MA 221 Homework Solutions
Due date: March 24, 2009

8.3p. 449 #1,3,5,7, 11, 12, 15, 17, 19, 21,25 27

(Underlined problems are to be handed in)

In problems 1, 3, 5 and 7 Determine all the singular points of the given differential
equations.

1)  (x+1)y'-x%"+3y=0
Dividing the entire equation by (x + 1) yields

"

X2 3 _
v A x+1y_O

We then see:

Py) = X7 QW) = 25

These are rational functions and so they are analytical everywhere except, perhaps, at zeros
of their denominators. Solving x + 1 = 0 we find that X = —1 which is at a point of infinite
discontinuity for both functions. Consequently, x = —1 is the only singular point of the given
equation.

3)  (02-2)y" +2y +sinfy =0
Writing the equation in standard form yields
2 sinf
O S T

y=20
and

PO) = 25 QO = J

The singularities are therefore at 0 = + 2.
Find at least the first four nonzero terms in a power series expansion about X = O for a general solution to the

given differential equation.

5) (@ -t-2x'+t+Dx —(t-2)x=0

1 t+1 ! -2
X"+ X' - x=0
t2—t-2 t2—t-2

_ t+1 _ t+1
PO = 255 = e

2 2
q() = t2—t-2  (1)(t-2)

The pointt = —1 is a removable singularity for p(t) since, fort = —1, we can cancel (t + 1)
term in the numerator and denominator, and so p(t) becomes analytic att = —1 if we set



p(_l) = Iimt—>—1 p(t) = Iimt_,_l FLZ = —%
At the point t = 2, p(t) has infinite discontinuity. Thus p(t) is analytic everywhere except

t = 2. Similarly, q(t) is analytic everywhere exceptt = —1. Therefore, the given equation has
two singular points,t = -1 and t = 2.

7)  (sinx)y” + (cosx)y = 0
Putting the equation in standard form we get:

" (cosx)

y'+ (sinx)yzo Hence:

pX) =0 qx) = =X _ cotx

(sinx)

Since the cotangent function is +oo at integer multiples of x, we see that g(x) is not defined
and , therefore not analytical at nz. Hence the differential equation is singular only at the
points zn, where n is an integer.

In problems 11, 12, 15 and 17 find at least the first four non zero terms in a power series
expansion about x = 0 for a general solution to the given differential equation.
11)  y' +(x+2)y=0

The coefficient, x + 2, is a polynomial, and so it is analytical everywhere. Therefore,
x = 0 is an ordinary point on the given equation.
We seek the power series solutiin in the form:

yx) =D ax" =y = nax™t
n=0 n=1

We now substitute the power series for y and y’ into the given differential equation and
obtain:
Yy +(x+2)y=0

o0

D onapx™t+ (x+2) Y ax" =0

n=1 n=0
We want to be able to write the left-hand side of this equation as a single power seriess. This
will allow us to find expressions for the coefficient of each power of x. Therefore, we first need
to shift the indices in each power series above so that they sum over the same powers of x. Thus,
we let k = n — 1 in the first summation and note that this means thatn = k + 1 and thatk = 0
when n = 1. This yield

o0 0 0
D (k+ Dagaxk + > 2axk + > akaxk = 0
o ko 1



= |:a1 + (k+ 1)ak+1x'<:| + |:2ao + ZZakka +> araxk =0
k=1 k=1

k=1

= (a1 +2a0) + D [(k+ 1)ak + 2ax + a1 ]xk =0
k=1
For the power series on the left hand side to be identically equato to zero, we must

have all zero coefficients. Hence,

12)

=
101

(a1 +2a9) =0

(k+ 1l)ag1 +2ak +ax-1 =0 forallk > 1

This yields:

ai+2a =0 = a; = —2ao
k=1:2a,+2a+a =0= a, = 2%78) _ (4%-a) _ 3a

2 2 2
k=2:3a3+2a,+a,=0= as = (222 —a1) = (=330 + 220) )

3 3 3
Therefore,
~ e 380,2 _ 80,3 _ _ 3 X2
y(X) = ap — 2a0X + 5 X 3 X2+, = ao(l 2X + 5 3 )
y'-y=0

