first is 18 ls before
the shock wave impacts the particle curtain, the second is 35 ls
after the shock wave has impacted the curtain, and the third is
136 ls after shock wave impact. Little movement of the particle
cloud is observed during the first 35 ls, whereas significant parti-
cle movement is visible for the frame at 136 ls. This indicates that
a comparison between the results of this work can be made for
these early times, but not for the later times where particle velocity
relaxation is no longer negligible.

2.2. Representation of 2D-particle cloud

In the next section, spatial averaging will be used to reduce the
2-D simulation results to one dimension. In order to minimize the
fluctuations in phase-averaged variables, a special configuration of
particles is developed. Fig. 2 shows four different arrangements of
particles: (a) a conventional square lattice, (b) a staggered lattice,
(c) an inline distributed arrangement, and (d) the final proposed,
more complex, arrangement. The diameter and number of particles
are related to the area fraction via

ad ¼
NpD2

p

4L2 : ð1Þ

The particle diameter is based upon the cloud containing N ¼ 25
particles such that the area fraction occupied by the particles is
ad ¼ 0:15. This gives a particle diameter Dp ¼ 0:089. As shown in
Fig. 2, the thickness of the particle curtain is L ¼ 1 with the leading
edge located at x ¼ �0:5 and the trailing edge located at x ¼ 0:5.

Fig. 3 shows the normalized cross-sectional area associated
with each particle arrangement. At each x-location, this quantity
is defined as the ratio of the open cross-section by the height of
the particle cloud. The ideal normalized cross-sectional area is
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the continuous phase area fraction ac ¼ 1� ad ¼ 0:85. In the con-
ventional square lattice arrangement (Fig. 2(a)), the particles align
in such a way that large variations in the cross-sectional area exist;
the cross-section oscillates around the prescribed continuous
phase volume/area fraction. As shown in Fig. 2(b), these oscilla-
tions can be reduced by considering a staggered lattice. However,
the oscillations remain.

In order to minimize these oscillations and introduce the possi-
bility for the oscillations to tend toward zero as the number of par-
ticles becomes large, the particles are distributed in the x-direction
with equal spacing d ¼ L=N. In this arrangement (Fig. 2(c)), each
particle occupies a unique x-location, which minimizes the fluctu-
ations in plane-integrated cross-section. The resulting
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‘‘distributed’’ arrangement limits the fluctuations in planar-aver-
aged cross-section to less than 0.8%. This clear improvement comes
from the fact that there are 25 unique x-locations in this new
arrangement compared to only 5 for the conventional lattice and
10 for the staggered lattice.

The final arrangement shown in Fig. 2(d) shuffles some of par-
ticle rows from the inline distributed arrangement and shifts each
consecutive column of particles in the positive y-direction by
approximately one particle diameter. This modification gives the
particle distribution a more random appearance. Since the x-loca-
tions are identical between arrangements (c) and (d), the normal-
ized cross-sections (Fig. 3) are identical.

With the current non-dimensionalization, the width of the par-
ticle curtain is unity. A full discussion of the non-dimensionaliza-
tion is presented in the next section. The cloud is located
between x ¼ �0:5 and 0.5, and the computational domain spans
the range x 2 ½�2:5;3:5� and y 2 ½�0:5;0:5�. In order to limit the
particle curtain to x 2 ½�0:5;0:5�, the 25th particle that lies on
the cloud boundary (thin circle in Fig. 2(c)) is removed, which is
why there are 24 particles in the distributed arrangements. Inflow
and outflow conditions are used on the left and right boundaries,
respectively, and the top and bottom boundaries are periodic to
simulate an infinitely long cloud. The simulation uses a Cartesian
grid. The grid spacing is uniform in the y-direction and in the
x-direction for x 2 ½�1:5;1:5�. In this region, the cells have unity
aspect ratio, Dx ¼ Dy. Outside of this range, unequal spacing
(i.e. stretched mesh) is used in the x-direction.

Simulations were performed for four different levels of resolu-
tion to determine grid sensitivity. A list of the different levels of
resolution and the equivalent number of points per particle diam-
eter are listed in Table 1.

It should be reiterated that the two-dimensional configuration
described above is not intended to provide a quantitatively accu-
rate comparison with experimental data (Wagner et al., 2012).
The current motivation is to capture qualitatively the physics of
the shock-particle cloud interaction and use the volume-averaged
solution to test the assumptions associated with the point-particle
approach and 1-D volume-averaging.

2.3. 2-D equations

As stated earlier, the two-dimensional computations are con-
ducted using the Euler equations. The particles are modeled as so-
lid cylinder walls and discretized using a stair-step approach. Slip
wall conditions are imposed on the cylinder walls in addition to
the zero penetration condition. The nondimensional Euler equa-
tions are given by

@

@t
qþ @

@xi
qui ¼ 0; ð2aÞ

@

@t
qui þ

@

@xj
quiuj þ

@

@xi
p ¼ 0; ð2bÞ

@

@t
qeT þ

@

@xi
½uiðqeT þ pÞ� ¼ 0; ð2cÞ
Table 1
Four different levels of resolution were used for the 2-D simulations. Here, nx and ny

are the number of cells in the x and y-directions, respectively.

