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a b s t r a c t 

Poly(methyl methacrylate) (PMMA) is the synthetic polymer of methyl methacrylate (MMA), which is 

used in a multitude of everyday applications, can also be used as a solid fuel in hybrid rockets. When 

used as a fuel in a combustion chamber, PMMA undergoes thermal decomposition and phase-change 

(solid-to-gas), where gaseous MMA ( C 5 H 8 O 2 ) is the primary product. The gaseous MMA then undergoes 

combustion with an oxidizer. Experimental studies of this combustion chamber have been performed in 

literature, and this study helps produce high-fidelity simulations, which can match experimental obser- 

vations while giving access to more data in the combustion chamber. Simulations of turbulent diffusion 

flames are performed with gaseous MMA introduced through the combustion chamber walls. Two differ- 

ent diffusion models are used alongside a finite-rate chemistry model to observe the effects of differential 

diffusion. The rate of inflow of MMA is controlled by the temperature field in the combustion chamber, 

and the results from the 3D simulation are comparable to 1D counterflow diffusion flame simulations. 

Simulations are also performed with a tabulated chemistry model developed to improve the computa- 

tional efficiency and with two different internal diameters to analyze the geometric effects. If one wishes 

to capture the flow field profiles and fuel regression rate, chemistry effects need to be included. If one 

wishes to capture the internal chemistry profiles of the combustion products, differential diffusion ef- 

fects are important. The fuel regression rate and the radial chemistry profiles from the simulations are 

compared with the experimental results and show good agreement. 

© 2023 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

Hybrid rocket motors are chemical propulsion systems that use 

uel and oxidizer stored in different phases. Typically, a solid fuel 

rain is used with a liquid or gaseous oxidizer, as shown in Fig. 1 .

he inert fuel grain is stored in the combustion chamber and the 

xidizer is stored in a pressurized tank. The oxidizer is introduced 

o the combustion chamber through the main control valve which 

an be used to throttle or stop combustion by controlling the ox- 

dizer mass flow rate. Most propellant combinations for hybrid 

ocket motors are not hypergolic, so an igniter is used to provide 

he activation energy to commence combustion [1,2] . Combustion 

rimarily occurs within a boundary layer above the surface of the 

uel, and if present, also within a post-combustion chamber. Com- 

ustion products are exhausted through a converging-diverging 

ozzle to generate thrust. 
∗ Corresponding author. 

E-mail address: chandru.dhandapani@pnnl.gov (C. Dhandapani) . 
1 1055, E Union St, Apt 4, Pasadena, CA 91106. 
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Hybrid rockets are promising for a number of applications de- 

ending on the propellants. The propellant combination discussed 

ere is PMMA/Gaseous oxygen ( GO x ). Poly(methyl methacrylate) 

PMMA) is the synthetic polymer of methyl methacrylate (MMA), 

ommonly known as acrylic. When heated, solid PMMA under- 

oes thermal decomposition and phase-change into predominantly 

aseous MMA ( C 5 H 8 O 2 ), which then undergoes oxidation into car- 

on dioxide ( CO 2 ), water ( H 2 O ), carbon monoxide (CO), and low- 

olecular-weight compounds, including formaldehyde ( CH 2 O ). 

PMMA has been researched as a hybrid rocket fuel since the 

nitial concept of hybrid rocket motors was developed [3] . It con- 

inues to be used as a representative classical hybrid rocket fuel 

n various combustion experiments [4–7] , and has also been re- 

earched as a fuel for solid fuel ramjets (SFRJs) [8,9] . 

Previous experimental research efforts on hybrid motor com- 

ustion with PMMA and GO x were used to assess the feasibility 

f using this propellant combination in small spacecraft [2,10–12] . 

hese tests focused on evaluating fuel regression rate at various 

hamber pressures as well as a demonstration of the ignition sys- 

em in a low-pressure environment. 
. 

https://doi.org/10.1016/j.combustflame.2023.112994
http://www.ScienceDirect.com
http://www.elsevier.com/locate/combustflame
http://crossmark.crossref.org/dialog/?doi=10.1016/j.combustflame.2023.112994&domain=pdf
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Fig. 1. General schematic of a hybrid rocket motor. 
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More recently, Mechentel et al. designed an experimental setup, 

epresentative of these hybrid rocket motors [13,14] . The combus- 

ion chamber consists of the oxidizer ( O 2 ) flowing through a cylin- 

rical port, with the walls made of solid PMMA. Experiments were 

onducted to observe the impact of several parameters (including 

hamber pressure and burn time) on the burner behavior and fuel 

egression rate. 

Finally, Bendana et al. designed a facility to visualize and 

uantify hybrid combustion in situ using Laser Spectroscopy [15] . 

he facility has the capability to measure temperature and the 

ole fractions of CO, H 2 O , and CO 2 along the length of the fuel 

rain. This is done by taking measurements at the outlet of mul- 

iple fuel grains (of varying length) and interpolating between 

hem. The measurements to date have all been performed at at- 

ospheric combustion chamber pressure, without a converging- 

iverging nozzle. 

These experimental tests are expensive to perform and quite 

omplicated to set up. They can be used to observe the global be- 

avior and measure quantities of interest (QOIs) such as regression 

ate and regression profile, but the complex chemistry of these 

eacting flows and its interaction with the fluid mechanics can 

nly be observed using simulations. Numerical simulations provide 

he full velocity field, chemical composition, and thermodynamic 

roperties throughout the domain, from which the relevant quan- 

ities of interest may be computed, without the high amount of 

esources needed by experiments. However, numerical simulation 

esults must be validated with relevant experimental data. 

Numerical simulations of hybrid rocket motors have been per- 

ormed in the past, but most used different solid fuels such 

s Polyethylene [16] and Hydroxyl-Terminated Poly-Butadiene 

HTPB) [17] . Simulations with HTPB as fuel were performed using a 

educed combustion model for 1,3-butadiene combustion consist- 

ng of 9 species and 6 reactions [17,18] , though it is acknowledged 

hat the decomposition of HTPB is quite complex and not captured 

n current modeling studies [19,20] . 

Numerical studies of PMMA, however, have only been per- 

ormed for pyrolysis of PMMA under laminar conditions [21,22] or 

ith Reynolds-averaging [23] . Recently, a combustion model for 

 5 H 8 O 2 and GO x was developed, which consists of 88 species and 

084 elementary reactions [24] . This high numerical complexity re- 

ults in increased computational costs and simulations of rocket 

otors can be prohibitively expensive. 

