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Problems 1, 3, 5, 6, 13, 15, 17 and 19

(Underlined problems are to be handed in)

In problems 1, 3, 5 and 6 determine the solutions, if any, to the given boundary problem.
1) y'+2y +26y =0

y(0) = 1,y(n) = -7

r’+2r+26=20
r=-1+5i
Therefore
y(X) = C187¥C0S5X + C2e7*sinbx
The BCs imply
y(0)=c1=1
y(r) = c1€77C0S5tr = —e7"
—Ci1e" ="
c1=1
Thus

y(X) = e Xcos5X + c2e7*sin5x
Where C; is arbitrary

3) y'-4y'+13y =0
y(0) =0,y(z) =0

r2—4r+13=0
r=2+3i
Therefore
y(x) = c1e2sin3t + c,e? cos 3t
The BCs imply

y(0) =c2 =0

y(r) = c1€%*sin3zr = 0
Forall c;. Thus
y = c1e2sin3t



3)y' -4y’ +13y =0
y(0) = 0,y(r) =0

r2—4r+13=0
r=2+3i
Therefore
y(X) = c1e?'sin 3t + c,e?' cos 3t
The BCs imply

y(0) =c2 =0
y(r) = c1€%*sin3r = 0
Forall c;. Thus
y = c1e2sin3t
3)y'—-4y'+13y=0
y(0) = 0,y(r) = 0

r’—4r+13 =0
r=2+3i
Therefore
y(X) = c1e?sin3t + c,e? cos3t
The BCs imply

y(0) =c2=0
y(r) = c1%sin3r = 0
Forall c1. Thus
y = c1e2sin3t

5) y'+y=sin2x  y(0)=y@2r) y'(0) =y'(@2nr)



rr+1=0
r=+i
a=0,p=1
yh(t) = c1e%cosx + c,e%sinx
Yh(t) = C1COSX + C2SiNX
Yp = Asin2x + B cos2x
Yp = 2Ac0s2x — 2Bsin2x
yp = —4Asin2x — 4B cos2x
—4Asin2x — 4B cos 2x + Asin2x + Bcos2x = sin2x
—3Asin2x — 3Bcos2x = sin2x
-3A=1-3B=0
A=-13B=0
Yp = (-1/3)sin2x
y(X) = C1COSX + C2sinX — (1/3) sin 2x
where ¢, and c; are the real numbers
y(0) = ¢; and y(27) = c; so the condition y(0) = y(x) implies nothing.

y'(X) = —C18iNX + C2COSX — 2 cos2x

3
Thus
y'(0) = ¢, — % andy'(2r) = ¢c2 — % so the condition y'(0) = y'(2r) also implies nothing.
Thus
Yy(X) = C1C0OSX + C2Sinx — (1/3) sin2x

6) y'-y=x
y(0) =3y (1) =2e-et-1

Yh = C1€*¥ +Ccoe™*

Yp = AX+B

Yp = A

Yp =0
0-Ax-B =X

A=-1B=0

Yp =X

Substituting



y(0) =3,y'(1) =2e-e* -1
cp1=2,co=1

y=2e"+e*-Xx

In Problems 13, 15, 17 and 19, find all the real eigenvalues and eigenfunctions for the
given eigenvalue problem.

13) y'+ iy = 0;

y(0) =0, y'(1)=0

The auxiliary equation for this problem is: r2 + 1 = 0.

To find eigenvalues that yield nontrivial solutions we will consider the three cases

A<0

A=0

A>0

Case 1: A < 0 Let A = —a?, where a # 0. The DE becomes
y'-a?y =0
In this case, the roots to the auxiliary equation are +a Therefore, a general solution to the
differential equation is given by:
Yy(X) = c18* + Ccoe™*
By applying the BC’s:
y(0) =c1+c2 =0 = C2 = —C1
Thus
Y(X) = ca(e™ — ™)
In order to apply the second BC, we need to find y'(x). Thus we have:
y'(X) = cra(e®™ + e )
Plugging in the second BC y'(1) = 0
y'(1) = cra(e* +e%) =0

Since e” + e* + 0, the only way the equation above can be true is for c; = 0. So in this
case we have only the trivial solution. Thus, there are no eigenvalues for 4 < 0.