Cells/Dp nx ny Total cells

13 690 150 1.04E5
26 1241 300 3.72E5
52 2152 600 1.29E6

105 4062 1200 4.87E6
where the nondimensional quantities are defined with respect to
the initial undisturbed dimensional gas state c00;q00

� �
and a dimen-

sional length scale L0 defined as the thickness of the cloud. Primes
are used to denote dimensional quantities. With this formulation,
the nondimensional quantities are expressed in terms of dimen-
sional quantities as x ¼ x0=L0; t ¼ t0c00=L0; u ¼ u0=c00; q ¼ q0=q00;

p ¼ p0= q00c00
2

� �
and eT ¼ e0T=c00

2.

The equation of state for a perfect gas is

p ¼ ðc� 1Þqe ð3Þ

¼ ðc� 1Þ qeT �
1
2
quiui

� �
; ð4Þ

where e is the internal energy, c is the specific heat ratio, and the
total energy eT is defined

eT ¼ eþ 1
2

uiui: ð5Þ

For comparison with the experimental work of Wagner et al. (2012),
the particle curtain depth L is approximated by the slit dimension
L ¼ 3:2 mm. The reference density q00 ¼ 0:969 kg=m3 and sound
speed c00 ¼ 345 m=s are determined from the undisturbed test sec-
tion conditions.

2.4. Numerical method

The 2-D simulations are performed using a modified version of
the NGA code (Desjardins et al., 2008). The Roe–Pike method (Roe
and Pike, 1984) combined with MUSCL-Hancock data reconstruc-
tion (Toro, 1999) is used to solve the Euler equations (Eq. (2)).
The van Leer limiter (van Leer, 1979) is used to minimize the ef-
fects of artificial viscosity/diffusion while maintaining a total vari-
ation diminishing solution. The method is first order accurate near
shocks and contact discontinuities, and second order accurate
elsewhere.

2.5. Initial conditions

The initial nondimensional Rankine–Hugoniot shock jump con-
ditions for a M ¼ 1:67 shock wave are

p5 ¼ 2:21 p0 ¼ 0:714; ð6aÞ
q5 ¼ 2:15 q0 ¼ 1; ð6bÞ
u5 ¼ 0:896 u0 ¼ 0; ð6cÞ

where subscript 5 denotes the fluid condition upstream of the
incoming shock and subscript 0 indicates the undisturbed fluid
downstream of the shock. The reason for this notation will be
apparent shortly. The shock wave is initially located at the left do-
main boundary x ¼ �2:5.

3. Numerical results

The first part of this section will focus on the effects of multiple
dimensions. The second part defines the volume averaging proce-
dure used to assess grid dependence and demonstrates the impor-
tance of unsteady velocity fluctuations on the volume-averaged
equations.

3.1. General flow behavior

Fig. 4 shows snapshots of pressure (p=p0) contours at several
different instances after the shock first encounters the particle
cloud. When the incident shock first hits the particle cloud, a re-
flected shock wave is created (Fig. 4(b)). The reflected shock wave
is comprised of multiple shock reflections, one from each particle,
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Fig. 4. A time series evolution of the normalized pressure (p=p0) shows the reflected and transmitted shock waves, as well as unsteady flow conditions both inside and behind
the cloud.
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which cumulatively coalesce to form a nearly planar shock front.
The initial reflected shock wave has a relatively small magnitude
(Fig. 4(c)) in comparison to later times (Fig. 4(d)). As time proceeds,
additional reflected waves from other particles within the cloud
contribute to strengthening the amplitude of the reflected shock
(Fig. 4(e)). Fig. 4 also shows a transmitted shock that traverses
through the cloud and emerges into the undisturbed gas
downstream.

The interaction of the shock wave with each cylinder in the cur-
rent work is very similar to that characterized by Sun et al. (2005).
When the incident shock wave impacts the cylinder, a regular
reflection is formed. As the incident shock travels further along
the cylinder, the regular reflection transitions to a Mach reflection.
When the Mach reflections converge on the line of symmetry at the
trailing edge of the cylinder, a region of high pressure is created,
which subsequently expands and the pressure decreases.

Flow separation at the trailing edge of the cylinders is not ob-
served until the transmitted shock wave has traveled approxi-
mately one diameter downstream of the cylinder. Shortly
thereafter (about 0.01 time units), a recirculation zone forms be-
hind each cylinder. The recirculation zone is initially symmetric,
after which unsteady vortex shedding commences (Fig. 5).
Although there is no physical viscosity present in the Euler
Fig. 5. Contour plot of vorticity at t ¼ 3:5. As expected for flows with a Reynolds num
equations, numerical viscosity is implicitly present. This numerical
viscosity causes the initial flow separation to occur, and is
discussed in detail in the next section.

The pressure behind the transmitted shock that initially
emerges from the cloud has an average magnitude of p=p0 ¼ 2:4,
which is 20% lower than that of the initial shock. This drop in pres-
sure is due to the multiple shock reflections created from each par-
ticle interaction as the shock traverses the cloud. After the
transmitted shock emerges from the cloud, the pressure at the
trailing edge of the cloud continues to drop as unsteady wakes
form behind each cylinder, which increases the drag and thereby
further reduces the pressure.

