MA 221 Homework Solutions
Due date: April 7, 2009

Section 10.6 Problems 5, 9, 11
(Underlined problems are to be handed in)

5.) f(x) = hox/a, 0 <x<a,
f(x) = ho(L —x)/(L — a), a<x<lL
andg(0) =0

The problem is consistent because

g(0) =0 =g(L) and f(0) = 0 =f(L)

The formal solution is given in equation (5) on page 625 of the text with the coefficients
given in equations (6) and (7) on page 626. By equation (7)

go) = 0= " bn(Lr)sin(22).

Thus, each term in this infinite series must be zero and so b, = 0 for all n’s. Therefore, the
formal solution given in equation (5) on page 625 becomes

u(x,t) = >~ ancos(L)sin( i)

Using equation (7) on page 609 forn = 1,2,3,...we have

an =2 ij(x)sin( nax )ox = 2 [0 [*xsin(2x )dx + hojL L2 sin (02 ) ix]

= ZorL j xsin(-2m )dx+ f sin(22 )dx — L Iaxsm(”—fx)dx]

By usmg mtegratlon by parts

[ xsin(22 )dx =

Forn=1,2,3,.

an = 20 (L[ 2 cos( 2 ) + —t sin( 2]
[cos nm — cos( L )] - L%[—— cosnz + & cos(2)] +

LZ .
——[sinnz

oh L2 nr (L a)

_ 0 nra

an = n27r2a(L—a)2 ( ) =12 3

u(x,t) = ”fgé’LL_a) 2:’1 L-sin(2) cos(44 ) sin( 22
9) Zu - 4224 O<x<L, t>0

at2 2
u(0,t) =0and &(L,t) =0, t>0
u(x,0) = f(x), O<x<lL
L (x,00=g(x), O<x<lL
XO)T"(t) = a?X"(X)T(t)
T”(t) _ xH(X)

a?T(t) X(X)

7'M I 2 _
i K=T'(t)—a*KT() =0

X"(x) _
W =K = XN(X) - KX(X) =0

We have the BCs X(0) = 0and X'(L) =0
For a nontrivial solution for X(x) we need sines or cosines. Thus we set K = —32, where
B = 0. Then

X(x) = asin x + bcos x



Now X(0) = 0 impliesb = 0, whereas X'(x) = afcosBx so X'(L) = 0 implies that
cospL = 0. Thus

L = (2”—;1)7: n=01,2,...

()¢

Xn(X) = a,&in(%)(%), n=0,12,...
The equation for T(t) is
T'() - a?KT() = 7" +a?( (2L )(%))ZT -0

Ta(t) = bnsin<< 2”2+1>(”|‘_"t)> +cncos(< 2n2+1>(”f‘t>>, n=0,12,...

Therefore
w00 = 3 [Basin((22) (SL))  Cocos( (244 ) (521)) Jsin( 2131 (£2)
, The initial conditions imply

u(x,0) = f(x) = iCnsi”(%> (%)
n=0

or

and

SO

) = T 2231 (4 Yeos((251) (1)) Jom(251) (2)
_g[ (2n+1><7ra )Sln((2n+1)(nat)>}5|n<2n+1>(%)

Therefore

ut<x,o>=g<x>=isn<%><%>sm<2n—;l><”—ﬁ>
n=0

11) &4+ 2 ru=0a22y, 0O<x<Ll, t>0
u(O,t)zu(L t) =0, t>0

u(x,0) = f(x), O<x<lL

L (x,00=g(x), O<x<lL

Assume the solution has the form u(x,t) = X(X)T(t).
Substituting this into the partial diff. eq. yields

X(X)T”(t) + X(X)T (t) + XX)T() = a?X"(X)T(t)
T'O+T'O+T) X'

a?T(t) X(X)




T"O+T' ®)+T()

a?T(t)

K= T'M)+T' 1)+ (1 - a2K)T(E) =0

X0 K = X"(x) - KX(X) = 0

X(x)

Substituting u(x,t) = X(x)T(t) into the boundary conditions yields
X(0)T(t) =0 = X(L)T(t), t>0

= X(0) =

X(L) = 0

X"(x) — KX(X) = 0 with X(0) = X(L) = 0
K = —(nz/L)?, n=123,...

Xn(X) = Apsin(nzx/L), n=123...

Now, plug K into the above equation
T'O+T'M+ @+ L22)T() =0, n=123..

2n2.2

r2+r+ 1+ 45 )—0

r=—i4 B o123,
Ta(t) = e 2[B, cos( L4’z +4“ "°7* ) + Cp S|n(—"3" HeT H)]
Let ﬁn — —“3L2+4anr: tp get
Ta(t) = e¥2[Bcos(Bnt) + Cnsin(Bnt)]
Un(X,1) = Xn(X)Tn(t) = Ane Y2[Bncos(Bnt) + Cnsin(Bnt)] sin(nzx/L)
u(x,t) = Y e2[a,cos(Bnt) + basin(Bat)] sin(nax/L)
n=1
where, a, = A,Bnand b, = A,C,
Since
au(x 2 Z{( 1/2)e™"2[an cos(Bnt) + bnsin(Bat)] + e Y2[-anfnsin fnt + bnfncos(Bnt)]} sin(nzx/L)
a“(x 9O _o- Z{ 814 b, Bad sin(nxiL)

s

2 +bnﬁn—0:>bn: Zﬂn n:1,2,3
Thus,

u(x,t) = Zane‘t’2 [cOS(Bnt) + ==

sin(Bnt)] sin(nzx/L)
n=1 ﬁ

To find a, use the remaining initial condition to obtain
u(x,0) = f(x) = >~ ansin(nzx/L)

Therefore,

=2 j;f(x)sin(nnx/L)dx
Formal solution to the problem is given by



ux,t) = Zane‘t’z[cos(ﬁnt) + ﬁsin(ﬁnt)] sin(nzx/L)
n=1 n

where
2 " -
an = TI f(x) sin(nzx/L)dx
0

and

fo = V3L2 + 4a2n2x?2
" 2L