Case2: 1 =0
In this case we are solving the differential equation y” = 0. This equation has a general
solution given by:

y(X) = C1 + C2X = y'(X) = ¢

By applying the boundary conditions, we obtain
y(0) = c1 =0;

y' (1) =c2=0

Thus, c1 = ¢z = 0, and zero is not an eigenvalue

Case 3: A > 0 Let A = B? where B = 0. The DE becomes
y"+p?y =0



In this case the roots to the associated auxiliary equation are r = £fi
Therefore, the general solution is given by
y(X) = C1C0S X + C2 Sin X
By applying the first boundary condition, we obtain
y(0)=c1 =0 =
y(X) = c2sinfx
In order to apply the second BC we need to find y'(x). Thus,

y'(X) = c2Bcos Bx
Pluging in the BC

y'(1) = c2fcosf =0
Therefore, in order to obtain a solution other that the trivial solution, we must have
cosp =0 = —(n+—> n=2012...

= An=p (n+—> withn =0,1,2...
For these eigenvalues A, we have the corresponding eigenfunctions,

Yn(X) = cnsinKn + %)nx} with n=0,1,2.....

where c,, is an arbitrary nonzero constant.

15) y"+3y+ 4y = 0;

y'(©0) =0 y(n)=0

The auxiliary equation for this problem is: r? + (1 +3) = 0andr = + /—(3+ 1)

To find the eigenvalues which yield nontrivial solutions, three cases must be considered:

A+3<0

A+3=0

A+3>0

Casel: A+3 <0LetA+3 =-a’wherea =0

In this case the roots to the auxiliary equation are the real numbers £ /—(A + 3)

The general solution to y” — a?y = 0 is y(X) = c18% + coe™

By applying the first boundary condition, we obtain:

y'(X) = C1a8% — Coae~® = q(Cied"FIX _ ¢ eI

y'(0) =a(ci-c2)=0=c1-C,=0=1c¢1 =0Cy

y'(7) = a(c16%" —c167) = ac1(e”* —e%") = 0; since a + 0 and e** —e™" + 0
=C1=C=0

In this case, we have only the trivial solution. There are no eigenvalues for A + 3 < 0.

Case2: A+3=0

In this case we are solving the differential equation y” = 0. This equation has a general
solution given by:

y(X) = €1+ C2X

y'(X) = C2

By applying the boundary conditions, we obtain
y'(0) = c2 = 0;

y'(r) =c2=0

Thus, c; is arbitary and zero is an eigenvalue with eigenfunction y(x) = C, C any constant.



Case 3:A+3 >0 LetA+3 = p?where B+ 0
The DE becomes
y"+p?y =0
Therefore, the general solution is given by
Y(X) = C1C0SBX + C2Sin fx
By applying the first boundary condition, we obtain
y'(X) = B(—cysin BX + €2 cos BX)

y'(0) = Bc2 =0 = ¢2 = 0 = y'(X) = B(—C15in px)
y' () = B(—cysin(Br) = 0, Since B # 0 and we want

c10=p=n=A1+3=p°=n>=1=n?-3

SO

= Ap=n?-3 withn =0,1,2...
For these eigenvalues A, we have the corresponding eigenfunctions,
Yn(X) = cpcosnx  withn=0,1,2..... where c,, is an arbitrary nonzero constant.