Between the transmitted shock wave and the trailing edge of
the cloud lies a region of fluid that is strongly unsteady and con-
sists of vortices shed by each particle. Inside that region, localized
pockets of low pressure exist in the vortex cores. This pressure may
be as low as p=p0 ¼ 0:3, which is lower than the initial undisturbed
gas condition. A quantified discussion of this region will be pre-
sented in Section 5.

The general behavior of the shock interaction with the particle
cloud is best described using an x–t diagram. Fig. 6 shows a typical
x–t diagram that is specific to the early interactions where the par-
ticles can be assumed to be frozen in place. Similar x–t diagrams
ber near Re ¼ 2000, unsteady vortices are shed from the surface of each cylinder.



Fig. 6. An x–t diagram demonstrates the one-dimensional behavior observed in
both the one- and two-dimensional model results. Six different regions are
identified, which include the (0) undisturbed gas, (1) fluid behind the transmitted
shock ST, (2) fluid between the contact C and the cloud’s trailing edge, (3) expansion
across the cloud, (4) fluid behind the reflected shock, and (5) incident shock
condition.
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can be found in Rogue et al. (1998), Miura and Glass (1983), and
Ling et al. (2012).

When the original shock impacts the leading edge of the cloud,
a portion of it is transmitted (ST) and part of it is reflected (SR). An
expansion fan moves through the cloud behind the transmitted
shock ST, which starts the formation of the pressure gradient across
the cloud. When the transmitted shock emerges from the cloud’s
trailing edge, a contact C and a rarefaction wave R are created.
The contact propagates downstream and separates region 1 and
2. The rarefaction wave stops the expansion fan’s propagation
and sets up a steady pressure gradient across the cloud (region
3). Additionally, when the rarefaction reaches the leading edge of
the cloud, the pressure in region 4, which was gradually increasing
from the cumulative addition of compression waves CW, becomes
constant.

The steady-state pressure gradient inside the particle cloud
does not form immediately after the rarefaction R passes back
through the cloud. Instead, the pressure inside the cloud fluctuates
about its mean value, emitting acoustic waves away from the
cloud. These fluctuations are shown in Fig. 6 as dashed lines prop-
agating away from the cloud (labeled CW) along the characteristic
lines u� c and uþ c.

It is possible to make some qualitative comparisons with the
experimental results at early times when the frozen particle
assumption is reasonably accurate. The 35 ls frame in Fig. 1 shows
reflected and transmitted shock waves, similar to the current re-
sults. The 35 ls frame also shows the presence of a contact wave
between the trailing edge of the particle cloud and the transmitted
shock. In general, the 2-D simulation contained in this work ap-
pears to reproduce the essential physics contained in the
experiments.

3.2. Grid dependence

As a result of the large particle Reynolds number found in the
experiment of Wagner et al. (2012) (near Re ¼ 2000), the Euler
equations (no molecular viscosity) have been used as a first ap-
proach to perform the 2-D numerical computations. It is important
to note that it is theoretically impossible to obtain numerical con-
vergence using an L1 norm with the Euler equations. Nevertheless,
the numerical method implicitly contains numerical viscosity in
order to capture shocks and contact discontinuities. Furthermore,
the 2D-particles are discretized on a Cartesian mesh using a
stair-stepped approach (i.e. the walls are not smooth). It is hence
natural to wonder which quantities from the numerical results, if
any, are grid dependent. Towards that goal, a grid dependence
study is performed to determine the solution’s sensitivity to
numerical viscosity. Since numerical convergence cannot be ob-
tained using an L1 norm with the Euler equations, planar-averaged
quantities are used to gauge grid dependence.

2-D simulations were performed using 13, 26, 52, and 105
points per cylinder diameter. A full list of grid details can be found
in Table 1. Fig. 7 shows the planar-averaged pressure at t ¼ 2:5 for
these different levels of resolution. While there are oscillations due
to the finite number of grid points and 2D-particles, there is little
noticeable difference in the mean values between the four different
levels of resolution. Since the pressure drop through the particle
cloud is due mainly to the drag around the 2D-particles, we can
conclude that the particle drag is independent of any artificial vis-
cosity. It is important to note that when the Reynolds number for
an individual particle is in the range 103 < Re < 105, known as the
inertial range (Clift et al., 1978; Crowe et al., 2012), the drag coef-
ficient is nearly independent of Reynolds number. Hence, the pres-
ent results may be typical of flows in the inertial range
103 < Re < 105.

While the numerical viscosity is not obviously equivalent to the
true viscosity, the effective/observed particle boundary layer
wakes contain many features expected in a real flow. Aside from
the planar-averaged convergence, we caution that a full exposition
of the detailed physics of the particle boundary layer and wakes
awaits fully three-dimensional, viscous calculations, that will be
the subject of future work.

