Ma 221 Final Exam Review

Problems on Series Solutions of DES, Fourier Series, Boundary Value
Problems and Separation of Variables

Series Solutions of Differential Equations
Example
Solve the equation

A-x2)y"+2y=0
near X = 0 using series solutions.
Solution:

yx) =D anx"
n=0

y'(x) = Y an(nx"?
n=1

y'(x) = D an(n)(n— 1)x"2

n=2
Substituting into the DE we have

D anm)(n=1x"2 =D an()(n—1)x" +2 > anx" = 0
n=2 n=2 n=0
or

D an(m)(n—1)x"2 = an[(n)(n — 1) - 2]x" + 2ag + 2a1x = 0
n=2 n=2

We now shift the first sum by lettingk = n—2 orn = k+ 2. Then we have

D Ak +2)(k+ 1)xK = Y an[(n)(n—1) - 2]x" + 2ag + 2a1x = 0
k=0 n=2
or replacing k and n by another "dummy" variable m

a2(2)(1) +az(3)(2)x + 2ag + 2a1x + Z{amz(m +2)(Mm+1)—am[m2-m-2]}xM =0

m=2
Therefore
dy = —4qq
az = —%al
and

ami2(M+2)(M+1) —am[m2-m-2] m=23,...

The recurrence relation is

W m-2m+1l) _mop
M2~ m+2)(m+1) " m+2

am m=2,3,...



Hence a4 = 0, and all even coefficients ap; = 0 fori = 2,3, ...

m=3:a5=%a3:—ﬁa1
m=5:a7=%a5:—%a1
Hence
0]
y(x) = Y anx" = ag +agXx+ax? + -
n=0
_ \2 _1lw_ 1,5 1,7, ..
=ap[1 x:|+a1[x X0 - geX° - gex }

SNB Check: (1 —x2)y" + 2y = 0, Series solution is:

y() = y(0) +y'(0)x = y(0)x% — 2y'(0)x3 - 55y (0)x® — 5y (O)x7
Example

Solve the equation

x2+1)y" +xy' =y =0
near x = 0. Be sure to give the recurrence relation and the first 5 nonzero terms of the general
solution. Indicate the two linearly independent solutions.

Solution:
yox) = D anx"
n=0
y' () =D an(n)x"?
n=1
y'(x) = D an(n)(n - 1)x"2
n=2
The DE implies
D anm)(n=1x"+ D an(n)(n—1)x"2+ D an()x" - D anx" = 0
n=2 n=2 n=1 n=0

Combining the there sums that have x" in them, and shifting the sum with x"~2 in it by lettingk = n — 2
orn = k+ 2 we have

—ap—agx+ax+ Y agk+2)(k+ DxK+ D an[(n)(n—1) +n—-1]x" = 0
k=0 n=2

Or after replacing k and n by the "dummy" place keeper m

—ap +a2(2)(1) +az3)@)x + >_{ama(m+2)(m+1) +am(m? - 1) }x™ = 0

m=2
Thus



asy = %ao
0

az =

2
_ m< -1 __m-1 _
amy2 = Mm+2)m+ 1) am m+2am m=2,3,...

m=2:a4=—%a2:—%ao
m=3=a5=0
3 1

m=4:>a6=—€a4:+1—6a0

All of the odd coefficients apj,; = 0 forj > 1. Therefore
o0
y =Y anx" =ag+aix+a?+ -
n=0

= a0[1+%x2—%x4+ 1—16x6+---} +ax

SNB Check: (x2 +1)y" +xy' —y = 0, Series solution is:
YO = Y(0) +Y' 0%+ (F(0))x2 + (=5y(0))x* + ({5y(0) )x + (-5 () )x8 + 0 (x°)
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Problem 1
Find the first four nonzero terms of the Fourier sine series of

f(x):{ 0 O<x<r

2 T<X<21

Solution:
If f(x) is a function defined on [0, L], then its Fourier sine expansion is given by

- L
f(x) = > ansin ”—f") where ap = % J'O f(x) sin "X gx
n=1

Here L = 2x so that
o0
f(x) = > an sin(%)
n=1

and
an = %J‘S” f(x)sin(%)dx

Hence



2
an = %UZ Osin %dx + Inn(—Z)sin %dx}

L(4)|: coszn — cos(%;m) :|

4 n

Evaluating this last expression forn = 1,2,3,4,5 we get
n=1 aj= %[—1]

n=2 322%[1]
_ _ 4 17 _ 4
n=3 az=g[-5]=-4-
n=4 as =0
_ _ 4 1 4
n=5 as=g[-5]=-2-
Thus f(x) = —ism% + ismx— = sin2% 3X +0sin2x — ism 52X

b) (8 points)
Sketch the graph of the function to which the Fourier sine series of the function

f(x):{ 0 O<x<nrm

2 T <X<21

converges on -2z < X < 4.