17)y'+y=0  2y(0)+y'(0) =0 y(x) =0

The find the eigenvalues which yield nontrivial solutions, three cases must be considered:
A<0

A=0

A>0

Casel: 1 <0
A=-p?> pu>O0andthe DEisy” — u?y =0

y(X) = c1e + coe M
For convenience we introduce the hyperbolic sine and cosine

cosh(ux) = &2 +e* Ee_"x
sinh(ux) = w

and write the solution above in terms of these functions. Then
y(X) = ci(cosh(ux) + sinh(ux)) + cz2(cosh(ux) — sinh(ux))
= (C1 + C2)cosh(ux) + (€1 — C2) sinh(ux)
Let
ki = (C1 + Cz) ko, = (C1 - Cz)
then:
y(X) = c1eX + coe7#* = kj cosh(ux) + kz sinh(ux)

y'(X) = ukisinh(ux) + pkz cosh(ux)

—2K1

2y(0) +y’(0) = 2k1 +yk2 =0 — k2 - i

y(x) = kl(cosh(ux) - (%) sinh(yx))



y(r) = kl(cosh(;m) - (%) sinh(un)) =0

Since we want k; = 0. then we must have

% = tanh(ur)
SO
u = 2tanh(ur) = A = —pu? = —Atanh?(un)
and
y(x) = kl(cosh(ux) — (%) sinh(ux))
Case2: 1 =0

The DE becomesy”(x) = 0, soy(x) =ax+b y'(x)=a
2y(0)+y'(0)=2b+a=0 y#)=ar+b=0
Thus a = b = 0 and we have only the trivial solution.

Case 3: 1 > 0 Let A = u?, where p + 0. Then the DE becomes y" + u?y = 0 and
y(X) = C1Sinux + €2 COS ux
y'(X) = C144€OS uxX — CousSinx
2y(0) +y'(0) = 2c2 + uc1 = 0

y(r) = c1Sinum + cacosur =0

Then:
C = _—2“01
and
c1<sin;m - %cos;m) =0
SO
tanh ur = % = u=2tanur
and

y = c(sin,ux - %cosm)

19)(xy)' +ax*t =0 y'(©0)=0 yE")=0

By the Cauchy-Euler equation

xy) +Axt=x2y"+xy'+2y=0 x>0

Substituting y = x" gives r2 + A = 0 as the auxiliary equation for x?y" +xy’' + Ay = 0
Case1: A <0 :LetA=—pu?foru>0. Therootsarer = +u

The general solution is: y(X) = C1X* 4+ CaX™#

and y'(X) = cauxt — coux#t = p(Cixt — cox#1h)

Substituting into the first boundary condition gives

y'(1) = u(c1—c2) =0



Sinceu >0

c1—C2=0 = C1=0C2 = Y(X) = C1(X* + x7H)

Substituting this into the second condition yields:

y(e") =ci(e* +e*#") =0

Since e#™ + e #7 + 0 the only way equation c;(e** + e #7) = 0 can be true is for c; = 0.

In this case, we only have trivial solutions.

Case2: 1 =0

In this case we are solving the differential equation (xy’)’ = 0. This equation can be solved
as follows:

xy' = ¢y =y =<t = y(X) = c2 +C1InX

By applying the boundary conditions, we obtain

y(1)=c1=0 vyE")=cy+ciIn(€*) =c+cir =0

Solving these equations simultaneously yields c; = ¢, = 0. This, we again find only the
trivial solution. Therefore, A = 0 is not an eigenvalue.

Case3: 1 >0

Let A = u? for u > 0. The roots of the auxiliary equation are r + pi

The general solution is:

y(x) = cycos(ulnx) + casin(ulInx)

y'(x) = —C1(5)sin(uInx) + c2(5) cos(uInx)

By applying the first boundary condition, we obtain

y,(l) = Cou = 0 c,=0

Applying the second boundary condition, we obtain

y(e™) = cicos(ulIn(e™)) = cicos(ur) =0

Therefore, in order to obtain a solution other than the trivial solution, we must have

cos(ur) =0 = pr=M+5)r  n=012......

= pu=n++ = An=0+3)> n=012......

Corresponding to the eigenvalues, A,’s, we have the eigenfunctions:

yn(X) = cacos[(n+ $)Inx]  n=0,1,2......

Where ¢, is an arbitrary nonzero constant.