3.3. Velocity fluctuations

Figs. 4 and 5 indicate that unsteady flow exists inside and be-
hind the particle cloud. It is unclear how strong the unsteady flow
is in comparison to the mean flow. Thus it is helpful to calculate
the mean and RMS velocities. In order to make this comparison,
volume average definitions must be made. The volume average
of a quantity / is defined as

�/ ¼ 1
V

Z
V

/dV ; ð7Þ

where V is the sampling volume including both the continuous and
disperse phases. If the volume integral is limited to the continuous
phase, the phase average (or Reynolds average) is defined
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h/i ¼ 1
Vc

Z
Vc

/dV ; ð8Þ

where Vc is the volume inside V that only includes the continuous
phase, so that the Reynolds and volume averages are related by

�/ ¼ ach/i; ð9Þ

where ac ¼ 1� ad is the continuous phase volume fraction. Finally,
the mass average (Favre average) is defined as

~/ ¼ q/
�q
¼ hq/i
hqi : ð10Þ

As mentioned earlier, in 2-D, the sampling volume becomes a sam-
pling area. The phase-averaged quantity hBiðxÞ for a quantity Bðx; yÞ
is obtained using Eq. (8), where Vc is a sampling area that is thin in
the x-direction and spans the entire domain height in the
y-direction. This equation is used to determine the phase-averaged
quantities for the conserved variables q; qui, and qeT at each
x-position. The primitive variables ~ui and hpi are determined from
these phase-averaged quantities.

With these definitions, the RMS velocity is defined

u00i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifu2

i � ~u2
i

q
: ð11Þ

Fig. 8 plots the Favre mean velocity in the x-direction ~u and RMS
velocities at t ¼ 3:5. The mean velocity in the y-direction ~v is zero,
as can be anticipated, and is not plotted. As expected, the velocity
fluctuations induced by acoustic waves are small. These regions ex-
ist upstream of the particle cloud x < �0:5 and just behind the
transmitted shock before the large oscillations begin x > 1:5.

It is clear that inside and downstream of the particle cloud
�0:5 < x < 1:5 the RMS fluctuation velocities are nearly equal to
the mean flow velocity ~u. The RMS velocities are nearly identical
for the first 75% of the particle cloud �0:5 6 x 6 0:25. In the last
25% of the cloud the streamwise RMS velocity u00 is appears higher
than the transverse velocity v 00. However, this could be due to sta-
tistical noise. With the exception of the last 25% of the particle
cloud the flow could be considered isotropic.

If u00i � ~u, which is shown in Fig. 8, a substantial amount of en-
ergy is converted to turbulent kinetic energy. Behind the transmit-
ted and reflected shock wave the turbulent kinetic energy
contribution appears to be small. However, inside the particle
cloud and immediately behind it (in the wake) it is clear that
strong unsteady effects are present. In a point-particle model these
Fig. 8. The RMS velocities are plotted simultaneously with the mean flow velocity ~u
for t ¼ 3:5. The RMS velocity and mean flow velocities ~u are nearly equal inside and
behind the curtain.
effects are often neglected and must be modeled in order to cap-
ture accurately the entire flow behavior.

It is important to recall that wake fluctuations and vortical
structures behind cylinders are known to be more intense than
spheres. Thus, the observed fluctuations may appear stronger than
what may be observed for a cloud of spherical particles with the
same volume fraction.

4. Phase-averaged equations

A full derivation of the volume-averaged multiphase Navier–
Stokes equations can be found in Crowe et al. (2012). The purpose
here is to present the volume-averaged multiphase Navier–Stokes
equations with all terms that are consistent with the 2-D simula-
tion. Once again, mass and heat transfer between phases, as well
as viscous stresses in the continuous phase are not considered.
Since the 2D-particles are frozen the disperse phase equations
are omitted.

4.1. Continuity

Given the definitions in Section 3.3, the volume-averaged vari-
able density continuity equation from Crowe et al. (2012) for the
continuous phase is

@

@t
ðachqiÞ þ

@

@xi
ðachqi~uiÞ ¼ 0: ð12Þ

No unclosed terms are created and an exact mapping exists be-
tween the volume-averaged quantities and the original continuity
Eq. (2a).

4.2. Momentum

The variable density volume-averaged momentum equation for
the continuous phase can be obtained from the Navier–Stokes
equations and can be expressed as

@

@t
ðachqi~uiÞ þ

@

@xj
ðachqi~ui~ujÞ ¼ �

@hpi
@xi
� @

@xj
ðachqu00i u00j iÞ �

1
V

X
k

Fk;i;

ð13Þ

where the viscous shear stresses, body forces, and mass sources
have been neglected. This formulation is identical to that in Ling
et al. (2011, 2012) for a similar model problem. The primary differ-
ence is the presence of the Reynolds stress term achqu00i u00j i. This
term exists as a biproduct of the volume-averaging procedure
(Crowe et al., 2012). It is common to neglect the Reynolds stress
term for dilute flows (Miura and Glass, 1982, 1983; Miura, 1990).
However, the large RMS velocities shown in Fig. 8 suggest that this
term is of a similar magnitude to the mean convective flux ðachqi~u~uÞ
and hence should not be neglected.