Solution
The graph of the given function is below.




Since we were asked to find the Fourier sine expansion of f(x), this means that we are seeking an odd
expansion of f. Hence the graph above is reflected first across the y — axis, and then across the x — axis
to get an odd function. The result is given below.

_3

The Fourier sine series generates an odd function with period 2L. Here L = 27, so the function
generated by the Fourier series has period 2(27) = 4x. Since the last graph above given the function on

the interval [-27, 2], i.e., on an interval of length 4z, we may move this graph either to the left or the
right to get the function anywhere. Thus we have

—2

¢) (9 points)
Find the eigenvalues and eigenfunctions for the problem

y' +y=0, Y0 =y'(1)=0

Be sure to check the cases A < 0,4 =0, and A > 0.



Solution
I. Consider the case A < 0 first. Let A = —a2 where a # 0. The DE becomes

"

y" — a2y = 0.

The general solution of this equation is
y(x) = c1e®* + coe™*X
. Thus

y'(X) = crae® — cpae™X

y'(0) = cta—coa = 0 andy'(1) = crae® — coae™® = 0.

The first equation implies that c; = ¢». Thus the second equation becomes c1(e%* —e %) = 0. Thus
c1 = 0, this tells us that c, = 0 also. Therefore y = 0 is the only solution if A < 0.

1. Suppose A = 0. The DE becomes y" = 0 which has the solutiony = c1x + ¢». The boundary
conditions imply c; = 0, so thaty = c5. Thusy = co where co # 0 is an eigenfunction corresponding
to the eigenvalue A = 0.

1. Suppose A > 0. Let A = 2 where 8 = 0. The DE becomes
y" + B2y =0.

The general solution of this equation is
y(X) = €1 Sin x + 2 COS BX.
Thus

y'(X) = c18¢0s Bx — Ca Bsin Bx

Now y'(0) = ¢18 = 0 Since g = 0, we must have ¢c; = 0. Thus y(x) = ¢c5 cos fx. Now

y'(X) = —coBsinpx and y' (1) = —coBsin B = 0. For a nontrivial solution we must have ¢, # 0. This
means that sin = 0 or 8 = nz, n = 1,2,3, ... The eigenvalues are therefore A = $2 = nz2 and the
corresponding eigenfunctions are yn = ancosnzx, n = 1,2,3,...

We may also include the eigenfunction found in Il above by allowing n to equal 0. Hence all of the
eigenfunctions are given by yn = ancosnzx, n = 0,1,2,3, ... with corresponding eigenvalues
A=n%72,n=0,1,23,...

Problem 2

a) (10 points)

Use separation of variables, u(x,t) = X(x)T(t) , to find ordinary differential equations which X(x) and
T(t) must satisfy if u(x,t) is to be a solution of

11t2x%uxx — (t=3)(X + 2)ugt = 0



Solution:
u(x,t) = X(X)T(t)

ux = X'T, uxx = X''T, ut = XT', etc.

Thus the given equation becomes

112X T - (1= 3)(x + 2)XT" = 0

1 1"
llxg(xi(—Z)X —(t- 3):_2—T —k, kaconstant

This yields the two ODEs

11x9X" —k(x +2)X = 0
t-3)T"-kt?T =0
b) (15 points)
Solve:
P.D.E.: uxx—4ug =0

B.C.’s: ux(0,t) =0 ux(r,t) =0

I.C.’s: u(x,0) =0 ut(x,0) = —8cos(4x) + 17 cos(8x)
Solution:

Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE yields

X'T = axT"
X1
= X —4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a
function of t, and the only way that they can be equal is if they are equal to a constant, we get

X//
N = 4-—— =k  kaconstant
This yields the two ordinary differential equations

X'-kX=0 and T'-Lkr=0



The boundary condition ux(0,t) = 0 implies, since ux(x,t) = X'(X)T(t), that
X'(0)T(t) = 0. We cannot have T(t) = 0, since this would imply that u(x,t) = 0. Thus X'(0) = 0.
Similarly, the boundary condition ux(z,t) = 0 leads to X'() = 0.

We now have the following boundary value problem for X(x) :
X"-kXx=0 X @) =X'(z)=0

k=-n2  Xnp(X) =ancosnx n=1,23,...

