Ma 221 Homework Solutions
Due date: January 30, 2009

2.6 p.79 #21, 23, 28;
4.2 p.167 #1,3,7,9, 17, 26, 27 29 (For 27 & 29 you may use the Wronskian.)
(Underlined Problems are not handed in)
2.6 p.79#21, 23,28
For 21, 23 and 28 use the method discussed under "Bernoulli Equations” to solve the
problems.

21)

d
- + % = X2y?
This is a Bernoulli Equation withn = 2
Let
u — yl—n — y1—2 — y—l
then y=u" =y =-ui
and the last equatlon becomes
1 du X2 du

— X2 du 1y = _x2
u? dx+ux_uz = dx xu X

This is a linear equation with P(x) = —+

Find u(x) = el P _ oJeho _ sy _
Multiply through by u(x) to get
1 du

d (1
75——u =X= 4 (xU) = =X

Integrate to get

j 41 u) [ —xdx

Ly==24C1 = u=-2>x+Cax
Solve epr|C|tIy for y

y= 3 - Cx—x3

y=20 is also a solution to the original equation. It was lost in the first step when we
multiplied by u? (also same as dividing by y?).

%3.)
2
or after dividing by y2 and moving the first term on the right to the left we have
2dy 2yt 2
Y '~ x =X
Let
v=yl
V/ _ _y_zy/
and the last equation becomes
V425 = x?

This is a first order linear equation in v.
The integrating faction for this equation is

I%dx _ 2



Multiplying the DE by this gives
x2v' +2xv = L (x2v) = x*
Thus

X2V = x5+ ¢y

and

1 3 ¢

—y = X
T—V— 5+X2

Therefore
_( x3+5c; \ 1
y= (%)
Letting C = 5¢; we have finally
— 5x2
y= <x3)4(rC_> ) o ) ) )
y =0 isalso asolution to the original equation. It was lost in the first step when we
divided by y2.

28.)

% +y3x+y=0

Rewrite the equation as

y' +y = -xy?

Multiply both sides by y~2 to get

yoy +y? =X

Let

v=y?

V= =2y3y

The DE then can be written as

—L 4V =X

or

v/ —2v = 2x

This is a first order linear equation in v. The integrating factor is
I—de _ox

e =e

Multiplying the last equation by this leads to

e 2y —2e72y = L (e72y) = 2xe X

Integrating gives

e v = [(2xe®)dx = —Le & —xe > +c

Thus

y% = —% — X+ ceX
Using SNB to check, we have

y' +y = —xy3, Exact solution is: 1

2% _y 1
[C1e2*—x 5

Cy=-4

4.2 p.167#1,3,7,9,17, 26, 27 29
In problems 1, 3 and 9, find a general solution to the given differential equation.

1)



y'+5y' +6y =0

The auxiliary equation for this problem is r? + 5r + 6 = (r + 3)(r + 2) = 0, which has roots
r=-3r=-2

Thus {efsx, Xe*ZX} is a fundamental solution set for this differential equation.

Therefore a general solution is

y(X) = c187 + coxe

where C1 and C» are arbitrary constants.

3)

y" +8y +16y =0

The auxiliary equation for this problem is r? + 8r + 16 = (r + 4)(r + 4) = 0, which has the repeated
rootr = —4.

Thus {e=%,xe~*} is a fundamental solution set for this differential equation.

Therefore a general solution is

y(X) = cre™ + coxe ™

where C1 and C2 are arbitrary constants.

1)

Find a general solution to the given differntial equation

2u"-7u' -4u =0

The auxiliary equation for this problem is

2r>—7r—4 =0 = (r+4)(2r — 1) = 0 which has roots
r=-4,+

Thus the general solution to the given diferntial equation is
y(t) = cre™ + cpe 7t

9)
Find a general solution to the given differntial equation
y'—y' —1ly =0

The auxiliary equation for this problem is

r2—r—-11 = 0 which has roots
r=0+-J1+4x11)2=(1+-3J/5)/2

Thus the general solution to the given diferntial equation is
y(t) = Cle(1+3,/§)t/2 n Cze(l—sﬁ)uz

For problem 17, solve the intial value problem.

17) 2" -27'-22=0 z0)=0 Z'(0) =3

The auxiliary equation for this problem, r2—-2r-2=0, has rootsr = 1+ —3.
Thus, a general solution is given by~ z(t) = c1e@+/3)t 4 c,e@-V3)t

Differentiating, we find that ~ z'(t) = c1(1 + /3 )e@ 3t 4 cy(1 — /3 )e@-3,
Substituting z(t) and Z'(t) into the initial condition yields the system

z(0)=c1+c2=0 =
7'(0) =c1(1+/3)+co(1-Y3) = J/3(c1—c2) =3

= C1 = J§/2

Co =—J§/2

Thus, the solution satisfying the given initial conditions is



2(t) = J3/2eW3t _ [3 2613t = [3[2(e@W/3t _ g(1-V3))

26.) Boundary Value Problems

Given that every solution to y” +y = 0 is of the form y(x) = c1 cosx + ¢z sinx, where c;
and c; are arbitrary constants, show that

(a) there is a unigue solution to y" +y = 0 that satisfies the boundary conditions y(0) = 2
and y(z/2) = 0.

(b) there is no solution to y" +y = 0 that satisfies y(0) = 2 and y(z) = 0

(c) there are infinitely many solutions to y” +y = 0 that satisfy y(0) = 2 and y(r) = -2

(@) Plugging y(0) = 2 into y(x)

2 =Cy1c0s0+ C;sin0

Therefore

C,=2

Plugging y(z/2) = 0 into y(x)

0 = 2cos 7 + CasinZ

Therefore

C,=0

The solution with these conditions is
y(X) = 2c0sx

(b) Plugging y(0) = 2 into y(x)

2 =C1c0s0+C;sin0

Therefore

Ci=2

Plugging y(z) = 0 into y(x)

0 = 2cosz + Cysinz

The term with C, drops out leaving the equation

0=-2

This is not true, and thus there is no solution that satisfies these boundary conditions.

(c) Plugging y(0) = 2 into y(x)

2 =C1c0s0+C;sin0

Therefore

Ci=2

Plugging y(z) = -2 into y(x)

-2 = 2coszm + Cysinz

The term with C, drops out leaving the equation

-2 =-2

This is true, and thus there are infinitely many solutions with these boundary conditions.

27.) Determine whether the functions y;(t) = e tcos2t; y,(t) = et are linearly
independent on the interval (0,1). (For this problem you may use the Wronskian.)



WIy1,y2] = yi(b)ya(t) —y1(Dy2(t) =

yi Yo

Y1 W‘

e~tcos2t gt
—(cos2t)e™t — 2(sin2t)et —et
Hence these functions are LlI.

Wletcos2t,et] = =2(sin2t)e? £ 0

29.) Determine whether the functions y1(t) = te?; y,(t) = e? are linearly independent on
the interval (0,1). (For this problem you may use the Wronskian.)

These two functions are solutions of the DE

y'—4y' +4y =0

since this equation has the characteristic equation

r2—4r+4=(r-2)>=0

and has the repeated root r = 2. Thus we may check to Wronskian. to see if it is zero or
not. Now

e 4 Dte?t 2e2
Hence these functions are LI.

Wte?, e?] = =eM£0