The last term on the right hand side of Eq. (13) is the force
coupling term. This term represents the sum of all forces acting
on the particles in the averaging volume V. These include the
quasi-steady drag force, pressure gradient force, inviscid-
unsteady (added-mass), and viscous-unsteady (Basset) forces
(Magnaudet and Eames, 2000; Balachandar and Eaton, 2010;
Crowe et al., 2012). The sum of all these forces on a single
particle is

Fi ¼ Fqs
i þ Fpg

i þ Fam
i þ Fvu

i ; ð14Þ

where particle rotation effects have been neglected. The four differ-
ent forces are defined

Fqs
i ¼

1
2
qcCDðRep;Mp;aÞApjui � up

i j ui � up
i

	 

; ð15Þ



8 J.D. Regele et al. / International Journal of Multiphase Flow 61 (2014) 1–13
Fpg
i ¼ �Vp

@p
@xi

; ð16Þ

Fam
i ¼ CaðMp;aÞVpqc

Dui

Dt
� dup

i

dt

� �
; ð17Þ

Fvu
i ¼ 3D2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pqclc

p Z t

0
Kvuðt � v;Rep;Mp;aÞ

Dui
Dt �

dup
i

dvffiffiffiffiffiffiffiffiffiffiffi
t � t0
p ; ð18Þ

where CD is the quasi-steady drag coefficient, Ap the particle cross-
section, up

i the particle velocity, Vp the particle volume, Ca the
added-mass coefficient, Dp the particle diameter, lc the continuous
phase viscosity, and Kvu is the viscous-unsteady force kernel. In the
current analysis, the disperse phase velocity is zero. Furthermore,
the flow is two-dimensional so the 2-D particle ‘‘cross-section’’ is
its diameter Dp and the ‘‘volume’’ of a particle is its area, which
for a circle is Ap ¼ pD2

p=4.
The forces in Eqs. (15)–(18) are well defined for dilute and

incompressible flows. However, for dense or high speed flows, cor-
rection functions must be applied to account for these effects.
These correction functions provide correlations for CD; Ca, and
Kvu. Although a considerable amount of literature exists for dense
incompressible (Ergun, 1952; Gibilaro et al., 1985; Di Felice, 1994;
Makkawi, 2003) and dilute high speed flow (Crowe et al., 2012;
Hermsen, 1979), little information exists for dense, high speed
flows. Furthermore, these correction functions have been devel-
oped for spherical particles. Since the objective of the current work
is to model a cloud of 2-D cylinders, the correction functions estab-
lished in the literature cannot be used.

The approach used in this work is to use a constant artificial
quasi-steady drag coefficient that captures both the quasi-steady
drag force and the effects of the added-mass and Basset forces. A
full discussion on this assumption and the sensitivity of the solu-
tion results to the presence of other explicitly modeled forces
can be found in the Appendix. It is shown that for this particular
case, an effective constant drag coefficient can capture with rea-
sonable accuracy the effects of these other forces. However, this
effective drag coefficient should not be interpreted as a universal
drag coefficient that may be applied to other situations.

4.3. Total energy

The volume-averaged total energy equation can derived for var-
iable density flows in a manner similar to that outlined in Crowe
et al. (2012). For clarity, we present a short summary of the deriva-
tion of the unclosed fluctuation terms. The volume-average of the
total energy equation with variable density is written

@

@t
achqi~eT þ

@

@xj
achqi~hT ~uj ¼ 0; ð19Þ

where the total energy and enthalpy flux are defined as

hqi~eT ¼ hqi~eþ
1
2
hqi~ui~ui þ

1
2

qu00i u00i
� �

; ð20Þ

and

hqi~hT ~uj ¼ hqi~e~uj þ
1
2
hqi~ui~ui~uj þ hpi~uj ð21Þ

þ hqigu00p00 þ 1
2

~uj qu00i u00i
� �

þ qu00j e00
D E

;

þ ~ui qu00j u00i
D E

þ 1
2

qu00j u00i u00i
D E

; ð22Þ

where p00 ¼ ðp=qÞ00. The pressure velocity terms are obtained
through the following procedure
ujp ¼ quj
p
q

� �
¼ qð~uj þ u00j Þ

gp
q

� �
þ p00

" #
¼ �p~uj þ qu00j p00

¼ achpi~uj þ achqigu00j p00 : ð23Þ

Clearly, the energy equation contains many more unclosed terms
than the momentum equation.

The total energy hqi~eT is comprised of the phased-averaged to-
tal energy hqi~eþ hqi~ui~ui=2 and the turbulent kinetic energy
kc ¼ hqu00i u00i i=2. Fig. 9 compares the volume-averaged internal en-
ergy hqi~e, kinetic energy hqi~u~u=2, and turbulent kinetic energy kc

for the 2-D simulation at t ¼ 3:5. The kinetic energy hqi~u~u=2 is con-
sistently an order of magnitude lower than the internal energy for
the entire domain. For higher speed shock waves the kinetic energy
could be equal to or even greater than the internal energy. Inside
the particle cloud and downstream inside the wake the kinetic en-
ergy hqi~u~u=2 is equal in magnitude to the turbulent kinetic energy
kc. Outside of this region the turbulent kinetic energy is two orders
of magnitude smaller.