Hybrid rocket combustors present rich fluid mechanics phe- 

omena including high speed shear layers, low speed recircula- 

ion regions, stagnation points, turbulent wall bounded flows, and 

all normal mass injection. Similar challenges exist on the com- 

ustion side with solid to gaseous fuel conversion, heavy hydro- 

arbon chemistry, and coupled heat transfer-mass injection. In this 

ontext, the objectives of the present work are four-folds. Acknowl- 

dging that a full Direct Numerical Simulation (DNS) would be 

omputationally prohibitive, the first objective is to assess if a hy- 

rid DNS-LES approach can be used successfully to simulate the 

verall reacting flow field. The second objective is to observe the 

ffects of differential diffusion in these reacting flow simulations. 

he third objective is to analyze the structure of the ensuing dif- 

usion flame using detailed chemistry and to extract from it a re- 

uced order model. The fourth and final objective is to perform an 

n-depth comparison with experimental data focusing not only on 

lobal quantities, but also on local radial profiles. 

The target experiment for comparison with the current study 

s that of the combustion chamber used by Bendana et al. [15] , 

hich offers a unique opportunity for numerical study. The exper- 

ment was performed at atmospheric pressure, using a relatively 

ow mass flow rate of gaseous oxygen, which helps reduce the nu- 

erical cost of the simulations, due to the lower turbulence levels. 

n addition, the laser measurements offer an opportunity for quan- 
2 
itative comparison of species profiles, in addition to global quan- 

ities such as average regression rate. 

The goal of the study is to simulate these turbulent flames in 

he combustion chamber and to compare QOIs between the nu- 

erical and experimental results. The solid fuel regression and the 

ubsequent non-uniform fuel injection at the combustion chamber 

all needs to be modeled appropriately. From these simulations, 

OIs such as regression rate profile, heat flux profile, thermal effi- 

iency, chemical composition, etc. can be estimated. The objective 

f this work is to perform these simulations and quantify discrep- 

ncies with the experimental results. If an adequate agreement is 

hown, then these simulations can be used as predictive methods 

hat can complement experiments and provide optimized operat- 

ng parameters for full-scale tests of hybrid rocket motors. 

The computational framework, including the governing equa- 

ions, the geometry, boundary conditions, and the simulation con- 

gurations, is presented in Section 2 . The results are discussed in 

ection 3 . Finally, concluding remarks are presented in Section 4 . 

. Computational framework 

.1. Governing equations 

The simulations are performed using NGA [25] , a finite differ- 

nce solver with an energy-conserving scheme on a staggered grid, 

esigned to simulate variable-density low Mach number turbulent 

ows. The scheme is second-order accurate in space, and a semi- 

mplicit second-order Crank-Nicolson scheme is used for time in- 

egration [26] . The scalar transport scheme chosen is the third or- 

er BQUICK [27] scheme, which ensures that scalars stay within 

ounds. The governing equations used in NGA under the low Mach 

umber assumption are given below. 

The conservation of mass is given by 

∂ρ

∂t 
+ ∇ · (ρu ) = 0 , (1) 

here ρ is the density, and u = { u, v , w } is the velocity field. The

inear momentum equation is 

∂ 

∂t 
(ρu ) + ∇ · (ρu � u ) = −∇p + ∇ · τ, (2) 

here p is the hydrodynamic pressure field, and τ is the viscous 

tress tensor, given by 

= ( μ + μT ) 
(∇ u + ( ∇ u ) T 

)
− 2 

3 

( μ + μT ) (∇ · u ) I , (3) 

here I is the identity tensor, μ is the dynamic viscosity of the 

ixture, and μT is the subfilter scale viscosity. The viscosity is cal- 

ulated from the composition of the mixture using a modified ver- 

ion of Wilke’s formula [28] , and the individual species viscosities 

re obtained using standard kinetic theory [29] . The species trans- 

ort equation is expressed as 

∂ 
(ρY i ) + ∇ · (ρu Y i ) = −∇ · j i + ˙ ω i , (4) 
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here Y i , ˙ ω i , and j i are the mass fraction, production rate, and dif- 

usion flux, respectively, of species i . The diffusion flux is calculated 

s 

j i = −ρ
(
D i,m 

+ D i,T 

)Y i 
X i 

∇X i + ρY i u c , (5) 

here D i,m 

is the i th species mixture-averaged diffusion coeffi- 

ient [30,31] and D i,T is the sub-filter scale diffusivity. X i is the 

pecies mole fraction, and u c is a correction velocity calculated to 

nsure that the net diffusion mass flux, �i j i is zero [32,33] . 

In the present study, two different methods are used to model 

iffusion in the simulations using detailed chemistry. The first 

ethod, henceforth called the mixture-averaged (MA) case, uses 

he mixture-averaged diffusion model. In the second detailed 

hemistry simulation, the species Lewis numbers are assumed to 

e unity, Le i = α/D i = 1 , where α = λ/ (ρc p ) is the thermal diffu-

ivity of the mixture. λ is the thermal conductivity of the mixture 

nd is calculated from the composition of the mixture and the in- 

ividual values [34] . The individual species thermal conductivities 

re calculated using a modified version of Eucken’s formula [35] . 

he conservation of specific enthalpy and specific internal energy 

s used to derive a transport equation for temperature, T , under the 

ow Mach number approximation. This transport equation is given 

y 

∂ 

∂t 
(ρT ) + ∇ · (ρu T ) = ∇ · (ρα∇T ) + ˙ ω T − 1 

c p 

∑ 

i 

c p,i j i · ∇T 

+ 

ρα

c p 
∇ c p · ∇ T , (6) 

here c p,i is the heat capacity of species i , c p = 

∑ 

i Y i c p,i is the heat

apacity of the mixture, and ˙ ω T = −1 /c p 
∑ 

i h i ˙ ω i is the tempera- 

ure source term, where h i is the specific enthalpy of species, i . The

ther two terms on the right hand side correspond to heat transfer 

y conduction and the enthalpy flux term due to molecular dif- 

usion. Heat transfer by radiation is assumed to have little effect 

n the flow and excluded from the current simulations. The equa- 

ion of state used to bring closure to this system of equations is 

iven by 

 0 = ρRT 
∑ 

i 

Y i 
W i 

(7) 

here P 0 is the thermodynamic pressure, R is the universal gas 

onstant, and W i is the molecular weight of species i . Using the low

ach number assumption, the fluctuations in the hydrodynamic 

ressure field, p, are small compared to the constant thermody- 

amic pressure, P 0 , used in the equation of state. The thermody- 

amic pressure is chosen to be 1 atm for all the simulations in 

his study. 