Note that for k = 0 we have X"/ = 050 X(X) = ¢1Xx + ¢». The conditions X'(0) = X'(z) = 0 imply that
c1 = 0 so for this case X(x) = ¢, any nonzero constant. We may combine the cases k = 0 and k = —n?
by writing

Xn(x) = ancosnx n=20,1,2,...

Substituting k = —n? into the equation for T(t) leads to

2
T”+nTT=0

which has the solution Tn(t) = bpsin %t + Cn COS %t n=123,...
The initial condition u(x,0) = 0 implies X(x)T(0) = 0 so that T(0) = 0. Thuscn = 0.

We now have the solutions

un(x,t) = An cosnxsin%t n=123,...

Whenk =0 then  T(t) = bgt+d. Since T(0) =0 =d = 0and Tg(t) = bpt.

Since the boundary conditions and the equation are linear and homogeneous, it follows that

[oe] o0
ux,t) = D un(x,t) = Agt+ > An cosnxsin%t
n=0 n=1

satisfies the PDE, the boundary conditions, and the first initial condition. Since

[oe]
ut(x,t) = Ag + »_ An (%) COSNXCOS %t
n=1

The last initial condition leads to



ut(x,0) = —8cos(4x) + 17cos(8x) = Ag + ZAn (%) cosnx.
n=1

Matching the cosine terms on both sides of this equation leads to

A4<%> = -8 sothat A4 = -4 and A8<%> = 17 so that Ag = 14—7 All of the other constants must

be zero, since there are no cosine terms on the left to match with. Also, Ag = 0 since there is no
constant term in the given initial condition. Thus

uix,t) = _4cos4xsin 4L 4 17 cosgxsin 8L = _4cosdxsin2t + L cos8xsin4t

2 4 2 4
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1. a) Find the first four non-zero terms on the Fourier cosine series of

1
fx) = 3 0<x<
0 1<x<?2

<o 1

Cosine Formula:

o0
f(x) = % +Zancos”—7|_”(
n=1

L
an = If(x)cosn—fxdx n=0,12,...
0

Note: Prof Levine gave the Fourier cosine formulas as

s



f(x) =ag+ Y _an cosn—fx
n=1
1t
3 J.o f(x)dx
L
_ 2 nex _
an = 1 jf(x)cos L dx n=1,2,...

ap

These two sets of formulas are the same.

ag = 1“(1)3dx+ji0dx} =3

1 2
a =_[ 3cosmdx+j 0cos NZX gx — -6 gjn NZX ””X | — 6 sipz
n 0 2 1 2 nr nm o

6 -1
(1) 2 n odd
0 n even

9 n+1
Thus f(x) = = +stm T cos Z 6(-1) ¢ 20D

a = 2
2 2 @n-Dr
computlng the first few terms: f(x) = 3 % C0S 37X — % COs %nx + 208 37X — 2= cos Lax +
2 cos 2 r
2 cos o
cosX

1. b) Sketch the graph of f(x) on—4 < x < 6

10



1. ¢) Solve the boundary value problem:

y')-yx) =% y0)=0; y'1)=1
homogeneous solution: y”(x) —y(x) = 0
characteristic equation: r-1=0=r=+1
y(x) = c1eX + coe X

y(x) = Ax+B
particular solution: y’(x) =A =>A=-1=yX) =X
y'() =0

general solution: y(x) = c1eX +coe ™ —x then y'(x) = cie¥—cre X -1
BC. = y(0) =c1e¥+ce 9 -0=0=c¢c; = 0>
and y'(1) =crel —crpel-1=1=rcre—coel =2

c1 =-C .
1 2 1 , Solution is : {cz = - 2_1 ,C1 = 2_1 }
C]_e _ Cze_ — 2 e+e e+e
So
2 2 -
y(x) = =) eX — _19 X —x
e+e e+e

2.a) Use separation of variables, u(r,0) = R(r)T(0), to find ordinary differential equations which R(r)
and T(8) must satisfy if u(r,0) is to be a solution of

1

1
Urr + FUr + —-Ugg = 0
r r2

Do not solve these equations.
Solution: Letu(r,0) = R(r)T(A) then  ur = R'(NT®)  urr = R"(r)T@O)  ugg = R(r)T"(6)
and Urr + +ur + r%ulgg = 0 becomes

R"(NT©O) + LR(NT©) + r%R(r)T”(Q) -0

r2R"(nT©) + rR'(NT®O) = -R(NT" ()

11



r’R"(n+rmR'(r)  T'0) "
—R(r) - TO)

since R and T are independent
resulting in the equations
r2R"(r) + rR'(r) + kR(r) = 0
and
T"(©) -kT(©) = 0