4.4. 1-D volume-averaged model

A volume-averaged model will be used to investigate the valid-
ity of the point-particle approach in modeling a shock wave
impacting a dense non-compacted cloud of 2D-particles. Since
the 2-D configuration in Section 2.2 is periodic in the transverse
direction, the volume-averaged equations (Eqs. (12), (13) and
(19)) can be reduced easily to one dimension. When the 2D-parti-
cles are frozen in place, the particle velocity is zero and the volume
fraction is a function of position only a ¼ aðxÞ. Thus, the 1-D vol-
ume averaged equations become

@

@t
ðachqiÞ þ

@

@x
ðachqi~uÞ ¼ 0; ð24aÞ

@

@t
ðachqi~uÞ þ

@

@x
½acðhqi~u2 þ hpiÞ� ¼ hpi @ac

@x
� 2

pDp
CDadhqij~uj~u;

ð24bÞ

@

@t
ðachqi~eTÞ þ

@

@x
ðachqi~u~hTÞ ¼ 0; ð24cÞ

where CD is an artificial effective drag coefficient. The total energy
and enthalpy are defined

hqi~eT ¼ hqi~eþ
1
2
hqi~u2; ð25Þ
Fig. 9. The phase-averaged internal and kinetic energies are plotted simultaneously
with the turbulent kinetic energy kc for t ¼ 3:5.
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hqi~hT ¼ hqi~eþ
1
2
hqi~u2 þ hpi: ð26Þ

Neglecting the unclosed terms is a standard approach used to
model shock waves impacting a dilute particle cloud (Miura and
Glass, 1982, 1983; Miura, 1990). This assumption is often valid
for sufficiently dilute flows. However, this approach was also re-
cently used to model a shock wave impacting a dense particle
cloud (Ling et al., 2012) with similar conditions as in this work.
The results presented here demonstrate that since the Reynolds
stress and static pressure are equal in magnitude, it is anticipated
that the 1-D model results will deviate substantially from the 2-D
results inside the unsteady region.
5. Model comparison

One of the primary objectives of this work is to isolate the
momentum coupling between the two phases and assess the
importance of the Reynolds stress. Eqs. (24) are used to model
the 2-D problem in 1-D using a volume-averaged model.

5.1. One-dimensional domain

The continuous phase volume fraction ac in the one-dimen-
sional model is constructed to reflect accurately the phase-average
volume fraction in the 2-D simulation. Fig. 10 compares the 1-D
disperse phase volume fraction with the exact volume-averaged
disperse phase volume fraction computed from the 2-D simulation
with averaging width of Dp=2.

The computational domain is in the range x 2 ½�4;6� with a to-
tal of 400 points across the domain. As for the 2-D simulations, the
particle cloud is located x 2 ½�0:5;0:5� and the particle diameter is
Dp ¼ 0:089. The initial flow conditions are defined in Section 2.5.

Eqs. (24) are solved using the compressible flow solver devel-
oped for the dynamically Adaptive Wavelet-Collocation Method
(AWCM) (Regele and Vasilyev, 2009). To assess the sensitivity of
the results to the grid resolution, the grid was increased by up to
8 times with a total of 3200 points. The solution results remained
unaffected, with the exception of the reflected and transmitted
shock thicknesses. This is expected because the numerical scheme
is near first order accurate at these locations.

5.2. Drag coefficient

As discussed in Section 4.2 and in the Appendix, the drag coef-
ficient CD in Eq. (24b) is understood to be an artificial effective drag
Fig. 10. Disperse phase volume fraction for the 1-D model compared with the exact
volume-averaged volume fraction from the 2-D simulation.
coefficient that embodies the quasi-steady, added mass, and Basset
forces. This drag coefficient is a function of the particle shape, Rey-
nolds number Re, Mach number M, and volume fraction ac . It is an
unknown parameter in the 1-D model. The effective drag coeffi-
cient CD is determined by finding the value that matches best the
reflected and transmitted shock locations and magnitudes.

The effective drag coefficient that most accurately captures the
transmitted and reflected shock wave positions and magnitudes
was found to be CD ¼ 3:3. Fig. 11 compares the average density
and velocity profiles for both the exact 2-D results and 1-D model
results at t ¼ 3:5. It is interesting to note that both the reflected
and transmitted shock positions are nearly identical, between the
1-D and 2-D results. Additionally, the 2-D results appear to oscil-
late around the 1-D model results for a significant portion of the
solution.

Fig. 11 shows the density and velocity profiles for two addi-
tional cases where the drag coefficient is increased and decreased
by 30%. Small, yet noticeable, differences can be observed in the
shock locations as well as in the magnitude of the pressure behind
the shocks. This suggests that the methodology is adequate to eval-
uate an effective drag coefficient and that it is reasonable to use
two significant figures for the value.

5.3. 2-D and 1-D comparison

Figs. 12–14 compare x–t diagrams for the density, velocity, and
pressure, respectively. Both the 1-D model and 2-D results show
the basic flow behavior described in the x–t diagram (Fig. 6) of
the previous section. In the density diagram (Fig. 12), both results
show the reflected (SR) and transmitted (ST) shocks after the inci-
dent shock SI first impacts the particle cloud. The expansion across
the cloud is captured both during its formation and after it has
formed a steady-state expansion. The existence of the contact C
is consistent between both sets of results, and the density magni-
tude and slope are similar as well. However, the observed contact
does not appear as a traditional contact discontinuity. While it
does propagate at the local fluid velocity, the density difference
is separated by a region of finite thickness.

The velocity in Fig. 13 is similar. Although the velocity contour
shows some unsteadiness primarily behind the cloud, Fig. 11(b)
indicates that at t ¼ 3:5 the 2-D exact solution oscillates about
the 1-D model solution.