These equations are solved to obtain the unknown variables - 

 

ρ, u, v , w, T , Y i , p, W ) . The hydrodynamic pressure field is calcu- 

ated using a Poisson solver, to satisfy the conservation of mass. 

he simulations employ the MMA reaction mechanism by Dak- 

hinamurthy et al., which consists of 88 species and 1084 reac- 

ions [24] . 

While the grid resolution (discussed in the following section) is 

ufficient to resolve all the flow features in the combustion cham- 

er, it may not be sufficient in certain regions of the shear layer 

hen the oxidizer initially enters the chamber. That is why a dy- 

amic Smagorinsky subgrid-scale model is used [36,37] . The model 

alculates a turbulent viscosity, μT , and adds it to the molecular 

iscosity, μ, in the linear momentum equation and adds similar 

urbulent diffusivities, D i,T , in the species transport equations. 

.2. Geometry details 

The computational domain for the turbulent simulations is 

hosen to match that of the experimental setup by Bendana 
3

t al. [15] (see Fig. 2 ). The combustion chamber has a diameter 

f 12.7 mm (0.5 in.) and a length of L p = 139 . 7 mm (5.5 in). The

re-combustion chamber has a diameter of 17.78 mm (0.7 in.) and 

 length of 15.24 mm (0.6 in.), with an inflow through an injec- 

or of 5.08 mm (0.2 in.) diameter. The grid spacing is uniform 

n the axial direction (250 μm ), and a stretched grid spacing is 

sed in the radial direction, with a refined grid near the walls 

10 μm at the wall). The computational grid is cylindrical with 

19 × 186 × 128 = 14 . 7 million grid points, with approximately 11.6 

illion of those grid points representing points in the flowfield, 

nd the rest representing grid points in the walls which are not 

sed in the calculations. 

Experiments were performed using different lengths of fuel 

rains at 12.7 mm (0.5 in.) intervals, with a minimum fuel grain 

ength of 25.4 mm (1 in.), and a maximum length of 139.7 mm 

5.5 in.). The hollow port through these fuel grains works as the 

ombustion chamber, with the fuel grain working as its walls, then 

urrounded by ambient air. The experimental results were obtained 

rom Laser-Aided Tomography (LAT) measurements 0 . 5 mm down- 

tream of the exit plane of the different fuel grains, allowing the 

xperimental measurements to extend beyond the internal radius 

f 6.35 mm = 0.25 in, as they are not restricted by the walls of the

ombustion chamber. 

As observed in the experimental results, the regression rate of 

he solid fuel is about 0 . 08 − 0 . 12 mm/s. With a burn time of the

xperiments of around 8 − 10 s , the internal radius of the fuel port 

an increase by about 1 mm. To investigate the effects of this fuel 

egression, two sets of simulations are performed. The first set 

f simulations uses the initial internal radius of the combustion 

hamber, i.e. 6.35 mm ( = 0.25 in.). The second set is performed 

ith a larger radius. Specifically, the internal radius of the combus- 

ion chamber is chosen to be 6.858 mm ( = 0.27 in), which would 

e the internal radius around 4 − 5 s through the burn, when the 

xperimental measurements are made. Other details including the 

njector and pre-combustion chamber diameter and the mass flow 

ate are kept the same in the large diameter simulations. 

.3. Oxygen inlet 

The injector velocity field (i.e. oxygen inlet for the full com- 

utational domain) for the combustion simulations is obtained by 

erforming two sequential Large Eddy Simulations (LES). The mass 

ate of oxygen is 1 . 2 g/s and the temperature is 298 K. 

The first simulation is that of a turbulent pipe flow in a cylin- 

rical domain of length 25.4 mm (1 in.) and an internal diameter 

f 5.08 mm (0.2 in), with periodic boundary conditions in the axial 

irection. This simulates the fully developed turbulent flow seen in 

he injector pipe. The cylindrical domain had a grid resolution of 

92 × 72 × 96 , with uniform grid spacing in the axial (192) and az- 

muthal (96) directions and with quadratic grid stretching in the 

adial direction, starting with a grid spacing of 5.3 microns near 

he wall. The instantaneous axial velocity contours are plotted in 

ig. 3 (a). 

The velocity information from the exit plane is used as the inlet 

or the second simulations, for which the pipe diameter is not con- 

tant and includes a wider expansion chamber of length 17.02 mm 

0.67 in.) and an internal diameter of 6.35 mm (0.25 in.). This ge- 

metry matches the injector geometry in the experimental setup 

f Bendana et al. seen in Fig. 2 [15] . The cylindrical domain had

 grid resolution of 288 × 94 × 96 , with uniform grid spacing in 

he axial (288) and azimuthal (96) directions. The radial resolution 

rom the axis to the injector diameter (first 72 grid points) is the 

ame as that of the previous simulation, with additional quadratic 

rid stretching in the radial direction implemented in the region 

etween the injector diameter and the expansion chamber diame- 

er (22 grid points). The instantaneous axial velocity contours are 
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Fig. 2. Schematics of the experimental setup taken from Bendana et al. [15] (left) and the turbulent flow simulation setup (right). 

Fig. 3. Axial velocity contours of a turbulent pipe flow with periodic boundary conditions in the axial direction (left). Axial velocity contours in an injector with an expansion 

chamber, with white lines corresponding to u x = 0 (right). 

Fig. 4. Boundary conditions at the wall. 
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lotted in Fig. 3 (b). The velocity information from the exit plane of 

he second simulation, as seen in Fig. 3 (b), is used as the inlet for

he combustion simulations. 

.4. Boundary conditions 

The conversion (phase change) of solid PMMA into gaseous 

MA at the wall is a complex physico-chemical process. In the 

resent work, it is treated as a phase change and requires special 

onsideration of the wall boundary conditions in NGA. Specifically, 

he solid PMMA is treated as a wall with outflow. No-slip bound- 

ry conditions are implemented at the wall, and the non-zero wall- 

ormal velocity is calculated in real-time to account for the injec- 

ion of gaseous MMA into the boundary layer ( Fig. 4 ). 