The coefficient of y is the integer —1, which is analytic everywhere. Thus we expect to find a
power series solution of the form

y(X) = ap +arx+ax2++ e o= 3 " anX"
Our task is to determine the coefficients an.
For this purpose we need the expansion for y’(x) that is given by termwise differentiation of the
above equation:

y'() = 0+a1 +2ax+3agx? ++++ =3 " nanx"™.
We now substitute the series expansion for y and y' and obtain:

D napx™t - 37" anx" = 0.
We want to be able to write the left-hand side of this equation as a single power series. This will
allow us to find expressions for the coefficient of each power of x. Therefore, we first need to
shift the indices in each power series above so that they sum over the same powers of x. Thus,
we let k = n — 1 in the first summation and note that this means thatn = k+ L and thatk = 0
when n = 1. This yields

Do nanx™t =377 (k+ Dagsaxk
In the second power series we need only to replace n with k. Substituting all of these expressions
into their appropriate places yields

Zfzo(k + Day1xk — 2:):0 axk = 0.
In order for this power series to equal to zero, each coefficient must be zero. Therefore, we
obtain

(k+1a1—ak =0 - a1 = (kikl)
Setting k = 1,2,3... and using the fact that a; = ap
a2 = (1a+11) =7 as = (3a+31) =5 =1GED)
M-y - ) - g - E -GG e
Hence the power series for the solution takes the form
y(x) = aO(1+X+%X2+%X3 +...) = aoznio)r(]_? = gpe¥



y'+(x=1)y +y=0

Here P = x — 1 and Q = 1 so there are no singularities and x = 0 is an ordinary point. Then

y = anx"
n=0

y' =D an(mx™?
n=1

y" = an(n)(n-1)x"?2

n=2
and the DE implies

D an(m)(n—1x"2+ D" an(mx" = D" an(n)x"* + D" anx" = 0
n—2 n-1 n-1 n-0

We shift the first and third sums above by lettingk =n—-2orn=k+2andj=n-1or
n=j+1and get

D aka(k+2)(k+ Dxk =D aja(+1x + D an(n+1)x" +ap = 0
k=0

j=0 n=1

Replacing all of the place keepers by m and writing out the first terms of the first and second
sums leads to

2(1)az —ai +ao + Z[amz(m +2)(M+1) —amu(mM+1) +ap(m+1)]x™ =0

m=1
Thus
20 —a1+ap =0
amz(M+2)(M+1) —apu(M+1) +am(m+1) =0
or
_ 8mi1 —am _
Ami2 = —— m=123,...
Hence
_ a1 —4ap
az——z
a;—ap
_ _ap-a; _ — 2 —~a  —(ai1+ao)
m=1=a3= 3 = 3 = 5
A —a —(a1tao) _ ar-ag 2ar +a
_ _ 3 - a2 _ 6 2 _ —<&di 0
m=2>=ay= 7 = 7] = 1
Therefore
y(X) = Zanx" =ap+aiX+ax2+ -
n=0
_ _x2 o x3 . x4 x2 _x3 _ x* )
‘ao( > "t t )*al(“ > "6 67

17.) Find at least the first four nonezero terms ina power series axpansion about x = 0 for a
general solution to a given differntial equation.

"

w —x2w' +w =0



o0
W(X) = ao +a1X +ax? +asx® +...= Y anX"

o0

W= anx"
n=0

W' =" an(n)x"?
n=1

= > an(n)(n—1)x"?2
n=2

W' =X +w =" anx" —x2Y " an(nx™t+ 37 an(n)(n - 1)x"?
Do panx" =" an(nx™ + 37 an(n)(n-1)x"? =0
k=n-2,n=k+2;n=2k=0n-1=k+1
2o an(Mmn—1)x"2 =377 aka(k+2)(k+ 1)x¥
k=n+Lin=k-1n=1k=2
Do an(mx™ =37 aka(k—1)xk
Do panx" =207 akx
Do anx" =20 an(mx™ + > an(n)(n—1)x"? = 3" aka(k+2)(k+Dxk - "
(2)(Daxx® + (3)(Qasx + D, aka(k + 2)(K+ )x¥ = D7 ak-a(k — 1)xK + aox® + agx +
ao +2az + (6az + a))x+ ) [aka(k+2)(k+1) — (k- Daxs +ax]xk = 0