In Fig. 14, the 2-D x–t diagram shows the presence of coherent
compression waves propagating in both the �x and þx-directions
away from the cloud region. These waves are absent in the 1-D
model. Inside the cloud of the 2-D simulation, it is difficult to trace
the characteristic lines, which suggests that the compression
waves originate from the cloud itself. This is consistent with the
observation of coherent localized compression waves in the 2-D
pressure contour plot in Fig. 4. These waves appear to be repeated
internal reflection/transmission waves created by the initial shock
that continue to reverberate inside the cloud.

Pressure is normally constant across a true contact discontinu-
ity. In the 1-D model, this is shown to be true (see Fig. 14(a) for
x > 0:5). In the 2-D simulation, the contact separates a region of
predominantly steady flow (only disturbed by weak periodic
acoustic waves), and a region of unsteady flow with large oscillat-
ing pressure disturbances associated with vortex shedding. A
quantified analysis of these results is presented in the next section.

5.4. Quantified reynolds stress differences

Fig. 15 compares the pressure at t ¼ 3:5 for the 1-D model and
exact 2-D results. The average pressure in the 2-D result is consis-
tently lower than that predicted by the 1-D model inside the par-
ticle cloud and downstream of the trailing edge until x � 1:5. As



Fig. 11. A comparison between the 1-D model and 2-D phase-averaged solutions at t ¼ 3:5 indicates that the density and x-velocity of the 2-D phase-averaged solution
oscillates around the one-dimensional model solution. Two additional 1-D simulations were performed with the drag coefficient increased/decreased by 30%.
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Fig. 12. x–t diagrams for density hqi compare the (a) one-dimensional and (b) two-dimensional planar average solutions.
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Fig. 13. x–t diagrams for velocity ~u compare the (a) one-dimensional and (b) two-dimensional planar average solutions.
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mentioned earlier, this is attributed to the fluctuations associated
with vortical structures, which is a behavior that the 1-D model,
in its current form, is incapable of reproducing. Since the unsteady
flow features travel downstream at the mean fluid velocity, the
contact discontinuity marks the transition between a smooth
transmitted shock region and an unsteady wake region.
Unlike the continuity equation, the volume-averaged momen-
tum equation (Eq. (24b)) contains one unclosed Reynolds stress
term (Drew and Passman, 1999). It is convenient to define a total
pressure pT to be the sum of the volume-averaged pressure hpi
and the Reynolds stress

pT ¼ hpi þ achqu00u00i: ð27Þ
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Fig. 14. x–t diagrams for pressure hpi compare the (a) one-dimensional and (b) two-dimensional planar average solutions. The contact discontinuity at x ¼ 1:5 marks the
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Fig. 15. At t ¼ 3:5, the 2-D planar averaged solution is lower than the 1-D model
between the cloud’s trailing edge and the contact discontinuity.
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Fig. 15 shows the 1-D and 2-D averaged pressures hpi, as well as
the total pressure pT . The addition of the unclosed fluctuation Rey-
nolds stress term accounts for the difference between the solu-
tions. The 2-D hpi and pT quantities are identical outside of the
cloud and the unsteady fluctuation region, but only the total pres-
sure matches accurately the 1-D model solution inside the cloud
and unsteady region. The 1-D model overestimates the static pres-
sure by including the energy that should be contained in turbulent
kinetic energy. This implies that the pressure gradient in the 1-D
model is not as steep as it should be and the effective drag coeffi-
cient contains elements of the pressure gradient force. Thus, the
drag coefficient becomes ill-defined as it is not distinguishable
completely from the pressure gradient force. Models must be
developed to capture these unsteady effects so that these distinc-
tions are maintained.

Additional simulations with different particle arrangements
and different volume fractions would be necessary to develop
proper closure models. However, such a study is beyond the scope
of the present work.

5.5. Comparison summary

Based on the comparison of the results obtained with the 1-D
volume-averaged model and the exact solution of the 2-D problem,
it is possible to draw conclusions on the applicability of a volume-
averaged model to capture a dense multiphase flow. First, Eqs. (24)
use a constant artificial effective drag coefficient, which is found
sufficient to capture the general flow physics, including transmit-
ted and reflected shock waves, and the expansion within the parti-
cle cloud. Explicit inclusion of inviscid-unsteady (added-mass) and
viscous-unsteady (Basset) forces will likely improve the model’s
ability to capture the fine details of the initial shock wave interac-
tion. Despite the overall benefits listed previously, in its current
form, the volume-averaged model is incapable of capturing the
strong unsteady flow generated inside the cloud and its propaga-
tion downstream. Nevertheless, the present results suggest that
very good comparison between 1-D model and 2-D results may
be obtained with the consideration of a single additional term:
the Reynolds stress term. Future work should focus on developing
a model for this unclosed term.
6. Conclusions

In this work, the interactions between a shock wave and a dense
non-compacted cloud of disperse phase 2D-particles is investi-
gated. The focus is on 2D-particles of high inertia such that they
can be considered frozen in place. In order to isolate the impact
of modeling assumptions in volume-averaged point-particle mod-
els, momentum coupling is the only coupling term considered be-
tween phases. Multidimensional effects are demonstrated by
modeling the disperse phase as fixed, solid, 2-D cylinders. The
2-D simulation demonstrates the importance of multidimensional
effects and that the implications of these results are relevant to
three dimensions.