For computational consistency within the NGA framework, the 

MMA velocity deep inside the fuel port is given by V ∞ 

, and the

MA velocity at the wall surface is given by V s . The mass flux, m 

′′ ,
4 
s given by 

 

′′ = ρ∞ 

V ∞ 

= ρs V s , (8) 

here ρ∞ 

and ρs are the density of PMMA inside the wall and 

aseous MMA at the wall surface, respectively. For a given passive 

calar, Z, the scalar flux is given by, 

∞ 

V ∞ 

Z ∞ 

= ρs V s Z s − ρs α
∂Z 

∂n 

∣∣∣∣
s 

, (9) 

here Z ∞ 

= 1 is the value of the passive scalar inside the wall, Z s 
s the value of the passive scalar at the wall surface, and 

∂Z 
∂n 

| s is

he magnitude of the wall-normal gradient of the passive scalar at 

he wall surface. 

For temperature, however, heat transfer to the wall needs to be 

ncluded. It is assumed that all of the heat transferred into the 

olid wall is through conduction, calculated from 

∂T 
∂n 

| s � = 0 . This 

eat conduction to the wall dictates the rate of thermal decom- 

osition of the solid PMMA and in turn the influx at the wall of 

aseous MMA. In other words, the mass flux is related to the wall 

radient of temperature by, 

s V s = λ
∂T 

∂n 

∣∣∣∣
s 

/h L , (10) 

here λ is the conductivity of gaseous MMA, and h L = 5 . 8 × 10 5 

/kg is the chosen effective heat of phase change of PMMA [38,39] . 

he wall surface temperature, T s is taken as the approximate tem- 

erature at which PMMA undergoes its phase change, namely T s = 

98 K. The pre-combustion chamber wall and the injector wall are 

odeled as isothermal walls at a temperature of 298 K, with no- 

lip boundary conditions. 
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Fig. 5. Axial velocity contours (top) with white lines corresponding to u x = 0 . Streamlines from the mean velocity field, averaged over time and azimuthal angle, θ (middle). 

Ratio of turbulent viscosity to molecular viscosity (μT / μ) (bottom), with black lines corresponding to Z st = 0 . 3425 , where the mixture is stoichiometric. The results are from 

the mixture-averaged simulations, with non-unity Lewis numbers. 
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.5. Initial conditions for the simulations 

The simulation in the current study consists of flow in a 

ylindrical combustion chamber, with gaseous MMA introduced 

hrough the pipe walls, resulting in a turbulent diffusion flame. 

Several simulations were performed with increasing levels of 

omplexity to reduce the transient period and save computational 

esources. First, the fuel (gaseous MMA) was introduced into the 

omain uniformly through the walls of the pipe in addition to 

ure oxygen flowing through the injector, with no chemical reac- 

ions enabled between the two species. The results from the tur- 

ulent mixing simulation were used to initialize the unity Lewis 

umber turbulent flame simulation. Diffusion flamelet values were 

sed to estimate the temperature, density, and chemical composi- 

ion throughout the domain, including combustion products from 

he mixture fraction and scalar dissipation rate. This allowed a re- 

listic mixture state to be specified at every point in the domain, 

hich served as the initial condition for simulations with full de- 

ailed chemistry. Once the unity Lewis number simulation reached 

 statistically stationary state, a snapshot from that simulation was 

n turn used to initialize the mixture-averaged case. 

. Simulation results 

The results of the simulations are presented below, start- 

ng with a discussion of the flow field in Section 3.1 . 

ection 3.2 presents an overview of the combustion processes 

nd the two detailed chemistry flames are compared to observe 

he effects of differential diffusion in Section 3.3 . The unity Lewis 

umber simulation results are compared to one-dimensional 

iffusion flames in Section 3.4 and the same simulation is per- 

ormed with a tabulated chemistry model, which is elaborated 

n in Section 3.5 . The simulation results are compared to the 

xperimental results in Section 3.6 , and simulation results for a 

eometry with a larger fuel port diameter are provided later. All 

imulation results in the following sections are taken from the 

eacting simulations. 
5 
.1. Flow field 

The instantaneous axial velocity contours are plotted in 

ig. 5 (a), with the white lines corresponding to zero axial veloc- 

ty. The locations at which these white lines meet the fuel sur- 

ace highlight the re-attachment points of the flow, and also illus- 

rate the re-circulation zones present in the combustion and pre- 

ombustion chambers. This shows that a small amount of gaseous 

uel is convected into the pre-combustion chamber. This is further 

orroborated by the streamlines extracted from the mean veloc- 

ty field in Fig. 5 (b). This re-circulation zone has been discussed 

nd reported on in multiple works in the context of hybrid rock- 

ts [14,40,41] , and it is known to have a significant effect on wall

eat transfer [42] . As the flow moves further downstream, the 

emperature increases due to combustion processes occurring near 

he fuel port walls. This causes the density of the mixture to de- 

rease as it travels downstream and consequently, the velocity in- 

reases as the flow moves downstream. 

Contours of the ratio μT / μ are shown in Fig. 5 (c). The value is 

ero where the effect of the LES model is insignificant and of order 

nity (with a maximum value of 5.7) where the LES model has a 

ignificant impact on the flow. It can be seen that the LES model 

s active mostly within the shear layer generated by the oxidizer 

et entering the combustion chamber, where maximum values of 

bout 5–6 were found. For the majority of the combustion cham- 

er, especially in the reacting regions near the wall, μT / μ is much 

ess than unity, which indicates that the effect of the LES model is 

egligible. In this region, the simulation is effectively a DNS (with 

o sub-grid scale model), as the high temperature of the mixture 

ncreases its molecular viscosity and reduces the Reynolds num- 

er significantly. This results in lower turbulence levels near the 

ames and the solid PMMA walls, which is why very little turbu- 

ent viscosity is included in these areas. The near wall y+ values 

 y + = u τ
y | w 

/νw 

) are in the range 0.2–0.6 in the injector pipe, 0–

.3 in the expansion chamber, and 0–0.6 in the combustion cham- 

er, where u τ = 

√ 

τw 

/ρ is the friction velocity, 
y | w 

is the near- 

all grid spacing in the radial direction and νw 

is the kinematic 
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Fig. 6. y + (left) and Reynolds number at wall (middle) against fuel grain length. Mean velocity profile against radius at X = 139.7 mm (right), normalized by the mean 

centerline velocity. The magenta, black, red, and green lines correspond to the temporal and azimuthal averages from the mixture-averaged detailed, unity Lewis number 

detailed, tabulated, and large diameter cases respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 

this article.) 