do = a a; = a
0= 0 T (k+2)(K+ Dake — (K- 1)aes +ax = 0
aO + 2a2 = 0 6a3 + al - O a _ (k*l)akflfak
a, = — as = —& k2 = T2k D)
2 6
do = ado
dy = ax
_0n - _ 8
k=0: dy = — >
k=1:a3= —%
_ 9. _ (@Dai-a; _ az—ap _ 2aitap
k=2:as= +1)(2+2) =~ ®E@) 24

W(X) = ap + aiX + ax? + asx® + asx* =

=ap+aix— _X2 al X3 + 2a1+ao x4 =
=ao+a1x——x2— x3+ x4+§x4=

_ x2 Xt x3 L xt

=ao(l- 2+ )+a1(x + 45



19.) Find a power-series expansion about x = 0 for a general solution of
y' —2xy =0
Your answer should include a general formula for the coefficients.

so the DE leads to

D an(n)x™t—2) ax™ =0
n=1 n=0
Shifting the first sum by lettingk+1 =n—1orn = k+ 2 we get
D apa(k+2)xkt =23 " apx™t = 0
k=—1 n=0
or after replacing the place keepers by m

a1+ Y [ama(M+2) — 2ap]x™! = 0

m=0
Thus
a; =0
am2 = 2 am m=0,1,2,...
m+2

Substituting values for m we get

m=0:>a2=1ao

2
m=l:a3=%a1=0
2
m=2:a4=%a2=—§.a2

m=3=>a=0

3
M= 4= as = Zas = 5o
The pattern is therefore
_ 2°p _ 2P _ 4o
a» = 57, 6---(2p) do 2°(1.2-3-p) Y

and

y(x) = ao z X 1
p=0 "

2L) y'-xy'+4y =0



y = anx"
n=0

y' = an(nx"t
n=1

y' = an(n)(n-1)x"?
n=2

Plugging into the DE, we have,

2o an(M=Dx"2—x> " an(mx™t +43 " ax" =0

= > an(n)(n—Dx"2 -3 " an(n)x"+ > " 4ax" =0

Now, shift the index of the first sum by letting k=n-2, and we let k=n in the other two
power series.

Z:lo(k +2)(k + Dagsoxk — Z:’:l ax(K)xk + Z:;o 4axk =0

Now,

(2)(Daxx® +3° " (k+2)(k+ Dakax* — 3" ak(k)x +4aox® + > " 4awx* = 0

= 2az +4a0+ ), (k+2)(k+ Dakax - 7 ak(k)xk +>°° 4axk = 0

= 2az +4a0 + ), [(k+2)(k+ Daz + (—k + Hak]xk = 0

Now, setting each coefficient of the power series to zero, we see that,

2ap +4a0 = a, = —3% = —2ay,

(K+2)(K+ D)z + (-k+D)ag = 0 = ae = D% k> 1,

(k+2)(k+1) ' =
Thus we have:

_ _ 3 _ &
k=1= az = (2%(3) = ( 22)( o

— _ =23, _ (=¢)=%ao _ ag
Ty Ee

— _ a3 _ (9)ba; _ az
k=3=a=Gu = suee -
k=4=as=0

_ _ a5 ()EHW@ar _ ar
k=5=a7 = (72)<6) T (MEGE@E)(2) 560
k = 6 s a8 = as =
= gy = LIEDD.enHay

(2n+1)!
Substituting these expressions for the coefficients into the solution
YOO = D7 anX" = ao + aiX + axx? + asx® +...

_ 2 _ 8143, 84 &5 HBEDHD)..(@2n-5ay | 2n+1
y(X) = @o +a1X — 2a0X" — 5-X° + X + 55X+t 2] XMty
_ _oy2 4 x4 _x8 x5 =3EHA).(2n-Day |, 2n+1
= ao[l -2x*+ F]+ai[x— 5 + 55 + 2ne)! XMt ]

B v X o (3)EHD)...2n-5a1 | 2n+1
= ao[l - 2x* + -] +au[x+ D, (@n+1)! X

In problems 25 and 27 find at least the first four non zero terms in a power series expansion
about x = 0 for a general solution to the given the

Initial Value Problem.

