Ma 221 Homework Solutions Due Date:
January 22-23, 2009

22pg. 4641, 4,5,7,9, 11, 15, 17, 19, 21, 22, 23, 25

(Underlined problems are not handed in)

In problems 1, 4 and 5, determine whether the given differential equation is separable.

ds

dt

1) %=2y3+y+4:> dx( ) 2y} +y+4)dx =

therefore, this equation is separable.

4)

= tIn(s?) + 8t2 = & — 2t%Ins +8t? =

therefore, this equation is separable.

2 ds _ s+l
5') S—i_dt_st

Writing the equation in the form

ds _ s+1

dt st

shows that the equation is not separable.

In problems 7, 9, 11 and 15, solve the equation.

dy _ 1-x?
7. w =y
dy _ 1-x2 2 2

= y=¢3x-x3+C

9) % = y(2 +sinx)

. d
= y(2 +sinx) = 5
— y _ e2x—cosx+C Ce2x—cosx
dy  sec?y
11) dx 142
2
dy _ secty — dy _ _dx
dx 1+x2 sec?y 1+x2

Using trigonemtric identities we have:

= 2t’(Ins + 4) =

dy

2y3+y+4 -

= 2t2dt

Ins+4 s+4

[y2dy = [(1-x?)dx = Ly3

= (2 +sinx)dx = [

= [(2+sinx)dx =



= SECY = sy and cos?y = (1 + cos2y)

dy d (1+cos2y)dy ¢ (1+cos2y)dy d
secly (1+§2) 2 N 1+§2 = I 2 = 1:;2
= +(y+ 3sin2y) = arctanx+Cy = 2y +sin2y = 4arctanx + 4C;
= 2y +sin2y = 4arctanx + C
15.) y~tdy + ye®*sinxdx = 0
— yesXsinxdx = y~tdy
- Ie“’sxsin xdx = jy*zdy
Substituting:
let u = cosx
du = —sinxdx
—du = sinxdx
_[e“du = Iy‘zdy
gl =-y1+C
@cosx — y—l +C
y= ﬁ
In problems 17, 19, 21, 22, 23, and 25, solve the initial value problem.
17) y' =x¥1-y), y(0) =3
dy dy dy _
& =Xl-n=> 2 =xXd= @—jx3dXz —Injl -y|+
[1-y]=exp(Ci— %) = Ce
Substituting thf ICy(0) =3
1-3|=Ce s = |-2/=C=2
x4
= 1-y|=2e"+
Since 1 -y(0) = 1 -3 < 0, on an interval containing x = 0 one has 1 —y(x) < 0

and so |1 - y(x)| = y(x) — 1. The solution is then:



Sy-1=2eY —y=2e% +1
19.) % =ysing, y(r) = -3

Y~ ysing = Y = singdo = [ = [singdo = Inly|= —cos + C1
— M: e—cos@+C1 = y — _Ce—0059
because at the initial point, 0 = 7, y(r) =-3<0
-3 =y(r) = -Ce*%" = Ce! = C=3'!= y = —3e 1080 = _3g-1-cosd

21) ¥ —2fy+rIcosx, y@) =0

dy

2 [y+1

= cosxdx = +(y + 1) 2dy = cosxdx = [4(y+1)"2dy = [cosxdx

(y+1)¥2 =sinx+C  Substituting the IC
y(r) =0 = O+ =sint+C = C=1

(y+1¥2 =sinx+1 = y=(sinx+1)*>-1 = sin?x + 2sinx
22) x2dx +2ydy =0,  y(0) =2

x2dx = —2ydy = [x2dx = [-2ydy = £ = y2+C  Substituting the
ICy(0) = 2 :

L =-22+C=> C=4

3 3
L =y+d4= y=JA-%

23)) % = 2xcos?y, y(0) = &

dy2 = 2xdx
cos2y
j.seczydy = IZxdx
tany = x>+ C
l =
tan( 4) C
C=1
Thus
tany = x2 +1
or

y = arctan(x? + 1)



25) L =x*1+y) y(0) =3
% =x(l+y) = 1d—+yy = [x%dx = Inl1+yl= +x*+Cy = 1+y=e3s
= yzCe%Xs—l L
3=y0)=C-1= C=4= y=4e3" -1

2.3 p.54 top.55 #1,3,5,7,10, 11, 13, 15,17, 18, 19, 21, 22, 30
(Underlined Problems are handed in)

For problems 1, 3, and 5 determine whether the given equation is separable, linear, neither,
or both.