Fig. 7. Instantaneous contours of mixture fraction (top), temperature (middle), and OH mole fraction (bottom) from the mixture-averaged simulations. Black lines correspond 

to Z st = 0 . 3425 , where the mixture is stoichiometric. 
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iscosity at the wall. The y+ values in the combustion chamber 

n particular are plotted in Fig. 6 (a) and the wall Reynolds num- 

er, Re τ = R w 

u τ /νw 

, where R w 

= 6 . 35 mm is the initial combustion

hamber radius, are plotted in Fig. 6 (b). These values are low for all

our simulations, suggesting the flow is laminar near the combus- 

ion chamber walls. Hence there is no need for wall modelling in 

hese simulations. The simulations can be characterized as a hybrid 

NS-LES, with sub grid scale models employed in the shear layer, 

enerated by the injector flow. The normalized mean axial veloc- 

ty profiles at X = 139.7 mm are plotted in Fig. 6 (c). The maximum

elocity is not achieved at the center, but instead 2 mm away from 

he wall, at the flame location where the density is lowest. 

The oxygen mass flow rate is 1.2 g/s. The overall mass flow rate 

ncreases downstream in the combustion chamber as more fuel is 

eing injected and is 1.7-1.9 g/s near the exit, with little variation 

etween cases. The Reynolds number at the injector is Re f ig3 (a ) = 

 f ig3 (a ) U o,in j /νO 2 , 298 K = 460 0 0, where R f ig3 (a ) = 2 . 54 mm is the

adius of the injector and U o,in j is the mean velocity at the injec- 

or. The Reynolds number calculated using the mean axial velocity 

ncreases from 1300 to 2300 going downstream in the combustion 

hamber if using the viscosity at the flame, Re f = R w 

U (x ) /ν f (x ) ,

nd decreases from 80 0 0 to 20 0 0 if using the viscosity at the axis,

e = R w 

U (x ) /ν (x ) , where U (x ) is the mean axial velocity at ax-
0 R =0 d

6 
al location x and ν f (x ) is the viscosity at the flame at axial loca-

ion x . 

.2. Overview of reacting fields 

A snapshot of the contours of the mixture fraction, Z, is shown 

n Fig. 7 (a). As expected, fuel-rich mixtures are found along the 

ides of the solid PMMA walls where the fuel is injected. A signif- 

cant amount of the fuel-rich mixture is being convected into the 

re-combustion chamber. 

A snapshot of the temperature contours after the initial tran- 

ient period is plotted in Fig. 7 (b). The flame surface is highly 

rinkled, as turbulence has developed in most of the region, ow- 

ng to the high speeds and the three-dimensional resolution of the 

omputational domain. The mole fraction of the hydroxyl radical, 

H, is shown in Fig. 7 (c), which gives an indication of the loca- 

ion of the flame. The maximum value of X OH is around 0.092. The 

ame is anchored near the oxygen inlet at the edge where the in- 

ector meets the pre-combustion chamber, and the flame gets more 

rinkled as the flow goes further downstream. 

The presence of fuel where the oxygen is being injected an- 

hors the flame at the inlet. This flame anchoring location is 

ue to the method in which this simulation was initialized - by 
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Fig. 8. Mean fuel inlet mass flux at the wall. The magenta, black, red and green 

curves correspond to the temporal and azimuthal averages from the mixture- 

averaged detailed, unity Lewis number detailed, tabulated, and large diameter cases 

respectively. (For interpretation of the references to colour in this figure legend, the 

reader is referred to the web version of this article.) 
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reating an initial condition based on a simulation with mixing 

nly (no chemical reactions), unburnt fuel is able to accumulate in 

he pre-combustion chamber. The flame stabilizes along the shear 

ayer in the pre-combustion chamber, which is a result of the axial 

njector and pre-combustion chamber geometry used in this study 

 Figs. 5 and 7 ). The existence of a shear layer and re-circulation

one is a commonly observed phenomena for similar axial injector 

onfigurations, and is documented in both the hybrid rocket and 

olid fuel ramjet studies [41,43,44] . The stabilization of the flame 

n the shear layer has been previously observed in an experimental 

etup with a similar geometry [44] . 

The time-averaged fuel injection mass flux at the PMMA surface 

s plotted as a function of the axial distance, x , in Fig. 8 . The wall-

ormal mass flux is zero throughout the pre-combustion chamber. 

 large mass flux is observed near the leading edge of the combus- 

ion chamber ( x = 0 ), where the flame is closest to the wall and

he temperature gradients are the largest. From a practical point 

f view, this would translate to a fast erosion of the corner and a 

moother edge (this effect is not included in the simulations). A 

ocal maximum of the wall mass flux occurs around 35 mm in the 

etailed chemistry cases, which is consistent with the regression 

ate profiles measured from experiments by Mechentel [13] and 

he theory discussed in [42] . In the tabulated cases, this local max- 

mum is less pronounced, and moves downstream for the combus- 

ion chamber with larger internal diameter. 

.3. Effects of differential diffusion 

Figure 13 shows the mean radial profiles of mole fractions of 

he combustion products, H 2 O , CO 2 , and CO, averaged over time 

nd azimuthal angle, θ , at two different axial locations, 38 . 1 mm 

nd 139 . 7 mm. As mentioned earlier, the experimental results were 

btained at a distance of 0 . 5 mm downstream of the exit plane

f the two different fuel grain lengths. The simulation results are 

alculated at the corresponding axial locations inside the combus- 

ion chamber for the detailed and tabulated cases. Functionally, the 

rofile shapes extracted from the simulations are very close to the 

nes from the experiments, with small quantitative differences be- 

ween them. There are few differences due to differential diffu- 

ion in the flow field (see Fig. 6 ). However, the mixture-averaged 

imulation shows 10–12% higher fuel mass flux compared to the 

nity Lewis number case. This is due to the higher density ob- 

erved near the combustion chamber wall because of differential 
7 
iffusion. Figure 9 shows the mean radial profiles of mole fractions 

f the combustion products, H 2 O , CO 2 , and CO, averaged over time 

nd azimuthal angle, θ , at two different axial locations, 38 . 1 mm 

nd 139 . 7 mm. As mentioned earlier, the experimental results were 

btained at a distance of 0 . 5 mm downstream of the exit plane

f the two different fuel grain lengths. The simulation results are 

alculated at the corresponding axial locations inside the combus- 

ion chamber for the mixture-averaged and unity Lewis number 

etailed cases. 