The 2-D results show reflected and transmitted shock waves as
well as an expansion wave across the particle cloud. A contact is
formed at the cloud’s trailing edge when the transmitted shock
emerges from the cloud. However, this contact has a finite width
and does not appear to be a true contact discontinuity in the con-
ventional sense.

The 2-D simulation results exhibit strong unsteady effects. It is
shown that inside the particle cloud and in the trailing wake the
magnitude of the unclosed Reynolds stress term in the momentum
equation is not negligible compared to the static pressure. Addi-
tionally, the turbulent kinetic energy in this region is equal in mag-
nitude to the streamwise kinetic energy.

Commonly used, volume-averaged point-particle models often
neglect unclosed terms such as the Reynolds stress. This assump-
tion is not justified for the dense non-compacted regime. It is pos-
sible to match the transmitted and reflected shock wave locations
by modifying the drag coefficient, but the pressure gradient inside
and downstream of the particle cloud is captured incorrectly. This
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approach creates drag coefficients that include aspects of the pres-
sure gradient force, which muddles the distinction between the
two forces.

A total pressure is demonstrated to account for the discrepancy
between the 1-D model and the 2-D solution. The total pressure
defined in this work may be useful to link other single particle drag
correlations. In order to use the volume-averaged approach for
dense high speed flows, models are needed for the unclosed Rey-
nolds stress and turbulent kinetic energy terms.
Appendix A

The momentum coupling forces between phases are listed in
Eqs. (15)–(18). These consist of the quasi-steady drag, the
pressure gradient, inviscid-unsteady (added-mass), and the
viscous-unsteady (Basset) forces. The analytical form of the
pressure gradient force is known regardless of the density of
the dispersed phase and the compressibility of the continuous
phase. The other three forces involve correlation coefficients,
namely the quasi-steady drag coefficient CDðRep;Mp;aÞ, the
added-mass coefficient CaðMp;aÞ, and the viscous-unsteady ker-
nel Kvuðt;Rep;Mp;aÞ. These coefficients depend upon the particle
Reynolds number Rep, the particle Mach number Mp, the volume
fraction a, and time t. Since the objective is to obtain a volume-
averaged model that captures the basic flow behavior of the 2-D
simulation, assumptions about the dependence of these coeffi-
cients on these parameters can be inferred from the solution
results in order to reduce this large parameter space down to
a more tractable problem.

First of all, Fig. 7 shows that the planar-averaged pressure pro-
files are independent of resolution, which also makes the solution
independent of artificial viscosity. This implies that the flow is
reminiscent of flow within the inertial range where the drag coef-
ficient may be constant. The second approximation is to ignore the
functional dependence on volume fraction. The third approxima-
tion revolves around the particle Mach number Mp. Analysis of
the 2-D phase-averaged Mach number shows that the Mach num-
ber is constant through most of the particle cloud except during
the initial passage of the shock wave. Finally, there is a temporal
dependence in the Basset force. In the limit of constant accelera-
tion and for long times ct=Dp � 1, the integral reduces to a con-
stant times the acceleration Fvu ¼ C0Du=Dt (Parmar et al., 2008).
This assumption is not valid during the early interactions where
a clear history dependence should be included. This acceleration
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Fig. 16. Comparison between the 2-D phase-averaged solution, the 1-D model with
quasi-steady drag and pressure gradient forces, and an additional 1-D model that
includes the added-mass force.
Du=Dt can be written in terms of the pressure gradient (Ling
et al., 2012).

This suggests that to first order, there are essentially two types
of forces involved in the flow, quasi-steady drag and pressure-gra-
dient based forces. In this work, only the quasi-steady drag force is
used to couple the two phases. It is found that an effective, yet arti-
ficial drag coefficient can be used to match the reflected and trans-
mitted shock locations and magnitudes. It is unclear how
contributions from these other unsteady forces may alter the flow
behavior. Thus, additional simulations were performed with the
added-mass force included explicitly in order to determine the
solution sensitivity to these other forces.

The average Mach number inside the particle cloud is approxi-
mately M � 0:4. Irrespective of particle spacing effects, the added-
mass coefficient of a cylinder for this Mach number is approxi-
mately Ca ¼ 2 (Parmar et al., 2008). As described previously in Sec-
tion 5.2, the quasi-steady drag coefficient is again calculated by
performing multiple simulations with different quasi-steady drag
coefficients until the reflected and transmitted shock waves match
the 2-D phase-averaged solution. The obtained drag coefficient is
CD ¼ 1:8, which is significantly smaller than the value CD ¼ 3:3
used without the added-mass force included. Fig. 16 shows the
flow velocity for the 2-D phase-averaged solution, the 1-D phase-
averaged model with only the quasi-steady drag and pressure gra-
dient, and a final simulation with the added mass. The largest dif-
ferences exist at the trailing edge of the cloud, which can be
expected since changes in Mach number are significant in that re-
gion. Overall, the differences between the two volume-averaged
models are small. Thus, only the quasi-steady drag coefficient
CD ¼ 3:3 is used for the simulations contained in the main body
of the paper.
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