
Chapter 1 Introduction14 

SOLUTION 	 Here f(x, y) 3;:2/3 and af/ay . Unfortunately af/ay is not continuous or even 
defined when), = O. Consequently, there is no rectangle containing (2, 0) in which both f and 
[(f/al" are continuous. Because the hypotheses of Theorem 1 do not hold, we cannot use Theo­
rem 1 to determine \\"hether the initial value problem does or does not have a unique solution. It 
turns out that this initial \"alue problem has more than one solution. We refer you to Problem 29 
for the details. • 

In b::ample 9 suppose the initial condition is changed to = 1. Then, sincefand af/ay 
are continuous in any rectangle that contains the point (2, 1) but does not intersect the x-axis­
say. R " x. : I) < x < 10,0 < y < 5}-it follows from Theorem 1 that this new initial 
\ aIm.' problem has a unique solution in some interval about x = 2. 

, <~fERCISES 1.2 
1. (a) ShO\\ that 6 x is 2-D ;:\plicit solution to 

7. y e2x - 3e -x , dx - 2y = 0 

11..... 	 8. y = 3 sin2x + e-x , y" + 4y = 5e-x 

on the intef\"al 	 - x. x . 
(b) Show that 0 1 x· = I' - "' " ~"1 ;:,plicit solution to In Problems 9-13, determine whether the given relation 

dy , is an implicit solution to the given dijj"erential equation. ~+ y- ':r - 1
dx . Assume that the relationship does define y implicitly as a 

on the intenal x. x . function ofx and use implicit differentiation. 
(c) Show that 6 x x- is an explicit solu­

tvi-] X2 
tion to 0'-, the intef\al (0. 9. x 2 + v 6 , 

dx y 
2. (a) Show that ~.: -- :: - :' = I) is an implicit solution dy 

to dy/dx - 1 ' OIl the intcf\al (-00,3). 10. y lny =XL + 1 
dx y

(b) Show that siJ x = 1 is an implicit solu­
dytion to 	 XY11. e + y x 1 , 
dxdl" X cos X - ,in x 1 y 


dx 3'x x sin x 2
12. x sin(x + y) 1, dr; = 2x sec(x + y) - 1 
on the intcf\al 	 O. 7T 

13. =2 
In Problems 3-8. determine \rherher The gil'en fimction is y - 2(y')2
a solution to the dUTeremiai equation. 

d 2 Yy
3. y = sin x -L x~ ", - y .C 2 14. Show that ¢(x) = c( sin x + C2 eos x is a solution to dr ­

d 2y/dx2 + Y = 0 for any choice of the constants c]
4. x = 3 cos t '- 5 sin t . x" -'- x o and C2' Thus, C1 sin x + C2 cos x is a two-parameter 

family of solutions to the differential equation. 5. x = cos 2t , dr -'- t .... = sin 2tdt 	 .. 
Ce3x + 115. 	Show that ¢(x) is a solution to 

dy/dx 3y = -3 for any choice of the constant C.6. e 2e 31 
- e21 

, d2e eci!L + 3e 
dt Thus, Ce3x + 1 is a one-parameter family of solu­



Section 1.2 Solutions and Initial Value Problems 

tions to the differential equation. Graph several of 
the solution curves using the same coordinate axes. 

216. Verify that x + 1, where c is an arbitrary 
nonzero constant, is a one-parameter family of 
implicit solutions to 

dy 

dx 

and graph several of the solution curves using the 
same coordinate axes. 

x1-. VerifY that 1>(x) = 2/(1 - ce ), where c is an arbi­
trary constant, is a one-parameter family of solutions to 

dy y(y - 2) 
dx 2 

Graph the solution curves corresponding to c = 0, 
::t 1, ::t2 using the same coordinate axes. 

18. Let c > O. Show that the function 1> (x) = 

! c2 
- x 2) -I is a solution to the initial value prob­

2lem dy/ dx = ,y(O) 1/c , on the interval 
-c < x < c. Note that this solution becomes 
;mbounded as x approaches ::tc. Thus, the solution 
::"ists on the interval (-8,8) with 8 = c, but not for 
:arger 8. This illustrates that in Theorem 1 the exis­
~ence interval can be quite small (if c is small) or 
~uite large (if c is large). Notice also that there is no 
;:lue from the equation dy/ dx = 2xy2 itself, or from 
the initial value, that the solution will "blow up" at 
.1'= ::tc. 

1'). Show that the equation (dy/dx)2 + l + 3 = 0 has 
no (real-valued) solution. 

:!). Determine for which values of m the function 
e rnx is a solution to the given equation. 

d 2y 	 dy
ia) 	-~ + 6- + 5y 0 


dx2 dx 


d2v 	 dy
Ib) _ + . + 2- = 0 

dx j dx 

:1. Determine for which values of m the function 
= x'" is a solution to the given equation. 

o d2 y 	 dv 
I a) 	3x L

- o + llx'-"- - 3v = 0 
dx L dx' 

dy o 

22. 	Verify that the function 1>(.1') 
solution to the linear equation 

dLI,' dy
. + -	 - 2v = 0 

d:x . 

for any choice of the constants CI and C2' Determine 
c] and c2 so that each of the following initial condi­
tions is satisfied. 

(a) 	y(O) 2, y'(O) = I 
(b) 	y( 1) 1, yf (I) = 0 

In Problems 23-28, detennine whether Theorem 1 implies 
that the given initial value problem has a unique solution. 

dv 
23. 	d~ .1'3 l, y(O) =6 

dy
24. 	de ey = sin2e , =5 

dx 
25. 	x dt + 4t 0, = -'IT 

dy
26. 	dx = 3x - - 1 = 1 

ely
27. 	yy; x, y(l) = 0 

dx
28. 	 dt + cos x sin t , x( 'IT) 0 

29. 	(a) For the initial value problem (12) of Example 9, 
show that 1> 1(x) == 0 and (x 2)3 are 
solutions. Hence, this initial value problem has 
multiple solutions. 

(b) Does 	 the initial value problem y' = 3y2/3, 
yeO) = 10-7

, have a unique solution in a neigh­
borhood of x 07 

30. Implicit Function Tbeorem. 	 Let G(x, y) have con­
tinuous first partial derivatives in the rectangle 
R = {(x,y):a < x < b,c < y < d} contammg 
the point (xo, If G(xQ, Yo) 0 and the partial 
derivative Yo) * 0, then there exists a di.fJer­
entiable function y = dJ(x), defined in ~ome intell'al 
I (.1'0 - 8, .1'0 + 8), that satisfies Glt, 1>(.1')) = 0 
for all x E I. 

The implicit function theorem gives conditions 
under which the relationship G(x, y) = 0 defines y 
implicitly as a function of x. Use the implicit func­