The mole fraction profiles from the simulations and experi- 

ents exhibit similar trends. For the short fuel port (i.e. 38.1 mm), 

he two simulations exhibit equivalent profiles with a peak value 

f 0.25 for H 2 O , 0.20 for CO 2 . For the H 2 O and CO 2 mole frac- 

ions at the longer fuel port (i.e. 139.7 mm) location, the mixture- 

veraged simulation results agree better with the experiments, 

nd the unity Lewis number simulations slightly under-predict 

he peak values. For CO , regardless of fuel port length and diffu- 

ion modeling, both simulations predict peak values around 0.45, 

hereas the experiments report values around 0.3 and 0.35 for the 

wo fuel port lengths. 

The locations of the peak values also show minor differences 

etween the three results. The peak locations of H 2 O from the sim- 

lations and experiments are very close to each other. The two 

imulations are slightly removed from each other for CO 2 , while 

he mixture-averaged diffusion simulations show better agreement 

ith experiments. The peak locations of the CO profiles from the 

imulations are close to each other, but in comparison to the ex- 

eriments, shifted to a smaller radius for the short fuel port and 

re about right for the longer fuel port. Overall, the radial pro- 

les from the mixture-averaged simulations agree about the same 

r better with experimental results, when compared to those from 

he unity Lewis number simulations. 

.4. Comparison to one-dimensional flames 

The results from the unity Lewis number 3D simulations are 

ompared with those from 1D counterflow diffusion flame sim- 

lations using FlameMaster [45] , across 200 grid points. The 1D 

ounterflow diffusion flames consist of an oxidizer stream with 

he boundary conditions, Z O 2 = 0 , X O 2 = 1 , T O 2 = 298 K, and a fuel

tream with the boundary conditions, Z F = 1 , X F = 1 , T F = T s −
 L /c p = 427 K, at a pressure of 1 atm, where c p is the heat ca-

acity of gaseous MMA, with unity Lewis numbers for direct com- 

arison with the turbulent case simulations. The mixture is cal- 

ulated to be at stoichiometry at a value of Z st = 0 . 3425 . Inspired

y droplet evaporation and combustion [46] , the lower tempera- 

ure of the fuel stream accounts for the heat loss at the wall due 

o the endothermic decomposition of the solid PMMA, instead of 

imply using the wall temperature from the 3D simulations, 698 K. 

he inset in Fig. 10 (a) shows that near wall values of temperatures 

nd mixture fractions from the detailed chemistry can be approxi- 

ated into a linear fit, which can be extrapolated to T F = 427 K at

 F = 1 , thus confirming the pure fuel stream temperature. A defin- 

ng characteristic of these counterflow diffusion flames is the scalar 

issipation rate, χ = 2 α|∇Z| 2 . 
As seen in Fig. 10 (a), the temperature values from the 3D simu- 

ation plateau around a maximum value of 30 0 0 K for mixture frac- 

ion values between 0.2 and 0.5, around the stoichiometric value, 

.3425. The thick 1D flame ( χst = 10 s −1 ) exhibits a similar tem- 

erature plateau as in the 3D simulation, whereas the thin 1D 

ame ( χst = 40 0 0 s −1 ) reaches a peak temperature of 30 0 0 K at

 = 0 . 45 . Interestingly, the scatter in the 3D data is mostly con-

ained between the values from the two extreme cases of 1D diffu- 

ion flames. There was little difference between the graphs plotted 

or different locations, hence a consolidated single graph is pro- 

ided in Fig. 10 . 
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Fig. 9. Mean radial profiles of H 2 O (left), CO 2 (middle), and CO (right) mole fractions at 38.1 mm (top) and 139.7 mm (bottom). The magenta and black curves correspond 

to the averages from the mixture-averaged detailed and unity Lewis number detailed cases, respectively. The blue symbols correspond to the experimental results from 

Bendana et al. [15] . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 10. Scatter plots of unity Lewis number simulation quantities against mixture fraction, and comparison with 1D simulation quantities. The thick lines correspond to 

χst = 10 s −1 and the thin lines correspond to χst = 40 0 0 s −1 . In the inset (left), the blue dashed line corresponds to a linear fit based on the near-wall values; the red dashed 

line corresponds to the wall temperature of T s = 698 K; and black dashed line corresponds to the average mixture fraction at the wall Z s = 0 . 925 . (For interpretation of the 

references to colour in this figure legend, the reader is referred to the web version of this article.) 
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A similar comparison is performed for the reactants’ and prod- 

cts’ mole fractions in Fig. 10 (b). Once again, the instantaneous 

alues are enveloped by those from the two extreme cases of 1D 

iffusion flames. The most spread is seen in the carbon monox- 

de mole fraction, in the 3D simulations as in the two 1D diffusion 

ames. Most of the chemistry is comparable to 1D diffusion flames 

nd is captured by the range of χst considered. χst reaches a max- 

mum value of 3600 in the detailed chemistry simulations and is 

ignificantly below the scalar dissipation rate at extinction, χst = 

6400, obtained from 1D diffusion calculations. 

.5. Tabulated chemistry 

The 1D counterflow flame simulation results are used to per- 

orm additional simulations with tabulated chemistry, as the tem- 

erature and species mole fractions from these 1D simulations 

ompare well with the 3D simulation results using finite rate 

hemistry and unity Lewis number. In these simulations, the only 
8 
calar transported is the mixture fraction, Z. The required variables 

ike temperature and mole fraction of the species are computed 

rom the mixture fraction and scalar dissipation rate, namely T = 

 (Z, χ) and Y i = Y i (Z, χ) . Practically, this functional dependence

as obtained by tabulating the results of 24 different 1D coun- 

erflow diffusion flames, over a wide range of χst ( 2 × 10 −2 s −1 to 

 × 10 4 s −1 ), simulated using FlameMaster. The same chemical ki- 

etics model and transport properties were used in the flamelet 

olver as in the detailed chemistry NGA simulations. 