2 dy _
1) X5 +COSX =y

Isolating % we get:
% = yf% Since the right hand side cannot be represented as a product g(x)p(y), the

equation is not seperable.

3) x& +t2x = sint

In this equation, the independent variable is t and the dependent variable is x. Dividing by
X we obtain

dx _ sint 42

dt X .
Therefore, it is neither linear, because of the <t term, nor separable, because the

righthand side is not a product of functions of single variables x and t.
5.) (12 + 1)% =yt-y

This is a linear equation with independent variable t and dependent variable y. This is a
seperable equation as shown:

Isolating % we get:

dy _ ytD dy _ D d D,
d (t2+1) = y (t2+1) dt = dt (t2+1)y g(t)p(y)

For problems 7, 10, 11, 13 and 15, obtain the general solution to the equation

7)) % —y =e¥

In this equation, P(x) = -1 and Q(x) = e¥

The integrating factor is thus: u(x) = exp(jP(x)dx) = exp(j(—l)dx) =e~
Multiplying both sides of the equation by u(x) and integrating yields:

x d _ _ d(e™
e Xd_i —e Xy =e Xe3X — e2X — (edxy) — eZX

X3+Cl



<y — [@a2 _ 1ga2 _(L1lqa2 _ e
= ey = [e2dx = Le* +C =|y = (£e¥ + C)e* = £ + Ce*

10.) x% +2y =x73
Putting the equation in standard form:
dy

2 _ y—4
Wﬁ-yy—x

Find u(x) = eIpdx = ej(%)dX = e@KD = (|x|)? = x2
Multiply through by u(x) to get
d _ _
x2L +2xy = x?2 = Lyx? = x2
Integrate to get
[ e - ]x°
yx? = —x1+C
Solve explicitly fory
=ly = X3+ Cx2

11) (t+y+21)dt—dy =0
Choosing t as the independent variable and y as the dependent variable, the equation
can be put into sdtandard forr(p:

try+1-g=0= F-y=t+1
Thus:P(t) = -1 and u(t) = exp[ [(-1)dt | = e
Multiplying both sides by u(t) agd integrating yields:
et —ety=(t+1et = L2 = (t+1e
= ey = [(t+Detdt = —(t+ e+ [etdt = —(t+1Det-et+C=—(t+2e'+C
=ly=el(-(t+2)et+C) = -t—2+Cel

13) yﬂ—; +2x = 5y8
In this problem, the independent variable is y and the dependent variable is x. So, we
divide the equation by y to rewrite it in standard form.
y§—§+2x:5y3:> g—§+%x=5y2

Therefore, P(y) = % and the integrating factor, u(y), is

Mw=eﬁw=emM=WF=W
Multiplying the equation (in standard form) by y2 and inegrating yield

(g—; +2x = 5y2>y2 = y23—§ +2yx = 5y* = diy(yzx) = 5y4
= yx=[5y*dy=y°+C

=X =y?(y*+C) =y*+Cy~




15.) (x? + 1)% +Xy = X
Divide by (x? + 1)

dy X X

“dx x2+1 y j x2+1
SOP(X) = =
Find u(x) = ejp(x)dx

‘LL(X) = e.[ﬁ = e%ln(xz+1) — (X2 + 1)(1/2)
Multiply through by u(x) to get
1
0 +1)2y + —*5y=—F—or
x2+1)2 x2+1)2

F(0e+ny) =

(x2+1)

1
2

Integrating gives

y(x2 +1)W2 = (x2 +1)V2 4+ C
Solve explicitly fory
y=1+C(x2+1)"12

For problems 17, 18 and 19, 21, 22 solve the initial value problems.

17.):—”—%:xeX y(1) =e-1

X

This is a linear equation with P(x) = —1/x and Q(x) = xe*. The integrating factor is given

_1
y(x)zejpdxzeI *dx:e—'”xz%; Forx >0

Multiply through by u(x) to get
Ly Y _ eX

X y XZ

or

1dy Y _ oax
X dx Xz_e

Integrate to get
L =eX+C
Solve explicitly fory
y = xe* + Cx
Plug in initial condition y(1) = e — 1 and solve for C
e-1=e+C=> C=-1
Plug in the value for C
y = Xe¥ —x
Using SNB to check our answer we have
WY xeX