2. b)Consider the non-homogeneous problem
P.D.E.: uxx = 9ut
B.C.’s: ux(0,t) =0 u(l,t) =2

1.C.. u(x,0) = —3cos Lx+2
i) (5 points)
Let v(x,t) = u(x,t) — 2 and show that v(x, t) satisfies the
homogeneous problem
P.D.E.: vxx = 9vt
B.C.. vx(0,t)=0 v(1,t)=0
1.C.. v(x,0) = -3cos x
Solution to i) Since u(x,t) = v(x,t) + 2
ux(X,t) = vx(x,t) Uxx(X, 1) = vxx(X, 1) ut(x,t) = vi(x,t)
u@d,t) =2andu(x,t) =2 =v(x,t) +2 = v(1,t) =0
ux(0,t) = 0 = vx(0,t) =0

u(x,0) = -3cos 2L +2 = v(x,0) + 2 = v(x,0) = —-3cos I

2. b) ii) (10 points)
Solve the above problem for v(x, t).
Solution to ii) Let v(x,t) = X(X)T(t)
then X'T = oXT' = X~ =9 —k
resulting in the ordinary differential equations:
X"-kX=0 and T'-£T=0
Boundary Conditions become: X'(0)T(t) = 0 and X(1)T(t) = 0
= X'(0)=0 and X(1) =0
Solving the differential equation X" — kX = 0 consider all values of k
k<O letk=-u% u>0
X" +u2X = 0 has the solution: X(X) = €1 COSUX + C5 Sinux
and X'(x) = —cqusinux + CoUCoOSUX
B.C. = X(1) = cycosu+cpsinu =0 and X' (0) =cou=0
_ (@n-D)n

= € =0 thus cqcosu =0 = up = 5 n=12,...

12



(2n-1)272
2
S0 Xn(X) = cncos (anl)”
k=0 = X" =0 which has the solution: X(x) = c1x + ¢ and X'(x) = ¢y
B.C.= X(1)=c;+cy=0and X' (0)=c;=0=10¢p=0
thus X(x) = 0 is the trivial solution.
k>0letk=u2 u>0
X" —u2X = 0 has the solution: X(x) = c1e!* + cpe U
and X'(x) = ciueUX — coueUX
B.C.= X'(0) =ciu—cou=0=c¢1 =0C»
and X(1) =cie¥+coeV=0 = cie¥+cieV=0=rc(e¥+eY)=0
= €1 =Cp =0 thus X(x) = 0 is the trivial solution.

n=12,...

:>kn=—

X

_1\2,2 _
Using the non-trivial solution kn = —% Xn(X) = CnCOS (2n21)7r X
— 2
the equation T'— £T = 0 becomes T’ + (2n 316) ZT-0
! 2.2 ' 2 o
solving by separating - = _(en-1)7n® 1) = [T =] (2n- 1)
(2n-1)2r2 (@ 1)2 Zt

= InT = - % t+c = Tn(t) = cne 36
Therefore vn(x,t) = Xn(X)Tn(t)

2.2
(2n-1)7x e_Mt
2

vn(x,t) = cncCos 36

SO
o0 2.2
B @2n-1)ax _@n-bx%,
v(x,t) = > _cn CoS~————e %
n=1
Using 1.C. to compute coefficients:
V(x,0) = Zc cos 12N = DX 1)”)( ~3cos 12X
’ 2

by equating coefficients: ¢, = 0,c = 0,c3 = -3,¢4 =0,...
492
v(x,t) = —3¢0s % e a6 ¢
is the solution.
2. b)iii) (2 points)

Now use the results of b) i) and ii) to find u(x,t).
Solution to iii)

92
77TXe 36 t+2

u(x,t) = -3cos 5
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Problem 1
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a) (8 points)
Find the first four nonzero terms of the Fourier cosine series of
f(x) =

Solution
If f(x) is a function defined on [0, L], then its Fourier cosine expansion is given by

f(x) = > an cos(”—?)

where ag = %j;f(x)dx and an = %jgf(x)cos n—fxdx n=123,...

Here L = 7 so that f(x) = > ancos(nx),ap = 1 jgf(x)dx and an = % jgf(x)cos nxdx.

Thus ag = % jO%(—l)dx + % IO%(O)dx = —%. Also,

an = %fg(—l)cosnxdx = — 2 [sinnx]¢ = —%[Sin%}

Therefore

al=-%  a=0 ag=iL,  a=0 as=-g  a=0 ar=+ i

Hence

f(X) = _1 __; cosX + 0 - cos2x + LCOS?)X-FO « COS4X — LCOS5X+0 . COSBX + LCOS?X—}-
2 T 3 S 7

b) (8 points)
Sketch the graph of the function to which the Fourier series in (a) converges
on —2r < X < 3.