Since the temperature is not solved for directly in the tabulated 

hemistry simulation, Eq. (10) cannot be used anymore, and the 

ass flux at the wall is calculated now from Eq. (9) as 

s V s = −ρs α
∂Z 

∂n 

∣∣∣∣
s 

/ (1 − Z s ) , (11) 

here Z s is the mixture fraction corresponding to the temper- 

ture of the gas next to the fuel wall, T s = 698 K. It is impor-

ant to highlight that Z s is not unity, as a direct consequence of 
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Fig. 11. Time-averaged and rotationally averaged temperature contours, from unity Lewis number detailed chemistry (top) and tabulated chemistry (bottom) simulations. 
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he boundary condition used ( Eq. (9) ). While this quantity may 

e calculated in real-time, the current simulations use a con- 

tant value of Z s = 0 . 925 for numerical stability. This value was

btained by extrapolating values within the computational do- 

ain to the wall using instantaneous results of detailed chem- 

stry simulations, as Z s = 0 . 9251 ± 0 . 0 0 06 (using the linear fit in

ig 10 (a)). There are two strategies for solving the flamelet equa- 

ions: either use T (Z s ) = T s = 698 K as the boundary condition, or

se T (Z F = 1) = T s − h L /c p = 427 K. The second one was preferred

n the present work for stability. That being said, the thermal diffu- 

ivity, α, and density, ρs , are extrapolated in real-time. The authors 

lso tried to calculate the fuel inflow rate from Eq. (10) , with the

stimated temperature, T = T (Z, χ) . This proved to be unstable as

= 2 D |∇Z| 2 includes D , which is calculated as D (Z, χ) . There was 

ittle difference between the fuel inflow calculated using the two 

ifferent methods. 

The time-averaged and rotationally averaged temperature con- 

ours from the unity Lewis number detailed chemistry and tabu- 

ated chemistry simulations are plotted in Fig. 11 . The results are 

ualitatively and quantitatively similar. The figure shows the aver- 

ge over long periods of time, which is influenced by the flame 

ront moving radially in the two different cases. This instability 

as found to be highly sensitive to the global equivalence ratio, 

s we go further downstream, which explains the differences in 

he downstream portions of the combustion chamber. As expected, 

he tabulated chemistry simulation is more efficient, computation- 

lly. When using 156 Intel Xeon X5650 processors with InfiniBand 

DR interconnect, the computational time per iteration, per grid 

oint, is 2400 μs for detailed chemistry simulations and 115 μs 

or tabulated chemistry simulations. The detailed simulations uti- 

ized 375,0 0 0 CPU hours, whereas the tabulated simulations only 

sed 18,0 0 0 CPU hours. The principal reason for the cost savings 

s the reduction of the number of transported scalars from 88 (for 

nite rate chemistry) to 1 (for tabulated chemistry). Both simula- 

ions were performed with 4 sub-iterations per time step. 

.6. Comparison with experiments 

As discussed previously, the experiments were performed with 

en different experimental configurations with fuel grain lengths of 

2.7 mm (0.5 in.) intervals. In the experiments, the fuel injection 

ate was estimated by using the mass difference in the fuel port 

nd the burn time. This fuel injection rate was in turn used to es- 

imate a mean diameter at the middle of the burn time and con- 

equently the mean internal surface area. In the simulations, the 

uel regression rate is calculated from the fuel injection mass flux 

sing the relation 

˙ 
 = | ρs V s | /ρ∞ 

(12) 

here ρ∞ 

= 1185 kg/m 

3 is the density of solid PMMA at room tem- 

erature [47] . The fuel regression rate is averaged over different 

ort lengths, and is plotted against the fuel grain length for the 

etailed and tabulated simulations in Fig. 12 (a). 

The fuel regression rate calculated from the experiments de- 

reases with increasing fuel grain length, with a few exceptions. In 

he simulations, there is very little dependence on the fuel grain 
9 
ength, and the values are within the range of experimental val- 

es of regression rate. Interestingly, the results obtained with unity 

ewis number yield a slightly lower regression rate compared to 

hose obtained with mixture-averaged diffusion (about 12% ) and 

he tabulated chemistry predicts an even lower regression rate 

ompared to those obtained with detailed finite rate chemistry. It 

hould be noted that the shorter fuel grain experiments compare 

etter with the detailed chemistry simulations and the longer grain 

xperimental results lie closer to the tabulated simulation results. 

The fuel mass flow rates are calculated by integrating the inflow 

ass flux through the internal walls of the combustion chamber. 

he global oxidizer to fuel ratio by mass, O/F , is calculated from 

oth simulations and the experiments and is plotted against the 

uel grain lengths in Fig. 12 (b). It should be noted that the oxi- 

izer mass flow rate is the same across all trials (namely 1 . 2 g/s ),

nd the fuel mass flow rate is proportional to the fuel grain length 

since ˙ r is almost constant). As a result, the O/F ratio is inversely 

roportional to the fuel grain lengths, and there is good agreement 

etween the experiments and simulations. 

Figure 13 shows the mean radial profiles of mole fractions of 

he combustion products, H 2 O , CO 2 , and CO, averaged over time 

nd azimuthal angle, θ , at two different axial locations, 38 . 1 mm 

nd 139 . 7 mm. The simulation results are calculated for the unity 

ewis number detailed and tabulated cases, at axial locations in- 

ide the combustion chamber corresponding to the different fuel 

engths in the experiments. 

The H 2 O and CO 2 mole fraction profiles exhibit similar trends. 

or the short fuel port (i.e. 38.1 mm), the simulations and exper- 

ments exhibit similar profiles with a peak value of 0.25 for H 2 O 

nd 0.20 for CO 2 . However, the locations of the peak values from 

he simulations are about 1 mm away from those of the exper- 

ments. For the larger fuel port (i.e. 139.7 mm), the simulations 

lightly under-predict the peak values of H 2 O and CO 2 mole frac- 

ions, while the peak locations are very close to each other. 

The major difference between the experimental and simulation 

esults is in the CO mole fraction shown in Fig. 13 (c) and (f). Con-

istent with the H 2 O and CO 2 results, the peak locations of the CO 

rofiles from the simulations are shifted to a smaller radius for the 

hort fuel port and are about right for the longer fuel port. There 

s, however, disagreement on the peak CO values between the sim- 

lations and experiments. Regardless of fuel port length and chem- 

stry modeling, the simulations predict peak values around 0.45, 

hereas the experiments report values around 0.3 and 0.35 for 

he two fuel port lengths. It is uncommon in simulations to cap- 

ure the profiles of two of the three major products ( H 2 O and CO 2 ) 

nd not that of the third one ( CO ). An analysis of the 1D coun-

erflow results indicated that peak values less than 0.4 could not 

e reached even with extreme scalar dissipation rates (see Fig. 10 ). 

he same analysis showed that four species make up most of the 

ole fraction at these locations: CO , H 2 O , CO 2 , and MMA . Such a

iscrepancy only in the CO profile would imply a similar discrep- 

ncy in the MMA mole fraction, which in turn would likely change 

he entire flow field. This discrepancy is still an open topic of in- 

estigation. 