, Exact solution is: xe* — X

18) L 1dy-e*=0;y0) = 4+

dy — aX
o Tdy=e¢e

Find u(x) = ejpdx = eI4dx = e¥



Multiply through by u(x) to get

e4xy! + 4e4xy — e3x

or

%(em(y) — g3

Integrate to get

ye¥ = Ze¥ +c

Solve explicitly fory

y=ge*+ e—fx

Plug in initial condition y(0) = % and solve for C
4 _1a0, C

Ll

3=31C

SoC=1

Plug in the value for C

y=te*+e™

Using SNB to check our answer we have

dy _aX _
o TAy—e” =

, Exact solution is: y(x) = e +e™
y(0) = %

19.) t3& 4 3t2x =t,  x(2) =0

In this problem, t is the dependent variable and x is the dependent variable. Notice the left

side of the equation is the derivative of xt® with respect to t. Using the product rule for
differentiation yields:

doxt®)  _ dx 43 dit®) 13 .dx 2
= gL tX—g =t Olt+3tx

The equation becomes:
dxt) =t = xt®=[tdt=L+C

0=X(2)=$+2—%:> %+%:0:> C=-2>= x= L _ 2

-15/2 2
32

21.).cosx% +ys.inx.= 2X C0S2X, y(7) =
Putting the equation in standard form:
% + SNXy — 2xCcosX = % + (tanx)y = 2xcosx

Find u(x) = eIpdx = ejt&deX = g(Ineosx) = |cos x|
At the initial point,x = Z-,cos Z- > 0 therefore we can take u(x) = (cosx) ™
Multiply through by u(x) to get
d -
colsx d_i + cs(;gzxxy = 2X = %(%) = 2X

Integrate to get

[ 4 (wosx) = [2x
wsr = X2+ C

Solve explicitly fory




y = x?cosx + Ccosx

Plug in initial condition y(£) = —2/2=

and solve for C

—151/7”2 _ 2 T T
— =7 cosT+Ccosj
SoC = —rn?

Plug in the value for C
y = X?C0SX — 12 COSX = COSX(X? — 7r?)

22.) sinx% +YyCOSX = XSinX, y(5) =2
Putting the equation in standard form:

d d
oAy =X = + (cotx)y ~ X

Find u(x) = Ipdx = I % = e(nGiNX) = ginx
Multiply through by u(x) to get

. dy _ . d . _ .
SINX4 +YCOSX = XsInX = 4 (YsInXx) = xsinx

Integrate to get

[L(ysinx) = [xsinx  (Using integration by parts)
ysinx = sinx —xcosx + C

Solve explicitly for y

y=1-xg>+ m = 1 - Xxcotx + 5%
Plug in initial condition y(Z-) = 2 and solve for C
2-1-252% , ¢
2 sin % sin-%-
SoC=1
Plug in the value forC
y =1-xcotx+ —— = 1 —XxCcotx + cscX

smx

30) Show that the substitution v = y2 reduces equation % + 2y = xy~? to the equation

<% + 6v = 3x. Then solve the equation for v and make the substitution
v = y3 to obtain the solution the equatlon +2y = Xy,

—= 4+ 2y = xy

D|V|de by y2

y2 gi +2y3 =x

v=y3

Differentiate v with respect to x

v _ 3y2 dy

D|V|de by 3

1 dv 2dy

E =Yy “dx

Notice that 1 dV is equal to the first term on the left hand side of the equation. Make that
substitution.

L 9y =x

3 dx
Now multiply by 3 to get a first order linear differential equation.
L 46V = 3x



........ (First order linear differential equation)
Find p(x)

,LL(X) _ e_“6dx _ ofx

Multiply through by u(x) to get

e®v' + 6e®v = I (e5v) = 3xe®™Now integrate

ve® = [e®(3x)dx = Lxe® - Le®+C

Where SNB was used to evaluate the integral.

Solve explicitly for v yields

V= 2X- 3 +Ce™

Plug y back into the equation from the substitution v = y® and solve fory.
y3 = 3x— 55 +Ce ™™

or

y=(5X— 5 + Ce‘ﬁx)%

Using SNB and MuPAD to solve the equation we get

% +2y = xy~2, Exact solution is: —%g/%x— 3L _ L iiﬁ‘s/—

b

%iﬁg/%x—?,cl -4 - Ldlyx-3= L

6% 12 2 ebx 12

Using SNB and Maple to solve the equation we get

% + 2y = xy~2, Exact solution is: y(x) = %+ §/108x — 18 + 216e%*C ,
y(x) = —& §/108x — 18 + 2166 C; + -1-i/3 §/108x — 18 + 2166 %Cy,y(X) = —
15 §108x — 18 + 2166 *Cy — ;i3 §/108x — 18 + 216e*Cy

Since 6° = 216 it can be seen that the first answer given by both kernels is the same as our
solution. The other answers given by SNB must be the other cube roots of our solution.