14



2x ~“l -x g nf2 X 32 2x  S5xf2 3x

c) (9 points)
Find the eigenvalues and eigenfunctions for the problem

y'+2y=0; y0)=0; y@2=0

Be sure to check the cases A < 0, A = 0,and A > 0.
I. Consider the case A < 0 first. Let A = —a2 where a # 0. The DE becomes

y"—a?y =0.
The general solution of this equation is y(x) = c1e® + coe~®X. Thus
y(O) =C1+Cy = 0 and y(2) = Cleza + C2e—20t = 0.

The first equation implies that c; = —c,. Thus the second equation becomes c1 (e2* +e72¢) = 0.

Thus ¢, = 0; this tells us that c, = 0 also. Therefore y = 0 is the only solution if A < 0. Hence there
are no negative eigenvalues.

. Suppose A = 0. The DE becomes y” = 0 which has the solutiony = ¢1x + ¢,. The boundary
conditions imply y(0) = ¢1 = 0, sothaty = co. Buty(2) = ¢, = 0sothaty = 0. Hence there is no
eigenfunction corresponding to the eigenvalue A = 0.

1. Suppose A > 0. Let A = B2 where 8 + 0. The DE becomes

y"+p?y = 0.

15



The general solution of this equation is y(x) = c1sin x + ¢ cos fx. Thus

Now y(0) = cp = 0 Thusy(x) = cosinpBx. Now y(2) = c>sin2p = 0. For a nontrivial solution we

must have ¢ # 0. This means that sin2 = 0or = ”T” n=1,2,3,... The eigenvalues are therefore

A=p2= ”24—”2 and the corresponding eigenfunctions are yn = ansin ”T”X, n=123,...

Problem 2

a) (10 points)

Use separation of variables, u(x,t) = X(x)T(t), to find ordinary differential equations which X(x) and
T(t) must satisfy if u(x,t) is to be a solution of

5x2t2Ugt + (t+3)°(X + 5)2uxx = 0
Do not solve these equations.

Solution:
ux = X'T,  ux = X'T, ut = XT', ug = XT”
Thus the given equation becomes

15t2XT" + (t+3)°(x+5)2X"T =0

X 5_ T
= 15X5m = —(t + 3) t2_|_” = k, k a constant

This yields the two ODEs
15x5X — k(x + 5)2X" = 0

(t+3)°T+kt2T" = 0
b) (15 points)
Solve:
P.D.E.: uxx = 4uy
B.C.s: u(0,t) =u(2,t) =0

I.C.: u(x,0) = —33in”TX +23sinzx — 4sin2zx

Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE yields

X"T = axT’
X _ 4T
=> 5 —4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a
function of t, and the only way that they can be equal is if they are equal to a constant, we get

16



X" _ 4T _
X = 4 T = k  kaconstant
This yields the two ordinary differential equations

X"-kX=0 and T’—%kT:O

The boundary condition u(0,t) = 0 implies that X(0)T(t) = 0. We cannot have T(t) = 0, since this

would imply that u(x,t) = 0. Thus X(0) = 0. Similarly, the boundary condition u(2,t) = 0 leads to
X(2) = 0.

We now have the following boundary value problem for X(x) :
X"-kX=0 X(0)=X(2)=0

This boundary value problem is the one given in Problem 1(c) above with k = —A. The solution is

2
_ _(Nhrx _ i N _
k = (—2 ) Xn(X) = ansin v X n=123,...

Substituting the values of k into the equation for T(t) leads to

2.2
1. Nx _
T+16T—O

27r2t
which has the solution Tp(t) = cne_nle ,n=12.3,...

We now have the solutions

2ﬂ2t
Un(x,t) :Ansin”T”xe_nls n=123,...

Since the boundary conditions and the equation are linear and homogeneous, it follows that

n?z2t

o8] o0
ux,t) = Y un(x,t) = D Ansin ”T’Txe_ 16
n=1 n=1

satisfies the PDE and the boundary conditions. Since

17



u(x,0) = —3sin ZX + 23sinzx — 4sin2zx = »_ Ansin 2x.

2 ~ 2
Matching the cosine terms on both sides of this equation leads to
A =-3 Ao = 23 and A4 = —4. All of the other constants must be zero, since there are no sine

terms on the left to match with them. Thus

. _x2 . _x2 . 2
u(x,t) = —3sin ”Txe ¢+ 23sinzxe” 4t — 4sin2zxe "t

18