One possible explanation the authors considered is a lack of 

patial resolution to capture the reaction zone. The maximum 
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Fig. 12. Mean fuel regression rate (left) and global oxidizer to fuel ratio (right) against fuel grain length. The magenta, black, red, and green circles correspond to the temporal 

and azimuthal averages from the mixture-averaged detailed, unity Lewis number detailed, tabulated, and large diameter cases respectively. The blue triangles correspond to 

experimental results from Bendana et al. [15] . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 13. Mean radial profiles of H 2 O (left), CO 2 (middle), and CO (right) mole fractions at 38.1 mm (top) and 139.7 mm (bottom). The black, red, and green curves correspond 

to the averages from the unity Lewis number detailed, tabulated, and large diameter cases, respectively. The blue symbols correspond to the experimental results from 

Bendana et al. [15] . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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alue of scalar dissipation rate at the flame location was calculated 

o be χst = 3600 in the combustion chamber, which corresponds to 

 minimum flame thickness of l f = 2 Z st / |∇Z| = 0 . 92 mm. The grid

pacing in the radial direction at the flame location is 0.063 mm, 

hich is about 15 times smaller than the lowest flame thickness, 

nough to fully resolve the reactive zone. As mentioned earlier, 

he figures show the average over long periods of time, which 

s influenced by the flame front moving radially. This instability 

as found to be highly sensitive to the global equivalence ratio, 

s we go further downstream, which explains the differences be- 

ween the simulations in the downstream portions of the combus- 

ion chamber, especially near the centerline. 

mpact of changing fuel port diameter 

The results from the large-diameter simulations are also in- 

luded in the comparison to the experimental results in Figs. 6, 8, 

2 , and 13 . The oxygen inflow rate remains the same in this simu-

ation (1.2 g/s) and the overall fuel mass inflow rate remains fairly 

imilar across the four cases. The larger surface area in the wider 

uel port simulations leads to a smaller fuel inlet velocity. This in 
10 
urn decreases the regression rate of the solid fuel and has only 

imited impact on the global O/F ratio. The change did not affect 

he peak value of the mole fraction profiles and the peak locations 

oved a small distance away from the axis. 

. Conclusions 

Combustion studies of MMA/ GO x were performed using finite- 

ate detailed chemistry hybrid DNS-LES, in 3D combustion cham- 

er setups, with wall inflow. Boundary conditions were developed 

or a wall with fuel inflow while accounting for heat conduction 

nd temperature-dependent fuel inflow at the wall. The computa- 

ional setup is used to simulate turbulent flames involving MMA 

nd oxygen, and the simulations are stable in time. A local max- 

mum of fuel regression rate is predicted in the vicinity of the 

et re-attachment point, which is consistent with experiments. The 

ow field and reacting conditions were analyzed to locate and ob- 

erve regions in the computational domain, where different physi- 

al and chemical phenomena dominate and/or interact. 

The mixture-averaged Lewis number and unity Lewis number 

imulations were compared to observe the differential diffu- 
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Fig. A.1. The probability distribution of the ratio of flame thickness to the local grid 

resolution perpendicular to the flame. 
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ion effects. The temperature and mole fraction profiles from 

he unity Lewis number 3D simulations are comparable to 1D 

iffusion flames, under similar thermodynamic conditions. Tabu- 

ated chemistry models were developed and used to improve the 

omputational efficiency of the simulations. Tabulated chemistry 

imulations were performed on a combustion chamber with a 

arger internal diameter. The tabulated simulations were con- 

rasted with the unity Lewis number case to understand the 

hemistry effects, while the geometric effects were analyzed by 

omparing the two tabulated chemistry simulations. 

While the mixture-averaged Lewis number and unity Lewis 

umber simulations showed similar flow field profiles, there were 

ignificant changes in the mole fraction profiles, fuel mass flux, 

nd subsequently the fuel regression rate, due to differential dif- 

usion effects. The tabulated chemistry simulations had different 

ow field profiles and regression rates, while the radial profiles of 

 2 O , CO 2 , and CO were similar to the unity Lewis number simula- 

ions in peak values and locations. The two tabulated simulations 

howed slight differences which are consistent with the change in 

he internal radius of the combustion chamber. 

If one wishes to capture the flow field profiles and fuel regres- 

ion rate, chemistry effects are important. If one wishes to capture 

he internal chemistry profiles of the combustion products, differ- 

ntial diffusion effects need to be included. The wall regression 

ates from all the simulations fall within the range of the exper- 

mental values and the radial chemistry profiles from the mixture- 

veraged simulations agree fairly well with the experiments, show- 

ng the predictive capabilities of the simulations presented in this 

ork. 
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ppendix A. Local flame-normal grid resolution for anisotropic 

rid 

As mentioned in Section 2.2 , the grid resolution is uniform in 

he axial direction (250 μm ), with a stretched grid spacing in the 

adial direction, with the radial resolution being 10 μm near the 

all. In an idealized case, the flame front would be parallel to the 

all, hence one could surmise that the grid resolution in the ra- 

ial direction is the most important to capture the chemistry ef- 

ects. The grid spacing in the radial direction at the flame loca- 

ion is 0.063 mm, which is about 15 times smaller than the lowest 

ame thickness, 0.92 mm. 

However, due to the turbulent nature of the flow, the flame 

ront is not always parallel to the wall. The direction perpendic- 

lar to the flame front can be calculated as the direction of the 

radient of the mixture fraction. Using this direction, an estimate 

f a local grid resolution perpendicular to the flame is calculated 

s 

x f, ⊥ = 

∇Z 

|∇Z| ·
(

x e x + 
r e r + r
θ e θ

)
. 
11
he median of the local grid resolution, 
x f, ⊥ , was 0.12 mm, and 

ased on the 
x 0.254 mm and 
r values mentioned above, the 

ame front is on average at a 13 ◦ angle to the wall. The flame 

hickness ( l f ) ranges from 0.92 mm to 190 mm (estimated from 

he χst values in the turbulent simulations), with the median flame 

hickness around 2.52 mm. The distribution of the ratio of the 

ame thickness to the local grid resolution perpendicular to the 

ame is plotted in Fig. A.1 . 

The median ratio of flame thickness to the local grid resolu- 

ion is around 21. Less than 1% of the regions are where the flame 

hickness is less than 10 times that of the grid resolution, hence 

he grid resolution is sufficient for 99% of the region. 
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