14 Chapter 1 Introduction

SOLUTION

Here f(x.y) = 3v¥® and af/ay = 2y 5. Unfortunately f/dy is not continuous or even

defined when v = 0. Consequently, there is no rectangle containing (2, 0) in which both fand
aff v are continuous. Because the hypotheses of Theorem 1 do not hold, we cannot use Theo-
rem | to determine whether the initial value problem does or does not have a unique solution. It
turns out that this initial value problem has more than one solution. We refer you to Problem 29

for the details. W

In Example 9 suppose the initial condition is changed to y(2) = 1. Then, since f and §f/dy
are continuous in any rectangle that contains the point (2, 1) but does not intersect the x-axis—
sav. R = nr <y <10,0 <y < 5}-it follows from Theorem | that this new initial
valtue problem has a unique solution in some interval about x = 2.

1. (a) Showthatd v = o isan zxplicit solution to
dy
Koo =3y
on the interval —~o0x .

{b) Showthatdix' = ¢ — = s an explicit solution to

dy N - o 5
'(-!-+_\"‘—*——e”'- I i |
x
on the interval —x0 X .
© iz an explicit solu-

(¢) Showthat & v = x~ — x

tion 10 x7d = 2v on the interval (0. co).
2. (a) Showthat~~ — r — 3 = 0 is an implicit solution
todv/dy = —1; on the interval {—oc, 3).
(by Show that xv° -~ 7 sinx=11s an implicit solu-
tion to
dy  xcosxy—sinx -1y
dv Jiy — ysiny

on the intenval 0. 7 /2 .
In Problems 3-8. determine whether the given function is

a solution to the given differenrial equation.

3. y=sginxy+x .

4, x=3cost—Ssinr. ¥ —xy=40

5. x=cos2t, %*t\zgin%
6.0 =2 —c%, 0 _ gl a5 oox
dr dt

dy A,
a7

Ty =¥ = 37

8. y=3sin2x+e*, y +4dy= 5"

In Problems 913, determine whether the given relation
is an implicit solution to the given differential equation.
Assume that the relationship does define y implicitly as a

Junction of x and use implicit differentiation.

dy  x
9. X2 +vi =6, = -
dx y
dy 2xy
o R 2 —L—}i = X)
10, y—Iny=x"+1, i
dy eV —y
xv oy e T e
11, eV +y=x—1, e
a4y

]

12. 3% —sin(x +y) = 1, 2 seclx +y) — 1

dx

13.siny +xy— x> =2,

6y’ + (y)Psiny - 2(y')
3x% - y

14. Show that ¢(x) = ¢; sin x + ¢, cos x is a solution to
d*y/dx* + y = 0 for any choice of the constants ¢,
and ¢,. Thus, ¢; sinx + ¢; cos x is a two-parameter
family of solutions to the differential equation.

15, Show that ¢(x) = Ce™ + 1 is a solution to
dy/dx — 3y = —3 for any choice of the constant C.
Thus, Ce™ + 1 is a one-parameter family of solu-
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16.

—=
7]

o9,

Section 1.2

tions to the differential equation. Graph several of
the solution curves using the same coordinate axes.
Verify that x* + c¢y? = 1, where ¢ is an arbitrary
nonzero constant, is a one-parameter family of
implicit solutions to

&

dx  x* -1

and graph several of the solution curves using the
same coordinate axes.

. Verify that ¢{x) = 2/{1 — ce*), where ¢ is an arbi-

trary constant, is a one-parameter family of solutions to
dy _yly-2)

dx 2
Graph the solution curves corresponding to ¢ = 0,
+1, =2 using the same coordinate axes.

. Let ¢ > 0. Show that the function ¢(x) =

ic> — x%7! is a solution to the initial value prob-
lem dy/dx = 2xy* y(0) = 1/c*, on the interval
—¢ < x < ¢, Note that this solution becomes
unbounded as x approaches *¢. Thus, the solution
2xists on the interval (-8, 8) with & = ¢, but not for
“arger &. This illustrates that in Theorem 1 the exis-
—ence interval can be quite small (if ¢ is small) or
Juite large (if ¢ is large). Notice also that there is no
clue from the equation dy/dx = 2xy? itself, or from
the initial value, that the solution will “blow up” at

x = ke
. Show that the equation (dy/dx)* + y* + 3 = 0 has

no (real-valued) solution,

Determine for which values of m the function
o ) = ¢"™ is a solution to the given equation.

dy
() +6A~+5y“0

d3y d*y dy
th) —= + 3»“ +2—==0
dx’® et Tdx

. Determine for which values of m the function

&lx) = x™ is a solution to the given equation.

d% dy
1a) 3x° +11x'—*3y—0
dax
, qdy dy
ib) x* — Sy = ()
dx* dx =

22.

Wt

Solutions and Initial Value Problems

Verify that the function ¢(x) = cje* + coe ™ is
solution to the linear equation
d?y dy
=2y =0
dx dx
for any choice of the constants ¢, and ¢,. Determine

¢y and ¢, so that each of the following initial condi-
tions is satisfied.

@ »(0) =12,
by y(1) =1,

]

y'{0) =1
y (1) =0

In Problems 23-28, determine whether Theorem I implies
that the given inifial value problem has a unique solution.

dy
S T L0 =
23, =5y y(0)=6
dy ) _
24. 20 dy = sing , ylm)=5
25 xE 44 =0 x(2) = -7
dr g
26 Y o5 V41 y(2) =1
. dx . A B
dy
dx .
28, =+ cosx=sint , x(m) =0
dr
29. {a) For the initial value problem (12) of Example 9,

30.

show that ¢(x) = 0and $,(x) = (x — 2)° are
solutions. Hence. this initial value problem has
multiple solutions.

(b) Does the initial value problem y' = 3y**
y(0) = 1077, have a unique solution in a neigh-
borhood of x = 07

Tmplicit Function Theorem. Ler G{x, v} have con-

tinuous ﬁrst partial derivatives in the rectangle

R= {f/x yhia <x <bc<y< d} containing

the point (3 o, Yo). If Glxo, vo) = 0 and the partial

derivative G,{xg, yo) )V # 0, then there exists a differ-
entiable fzmétion y = &(x), defined in some interval

I= (xy— 8 xy+ 8), that satisfies G(x, (ﬁﬁ)] =0

forallx € I

The implicit function theorem gives condifions

under which the relationship Glx, v} = 0 defines v

implicitly as a function of x. Use the implicit func-