25) W' +3xw' —w = 0; w(0) = 2, w'(0) =0



o0
W = Zanxn
n=0
o0
w' = an(nxm
n=1

w' = Zan(n)(n —1)xn2

n=2

w(0) = ag = 2, w'(@0)=a; =0
Plugglng into the DE we have

Zan(n)(n —1)x"2 + SXZan(n)x” ! ianxn =0

n=0
Zan(n)(n — 1)x"2 + Y 3an(n)x" — Zanx” =0
n=2 n=1 n=0

N_ow, shift the index of the first sum bg/ letting k=n-2, and shift the index of the second sum
to k=n and we let k=n in the last power series.

Y (k+2)(k+ Dagoxk + > 3ar(k)xk = > axk = 0
k=0 k=1 k=0

We can start all of the summations at the same point if we remove the first term in the first
and last power series from above. We then have:

(2a; —ag) + Z (k +2)(k + 1)a:2 + 3kag — ax]x< = 0

By equating the coefficients we see all of the terms in the power series must be equal to
zero. Then:
2a2—ao =0= ay =

(k+2)(k+1)awe +a@k-1) =0

ao

. —ak(3 -
W2 = Gkl K2t
Thus we have,
_ __—a18-1) . 2a1 . asr
K=l=a&=G a1~ 6 3
5(&)
K2 = a, = —2(3(2)-1) _ 5a, _ *\2 ) _ 5ap
2+2)2+1) 12 24
8( "“)
k=3 = as —a3(33)-1) _ 8az _ 2a1

3+2)3+1) 20
Substituting these expressions for the coefﬂments into the solutlon

y(X) = D anX" = ao + arX + axx? + asx® +
n=0

yields

y(X) = ag+aix+ 80,2 @& y3_ D804 285

_ 5
2 3 24 15



2

2
= ag[l+ %~ — 2x*+...] +a1[x—%x3+1—5x5...]
w(0) =ap =2
y(0) =2 =0 S 11
— 2 _ 9 y4 1l 6
y(x) = 2+X 1o X+ 55X

21) x+1y"-y=0; y@0 =0 Yy (0 =1

y = ianx”
n=0

= et
n=1

y" = an(n)(n-1)x"2
n=2

Plugging into the DE we have

X+ an(m(n-1)x"2 =37 anx" =

2o an(Mm=1Dx"2+32 " an(n)(n-1)x"* -3 " ax" =0

Now, shift the index of the first sum by letting k=n-2, and shift the index of the second sum
to k=n-1 and we let k=n in the last power series.

Z:’ZO aks2(k + 2)(k + 1)xk + Z:’Zl a1 (k+ 1) (k)xk — Z:lo axk =0

a2()(Dx + 37 aka(k+2)(k+ Dxk+ D7 ak(k)(k— 1)xt —apx® =3 " axk = 0
= 2az —ao+ ), [ake(k+2)(k+ 1) + aa(k + 1)(k) —a]x* = 0

2a2—ao=0:>a2=ﬂ

a2k +2)(k+1) + ak+12(k +1)(k)—ax=0

= s = S
Thus we have,
k=1=as= al(;?(zz()z) = alg: .
(=2m - 0@ _ Zaw _ ia
k = 3 = as = agfg;gjiw) _ a1—ao—2%ao+6a1 _ 7a1;(1)0a0

Substituting these expressions for the coefficients into the solution
y() = D7 anx" = ap + a1X + azx? + asx® +...

yields
_ 2o 2 ai—ao 3
y(X) = ao + aiX + -X° + =X 4

2 3 3
= ao[l+ % -2 +..] +ai[x+ 4 +..]

y(0) =ao(l)=0=ap=0
y(0) =a; =1

_ 1y3_ 1y4, 1.5
y(X) = X+ =X X+ o X



